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a.v 


- 73.8 /24.4” vdlU 

V/^ - V - hfZ,f - 100 - 67.2 - >30.4 - 32.8 - >30.4 


44-7/-42.8“ volts 


Or, more directly, 

V/, 


or 


lift - (6 ->8) (4.4 +>0.8) “ 32.8 >30.4 

44.7 /-42.8” volts 
U - - (32.8 - J30.4) (0.06 + >0.08) 

- 4.4 + >0.8 » 4.48 /10.3” amperes 

- (32.8 - >30.4) (0.16 - >0.12) 

1.6 - >8.8 » 8.95 /- 79 . 7 : amperes 

I,..I-U-6->8-4.4->0.8-l.6-;«.8 

» 8 . 95 /-79.7” amperes 

be determined in terms of principles 


ltd 



The powers in the various branches raay now 
previously considered. 

P 06 - w + «''»■' “ (32 8 ) (4.4) + (-30.4) (0.8) 

* 144.32 - 24.32 »= 120 watts 

f 

Pcj = (32.8) (1.6) + (-30.4) (- 8 . 8 ) 

» 52.48 + 267.52 = 320 watts 

P,/ - (67.2) ( 6 ) + (30.4) (- 8 ) « 403.2 - 243.2 

P./ = /*r - ( 6 * + 8 *) ( 1 . 6 ) - 160 watts 

P^ - 100 X 6 » 600 watts ' 

P = Po 6 + Pcd + P./ - 120 + 320 + 160 - 600 watts 


160 watts 


or 


Check: 


6 


p f _ Pab _ 

P/ab — „ - , -- 

Zah V 6* + 8* 


0.6 lead 




V 4 * +3* 


= 0.8 lag 



Problem 10. Study through the details of the above example and draw a vector 

diagram of V, U, led, and V/„. Employ a vokage scale of 25 volts per inch 

and a current scale of 2 amperes per inch. 


Senes-ParaUel Tuning. It has been shown that for certain conditions 
parallel resonance yields ma.ximum impedance and that series resonance 
gives minimum impedance. These facts suggest that a combination of 
^ two phenomena may be used to exaggerate the effect of some 
fr^uency and m.n.m.ae the effect of another. An arrangement 
that d^ th.s IS shown m Fig. 33. This procedure is knowh as series- 
parallel tuning. To illustrate, assume that two waves, one of 10,000 
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Ci 




L. 




cycles and the other of 20,000 cycles,* are impressed at ol> and that it 
is desired to detect the 10,000-cycle wave at D. Obviously as much 
10 , 000 -cycle current through D as can be obtained is desired^ and as 
little as possible of the 20,000-cycle wave is to be tolerated. Hence the 
parallel branches of capacitance and inductance are adjusted for parallel 
resonance at 20,000 cycles. Then the 20,000-cycle wave encounters a 
high impedance, and little current due to it will flow through D. For 
the 10,000-cycle wave a little thought 
will show that the parallel circuit acts 
as an inductance. If a capacitance 
is placed in series with the parallel 
circuit de and its reactance for the 
10,000-cycle frequency is made equal 
to the equivalent inductive reactance 
of the parallel circuit de fbr this same 
frequency, the circuit from o to b will 

be in series resonance for the 10,000-cycle wave. The curren 
through D for the 10.000-cycle wave, therefore, will be large, 
parallel resonance from d to c for the 20,000-cycle frequency \' i a 
only a small 20,000-cycle current to flow through D. 

Example 9. .\ssume L, to have 0.005 henry inductance 
Neglect resistance of the condensers. Parallel resonance for 20,000 cycles obtain 

when 

bi ^ be 


* - ® - 

Fio. 33. Series-parallel tuning circuit. 


ciiO.005 


uCl 


where 


50^ -H (0.005)* 

« = 2ir W.OOO - 12.57 X 10* radians per second 

0.005 


Cl 


50* -I- 0.005*c.»* 
50 


1.257 X 10"* farad 


50 


^ “ 50* + 0.005*«* “ 397,300 


mho 




397,300 __ . 

s — - - * 7946 ohms 

50 


For 10,000 cycles', 

Yci - ;2r 10,000 X 1.257 KT* - j79 X KT* mho 


49.3 X 10"* - j310 X l(r* mho 


“ 50 -I- >0.005 X 2t 10,000 
Yj, • Yci + Yli - 49.3 X KT* - ;23l X l(r»mho 
10 * 

Zd» ■ -::r7 • +/413 ohms 


49.2 - ;23l 
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178 AinnNAflNO-CUnfHT ClKUlTt ^ ^ 

Since 413 (4im« to the eq«iv»lc<it rB*»to«ee ilu 

mictance of 413 ohnu to required to prvdmm toftoe reeoeiu**** 
ohme for 10,000 eyelet 
For 20,000 eyelet, 


^ - -ya06 S 6km» 

- 7046 - >a0« 5 or 794 » dune 


Zattt.tOO 

Za 61 t. 000 ' 


7946 

88.1 


90.2 


Hence for^equal imprewed vollafet »e~rom tA, th e ▼•lue 
will be about ^ of the value of the lO.OOO^yde eunenu 

The student should detise the ®’^*“**‘*®" 
cycle wave is to be suppressed and the 20,00^yc 
an inductance would have to be substituted for the capacitance oex 

a and d. 



Hh 

c. 



Fra U. Hot 11 

Prehlem 11. The drruit oh of Fig 34 to to puat a ,43,Q0IV«ycto tufrunt toith 
minimunr) impedance and it to block a lS,(100-cyeto c ur rf t %• t4ftctiv*|y m ptiMhto 
Ao <■ 20 ohms, » 40 ohmt, and C* • OOi af art fcttd the naitinn ul 

the Ct bra.ich, it aatunted to bt negligibly tnnil. Li m eapnhit ol botng vnrtod 
over the require<l range, it being tttunid that the ratiJinMn d bmneb 1 lo 40 okmm 
L M'hen £.1 it set at the de a ired value Eiiber a Aud C« tr a Anod L% (cl aegbgddy 
I small resi.stance presumably) to to be pinmd in aman uitb to mecoa^Amh tku 
above^stated tuning effect, 

fa) Solve for Li, »>.ieh «ill put the pnrailel circuit W into pnmlM rcuoanacu nt 

15,000 cycles 

(5y Calculate the equivalent tonpednnee from b to c at 43,000 eycton vUb Li t>( 
at its I5,00(Vcycle reamant value. It U prcduminaatly eapaaUvu or prudornlnaoUy 
inductive at 45,000 cycles? 

(c) U'hat type of reactance finductive or eapneitivu) munt bu plaftd in mnm 
nith Ro (o put the branch ab into tenet rentmaaee? Calculnie the vaJut oi Lc ot 
Co which is required to put the branch ah into tenet retooanee at 45.000 cycitn 

(d) Assuming that the branch ah hat been put into tenus retoMancu at 45.00i) 
cycles, what to the actual impedance ftom a to b at 45,000 eyelet? at 15 000 tycitt* 
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Outline the above procedure for the reverse tuning effect, that ia, for circuit 06 to 
pass 15,000 cycles and block 45,000 cyclea 

Ana..' (n) Li • 2.17 or 0.0835 millihenry. Vae 2.17 for lower eonduetanea. 

0>) 2^ " 0.69 — j79.9 obma, predomina.otiy capacitive. 

(c) L *■ 0.283 millihenry. 

(d) 7(i64I.ooo *■ 20.69 ohms. Za»ii,ooo • 1103 ohma 

Complex Frequency. Aa^applied to sinusoidal wave forms dt current 
or voltage, i = sin (ut -f or y = Vm sin (wf -|- B), wc might define 
complex angular frequency as 

di/dt dv/dl wco8(wf-h9) , . 

Jw = —:— =- = —r , . , (^) 

% V sin 4 - 

all of which has the requisite dimension, namery a number per second. 
In this connection, we .recognize j as an operator which advances the 
real quantity [sin (wf -f 0)] through 90® to yield cos (ad + B). That is 

w[y sin (wf 4" 5)) = w cos (w< 4" 

An extension of the above definition to complex exponential currents 
and voltages provides us with the general concept of complex frequency. 
A complex exponential may be represented in any one of several different 
ways; for example: 

i = /«(•<+/«) = = I«"‘(cos 4- j sin ad) (57) 

where I = and s = a 4- ju>. Depending upon the manner in which 
it is used, I may be expressed either as the maximum or m.s value of 
the sinusoidal component of the complex exponential. 

It will be observed that the complex exponential is capable of repre¬ 
senting any of the four wave forms shown in Fig 35 with either tlv* 
r6al part, 01, or imaginary part, 3, of i. In this connection 

0t(i) = /<-'cos (w/4-9) (58) 

and 

3 (i) = sin (uit 4- B) (59) 

In later courses, analyses will often be carried through in terms of 
complex exportentials. Then either the real or imaginary portion of the 
final result will be used. The interesting aspect of this approach is that 
the analysis, in terms of complex exponentials, is usually simpler to 
write than is the analysis of either the real or imaginary component 
alone. Consider, for example, the LRC series branch shown in Fig. 19. 
page 74. If the steady-state branch current, t, is to be represented as 
a complex exponential it will be expresseii as: i = I«*‘. Since in linear 
circuits, current is directly proportional to voltage the voltage drop 


Scanned by CamScanner 





ISO jALTBRNATING-CUmNT CIRCUITS Ch. y 



Fia. 35. Wave forms which can be represented by complex exponentials. 

across the branch will be Ve** as is evident from a detailed study of the 
voltage equation 

di ' 

Substitution of i = !«** into the left-hand side of this equation will 
show that 

(ts + fi + ±)l = v' (61) 

The impedance of the LRO series circuit (V/I) in terms of the complex 

frequency s is usually written as Z(Si), meaning Z expressed as a function 
of s. Thus 

. • Z(s) = - = + R + (62) 


VVhere the circuit parameters L. R, and C are constants, it is evident 
that complex exponentials satisfy Kirchhoffs laws in rather elegant 
fashion. The associated complex frequency is 


di/dl dv/dt 

i 7“ *=« +;« (63) 

which may be verified as follows. From i = = si,»< = d. 

Therefore s = - . A similar procedure using v = Ve’‘ will also 

yield s. The real part of s, namely or, accounto for an exponential 
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increase or decrease of the current or voltage whereas the imaginary 

part, w, defines or specifies the angular frequency of the current or 
voltage. 



Since s is a complex nurhber, it is natural to employ an s plane in 
circuit analysis with a measured along the axis of reals and u) measured 
along the axis of imaginaries. fn terms of this convention, real angular 
frequency w is plotted along the j axis of the complex s plane as indicated 
in Fig. 36. 

Poles and Zeros. Network behavior is sometimes characterized by 
the poles and zeros of the impedance function Z(s) of the network.^ 

* More generally, the transfer characteristics of the network, Voui hn. 

Iout/Iii» and Iout/Vini are characterized by the poles and zeros of these transfer 
functions, all of which are ratios of polynomials in s. 


V 
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A pole of Z(s) is defined as the ^TfinS W the v^lue of s at 
Z(s) becomes mfinite and a zero of ) . the LJ^ series 

which Z(s) equals zero. For as: 

circuit derived in the previous article ma> be p ^ 

/ /l a \ 



Z(s) = £s + « + ^ - 


(s* + I* + Z,C 


j) 


Z(s) - 


Lis - Si)(s - Sg) 


(64) 


(s - Si) 

4 

§, = 0 is the single pole of Z(s) 
R 


_ _ ^ . j’ JL ^ are the two zeros of Z(s). . 

If the pole and zeros of Z(s) are plotted on the s plane^ *” 
it is evident just how the magnitude and phase angle of Z(s) could be 
evaluated for any value of s with the aid of a scale and a protractor. 
Ordinarily, interest Ues only in values of s which are on the real Ire- 
quency axis, that is, the ju> axis of the s plane. At any value of s - 
for example, 

^ • t _ r (i<-. - 

Z(s) — Z(y(i)*) — L 


or 


ab 


ZijUj) = L — /da + gfc - gc 


(65) 



where a = — §i |, 5 ~ \j^z ^2 |, and c — «*, all of which may 

be measured with the aid of a suitable scale. 0«, 06, and 0c are the 
angles of the three phasors (jw, — Si), (jw, — § 2 ), and jw, respectively 
measured from the +a-axis direction. 

In order to illustrate the pole-zero method of analysis (as well as 
to point out some of its shortcomings), we shall evaluate Z(s) at 
1 


s = juQ = j from the location of the zeros and pole in Fig. 36 
. V ljC 


At s = jcio = j 


1 


vie 


a 
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Vie 




Oa — tan 


i__ /TT^ 

Tc ^LC 4L* 


1 


R/2L 


$ 1 , = tan 


Vie 


+ 


l±_^ 

VlC 4L* 


R/2L 


. afc , ^ (t»C* 4L’c) , 

z(s) = l-zl? -Z0» 


= jg /O** ohms 


( 66 ) 


In arriving at = 0» we make use of the well-known and easily 

^ ^ Obviously, 




derived relationship: tan * x -|- tan * S' = tan 

I — xy 

no advantage accrues from the use of poles and zeros in this simple case. 

In complicated filter circuits, the phase characteristics versus w) 
are often evaluated by the graphical method (or with the aid of an 
electronic computer) since the anal 3 rtical expressions for the phase 
characteristics can become extremely cumbersome. 

Example. Let it be required to find frequency response of the so-called 
stagger-tuned amplifier circuit shown in Pig. 37. By frequency response in this case 
we mean the manner in which Eoot/Ew - Ej/Ei varies with angxilar frequency, w. 
If we let 

5si!_|5.^A 


m 


B, 


we might plot A versus « to show how the magnitude of Es/Ei varies with u and 
plot 9 versus w to show how the phase of Ej (relative to Ei) varies with <•>. The 
latter plot is sometimes referred to as .e phase characteristic. 

In the circuit of Fig. 37 PmiEi and phtEt are the cuircnt-gencrator representations 
of the two tubes. The details of how these current generators represent the grapUfy- 
ing properties of the tubes are incidental to the present problem. 

If the impedance of L is represented by Ls and the impedance of C is represented 
by. 1 /Cs as derived on page 180, the application of Kirchhoff's voltage law to the 
Ii loop shows that 

(tis + Ki t Ii - 
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(■ - ii)(t - •,) 


Ei(i) (• - »!)(• - *i*)(a - !,)(. - 1,^ 

From which 

E. . (Li. + «,)I. - 

Ci« ( Lia -f Ri + -L ) 

C i»/ 


a.v 



f 
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-^■11 


(• - i|) 


Cl (a - i,) (, _ tt*) 


where 


Id a siinilar manDer 


V Li LiCj 
“ -Rx/Lx la a zero on the negative « axis of the s plane, 

S| --^ + i [~ 1 —. J 

2Li ■' \£,jC| * sficood-quadrant pole. 

8i* = - - V r* V 

2Li ^ \LxCi~' ^ conjugate of ij. 




(a - § 2 ) 


where 


Ea Ci (s “ 8j) (a - sj^) 
sa * -Ri/hi is a zero on the negative a axis of the s plane. 

** 2Z,2 VZ^ ■" 4I7*’ • aecond-quadrant pole. 

£ • _ ^2 . /"i ^ , 


(a - it) (a - i,) 


A/9 


Then 


It follows directly that 

^3 gwigii>a _^_ ,, _ 

El C|Cj ^ (a — li) (a — li*) (a - Ij) (a - 4,*) 

Let be any value of w. Then s - a, » /«, and the following quautiUea nuty be 
measured from the pole and zero plot: 

-■ a 1 I « o j/w, - i, I ^ b 
|y«, - 4i I » e - ij* I - d 

|>w, - 4j ( » a |;m, - Si* I » / 

6a ’* angle associated with (Ju, - ii) » a 
6t angle associated with (jw, — ij) «; b • 

de * angle associated with (jw, — Sj) = c 

dj » angle associated with (;«, - 8j*) * d 

6t - angle associated with (ju., - Sj) « e 

6/ ^ angle associated with {jw, - ij*) - f 


A(<^) 

CxCt ^edef 
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whjre «, b, c. d. and / dep«.d upon - (or their value.: 

^ ‘- 

are of the high-Q variety 

«..»r *"'* 

‘ n^Atelv equal to 1/2, and ab/df 

. j JAY .rp each approximately eq« 

Under these conditions ad and / 
of the A (a.) expression reduces to 1, 4. 

. 0 ml9">- v" — 

i, as 0 so that 

It is also evident from Fig. 37a that (tfa + ^ 

Tl>e results are indicated schematically i" ^7. that the general 

The great advantage of the pole-zero . . laborious calculations. The 

behavior of the circuit is courses than it is (or a first course in 

method is gencmlly more 'f e„mplex frequency, poles, and «m, 

Circuit analysis. On pages 572-o7o. the u^ -esoonses of a circuit is given, 
in finding both tha steady-state and transient responses o 




Fig. 38. Reactance of four elementary circuits plotted 
against u as the independent variable. 

Pure Reactance Circuits. Four characteristics of pure reacts 
circuits are illustrated in Fig. 38: 
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(1) Either a pole or zero exists at w =» 0. 

(2) Either a pole or zero exists at w = <». 

(3) Poles and zeros alternate along the real freciuenry axis, 

(4) The slope of the reactance curves is always positive, that is, 
dX/du) > 0 for al! finite 


It ^yill prove instructive to investigate these properties of reactance 
circuits employing the s-plane method of attack. 

The poles and zeros of a reactance network are confined to theyw-axis 
of the s plane since there are no dissipative elements like R and G 
present to giv'e the critical frequencies a real component. In Fig. 38c, 
series resonance occurs at ojZ. = l/a>C or at a zero of Z(s) = As + 1/C's. 
Parallel resonance occurs in Fig. 38d at a pole of 


* Z(s) 


1 

Y(s) 


1 _ s/C 

1/Ls + Cs + 1/AC 


(67) 


The latter expression has a zero at s = 0 (or at /w = 0) and poles at 
§ = zt-j — 7 ==^. The poles and zeros of functions which are plotted 

vTc 

against real w are often indicated by crosses and circles respectively as 
in Fig. 38. 

An illustration of multiple resonance is given in Fig. 39 where 


Z(u,) 


or 


Z(a;) 






d" Z ( 




It will be observed that Z(u)) is a pure reactance that has a pole at 
w = 0 ^equal to -j and a pole at w = « (equal to as well 


as internal poles at o >2 




Poles and zeros at a> = 0 and at 


^ _ 00 are referred to as external poles and zeros, whereas those between 
these limits are called internal poles and seros. The bracket term in 
the numerator of equation (68)^ contains four zeros: two between 
w = 0 and w = 00 (designated in Hg. 39) and their negatives (not 
shown) which, of course, lie betw^jj w ■= 0 and « = — It will be 

-13 
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observed that the poles and seros It Will 

equivalent to their alternating along t c^ie- general terms, 

prove instructive to investigate thu. property m more gen 


r'TWTS i *' 

4/TjisTrHH’' 




Frequency O) 


(a) 


* ^ 


U)- 


(b) 


Also a pole x at Cil 



Fro. 39. Poles and zeros of the reactance function for the circuit shown. Multiple 
resonance is illustrated when he resonates at a lower frequency than ab. 

A theorem due to R. M. Foster^ states that the impedance seen looking 
into any network of pure reactances is given by • 

Z(w) = K ~ ~ ’ (<j )^ — c5„^) 


, - (i./) .. . (u,‘2 _ cij) 


(69) 


H 


where K is equal to juH or to . // is a real number which depends 

;pon the values of certain L’s and C’s in the network. In effect, this 
heorem states that the shap}e oFthe curve for a given impedance function 
is entirely determined by the poles and zeros. In other words, through 

*" A Reactance Theorem ” by B. M. Foster, B.S.T.J., April 1921, pp. 25tK-267. 
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the same poles and zeros only curves of the same shape can be drawn. 
These curves differ only by the scale factor H. 

Silt * * *» the internal zeros or the values of w at which 

Z(«) = counting the possibility of a zero at w - 0 or at w = «. 

, ^ 1 , ^ 2 > * * *» the internal poles or the values of v at which 

2(w) counting the possibility of a pole at w = 0 or <•» * 

It will be observed that m and n represent the numbers of internal poles 
and zeros respectively. 

In manipulating equation (69), four cases each of which is defined 
and illustrated by the sketches shown in Fig. 40 must be allowed for, 
namely: 

LL circuits which have an external zero at (i) = 0 and an external pole 
at a> = 00 , 

CC circuits w'hich have an external pole at « = 0 and an external zero 
at ta = 00 , 

LC circuits which have external zeros at = 0 and at w = «, 

CL circuits which have external poles at « = 0 and at « = «. • 

Case 7; K = jojH and n = m. The LL circuit w’here 

Z(«) = >»7f --yj--2- 

(o) — ) • • • (w — 

The reactance versus graph is given in Fig. 40o. 

H 

Case II: K = — and n — m. The CC circuit where 

g - o,»)■■• '(«»-s,») 

>(«»-V) ••■(«’-O 

See Fig. 406. ^ 

Cose III: K = ji^H and m * n + !• The LC circuit where 

' ’ ^ («» - a.,.,*) 

See Fig. 40c. 

r, H 

Case IV: K = — and-m = n — 1. The CL circuit where 
4 \ 

ju (w* — •••(»* — 

SeeFig. 40d. ^ ‘ • 

In order to show that, m general, the poles and zeros alternate along 


(70) 


(71) 


(72) 


(73) 
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Ttc. 40. Rtmetamm grfA* of LL. tC. £/“, o»4 ft ootwu. |Of «ko moaf 
circuit conllcurotKMu vKicfc oucKl W lo obtoi iko rw taaw fliofto 

simplo eoBOnroiKJO io lodicotod for ooch of Um Imt «oooo ) j 
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the/w-axis of the s plane, we should first investigate the behavior of tho 
reactance in the immediate > icinity of a zero and in the immediate 
vicinity of a pole. Reference to Fig. 41a will jihow that ju'^t liclow the 
zero §i where t»j_ < tSi the reactance is governed es.crntiall}* hy (t — 
regardless of the other zeros and pole.s. For s = yu>_ tjU't ‘ihori of tfn' 
zero §i) the reactance of the network is ncgati\e. 

k(s — Si) = — wi)k = —jX 


i 

kjo) 

i 

f 

S plane 


t plane 


i 

. -X ' 

1 




^ governed by , ^ %*i 

: 


' +X 

- «l) 1 






i 

1 -t-x' 


.-X 


> 

► governed by (S — $j) gj - 

: 


' -X 



0 

a 0- 


(a) (bl 

Fig, 41. For use in proving that the poles and leras alternate along the jiw atia. 


where A: is a positive real number for zeros on the pasitivc jfu^-axis 

(cDi > 0). 

Just above 5i where a>+ > an the reactance of the network is positive 
since the go\*crning factor is (s — 5i). That is 

A(s T- Si) = J(cj — = d-JA' 

The efTects of the other poles and zeros do not affect these results be¬ 
cause the zero icry near s = jw dominates completely the behavior of 
Z0'a>) in this neighborhood. 

Reference to Fig 4In will also show that just below a pole, say Si, 


zOoi) 




= -hjx 


At JO) = Jui, Z(jo)) = 

fust above Si in Fig. 41.i 


zoui) 


A- 

(s - Si) 


A 

- C>l) 



(74) 


(75) 
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In passing through a pole in the direction of increasing necatf^ 

from an infinitely large positive reactance to “ " p^^red consecu- 

reactance. Suppose now that two poles, i . ^ ^ allowed 

tively along the;w-axis as illustrated in Fig. • ^ . continuously 

•to vary /com ,o the ':,.farrangemon, thU 

from - X ,0 + *. - As ^^'^Ve jres that the re:rctanoe, .Y, 

change in reactance (from - * ro -r ^ / i separated 

iHe zero s.m.eahere l)ot«een 5, .'.nd ^ " „j;<,„cn(e of the alternation 

from one another by zeros. . * dX^do> is always positive 

of the poles and zeros along they^axis is that rfA, c/o, 

except at the poles where dA/rfw Vower Traniler. A common 

Impedance Matching and Maxi j . the load impedance 

problem in imiH'dancc matching is o to the load from 

which will allow the maximum pouer • j-p h iving a constant 

Qnnip irencratuig device n.i\ 
generafed volWge, E, Let Fig. 42 .^present 
Lh an arrangement and cons.dcr /f. to 
sent the sum of the internal resistance of the 
generating.device and the resistance o t e con¬ 
necting lines. ALSO as.sumc Ai to be the 
combined reactance 'of the line and internal 
reactance of the generating device. The solu¬ 
tion is obtained by expressing the power at 
the receiver algebraically and then findmg the 
ma.ximum value of the expression. Let, the receiver impedance be 
represented by ff. and -Y.. It the receiver is a tw(>terminal net- 
work, Rr and Xr are its e<iuivalent scries parameters. Thus 

___ 3__ _ 

X^Rl + Rrf + (A'l + Ar)” 



Fig. 42. Generator con¬ 
nected to a load through 
line impedance. 


I = 


EjRr 


P, - r-K, - ^ ^ ^ y 


(76) 


Ih order to make the diTivalioa ea.-ily applicable to all condition.*, the 
nitio of A'r 'Rr will be n pr»‘sente(l by k. Then 

A'r. = kRr 


and 


Pr = 7i 


R,-Rr 


"(Rl + Rrf + (A'l +kRr)^ 

Setting dPr/dRr = 0 and solving for Rr give 

Zi 


Rr = 


(77) 


(78) 


vT+P 
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where Zi = V+ jlfi*. Substituting equation (78) in equation 
(77), expanding the terms in the denominator, and simplifying give 

(79) 


P = 

* max — 




2Zi \'T^' + 2(Ri + kXi) 


Equation (79) gives the maximum power for any value of k, the ratio 
of Xf /Rr. To find the value of k that yields the greatest maximum 
power, it is necessary simply to set dPm»x/dk = 0 and solve for k. 
Then 




(80) 


Substituting equation (80) in equation (79) yields 


max max 


4Ri + — ± Xi^) 

ni 


(81) 


It is obvious from equation (81) that the greatest maximum power will 
occur when the minus sign is used or when k = —Xi/R\. For this case 


max max 


F 2 
4Ri 


(82) - 


Since Rr cannot be negative in a dissipative network, Xr must be minus 
to make k negative. Hence Xr is capacitive if Xj is inductive, and 
vice versa. Also for this condition, from equation (78), 

VWT~X?_ _ Ri^Rx^-^ X? ^ 

” v^l + X,‘/R? VHJ+li? 

Also for the greatest ma.ximum power X, = kRr = -(Xj/fti) Rr = 
— {Xi/Rx) Ri = -A'l. Hence the receiver impedance must equal the 
generator plus line impedance, and the reactances must be of opposite 
signs. In short, the receiver impedance must be the conjugate of the 
combined generator and line impedance. A.s would be expected, the 
circuit i.s tuned for series resonance. Since Rx and Rr are equal and 
the current is the same in both, one-half the power input is dissipated 
in the generator and line, and one-half is given to the receiver. The 
efficiency of transmission for the greatest maximum power is, therefore, 

50 per cent. 

Constant potential power systems arc not designed to operate on toe 
ba.sis of maximum power transfer, but most low-current circuits are so 
designed. Impedance matching is. therefore, of considerable importance 
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194 ALTERNATING-CURRENT CIRCUITS ^ 

in all communication networks, and much attention has been g* 
this phase of circuit analysis by communication engineers. 

a 0 5 + 

Problem 12. A generating device has an impedance o ^ maximum power 
sonncctcd to a load by a line of 1.5 4- ;4 ohms. At w a power received 

transfer be realized? If the generated voltage is 20 vo is, ^ 

by the load when adjusted for maximum power trans e 

loss in the generating device. 

Ans.: Z,o.d « 2 - ;5 ohms. 

ic,.'= 37.5 watts, /’..nio.. 

.• nf X/fi ^ 

Problem 13. If a load impedance having a ra lo j power transfer, 

of Iho line in Problem 12, 6n.l the lon.l .m,wdnnee for 

What is the maximum power the load can ^ ^ j 050* + ;5.28 ohms. 

z‘. 1.056 -25.28 ohms. 

. _ Networks. Resistors, Most 

l^ksourcos of einf m.ny be linked together m all cone ■ hi 
^■of the combinations, and almost all of those ' [‘'‘J 

^^^Fmore than one branch, cannot bo .solved y simp e - pombinations 
theory alone, as previously outlined in this chapter 
W may he cl.assed as networks. Networks that contam Sources of cinf or 
power are sometimes called active, whereas those that o no con .1 
I any internal cmf’s or sources of power are callcfl pa.ssive net\NOi .s. 
Networks are said to be linear when the current in all branches is 
directly proportional to the driving voltage or emf impressed. T bus 
a network containing iron-core inductance coils and resistances that 
vary with current strength are non-linear. Networks may be com¬ 
posed of bilateral or unilateral elements. Bilateral elements are tho.se 
circuit element.s like inducUince, resi.stunce, and capacitance which 
l^^^tensmit current ef|iially well in either direction. I'nilatcrnl elements 
those circuit elements like rectifiers and vacuum tubes which transmit 
I^^HKctively in only one direction. 

^^^^^hrough the application of a few simple network theorems, certain 
combinations of circuit elements which arc not solvable by ordinary 
7 series-parallel circuit theory directly may be solved quite readily. 

The Superposition Theorem. The current which flows at any point 
or the voltage between any. two points in a linear network, as a result 
of the simultaneous action of a number of cnif’s distributed throughout 
the network, is the sum of the currents or voltages at these points 
which would e.xi.st if each source of emf were considered separately, 
each of the other .sources being replaced at that time by their internal 
impedances. Th js theorem s tates that each emf in a network may be 
treated as acting independently and the current in any branch of a 
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netNvork due to the simultaneous action of all emf’s is the vector sum 
of the currents in the particular branch produced by each emf acting 
separately. It is important to keep all circuit elements closed or con¬ 
nected as they are hi the network. All the einf’s except the one for 
which currents are being calculated are assumed to be zero. Any 
impedances a.^^soc-iated with the source of emf must be left connected 
in the network whether the emf is assumed to be zero or whether it is 
the one considered as an independent driving voltage. 



2,1-1+15 


Example 10. Calculate the current in branch be for the network of Fig. 43 
Solution: .Assume 


= 0 


7 ^ (3 -j3) (2 +j4)_ _ g ^ ^ ohms 

* Z„/ -h Zerf (3 -;3 +2 + ;4) 


X»cef^cd 


Zt! = Z„6< + Zc/ » 1 + ;3 + I - J'S + 3.69 + >0.462 
= 5.69 -h >0.462 ohms 

100 4->0 


I ^_r- = 17.43 - >1.417 amperes 

5.r>9 + >0.462 


Now a.«sumc 

Z.h.^^4_ ^ - 1.5 4->0.5 ohms 

~ Z i 2 + 2 4- >1 

z„ * Z/„ + Z,, - 1 + ;5 + 2 - 2’ + 1.5 + jO 5 - 4.5 - i ohm. 

50/30’ 

T = ___rrrTZ_ * 5 4- i8.34 amperes 
"" 4.5 - j'2 5 

LreZ^ _ (5 4- >3.34) (1.5 4->0-^) ^ j gg ^ ^ amperes 

h*2 = ~2e6.. ” 2 

I,. = i.a + Uci - I.<i - ^ - 2'.^12 - 2.6« - 27.50 

= 15.77 - >8.917 amperes 
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Problem 14. Calculate the current in branch ac of Pig. 44. 

.4>u : I„ » I 76 — y3 14 ampcrea. 



Fig. 44. See Problem 14. 

Reciprocity Theorem. If any source of cmf, E, loi'atcd at one point 
in a network composed of linear bilateral circuit elomont.'*, pimlurrs 
a current I at a second point in the network, the s;imc .source of emf 

E, acting at the second point will prwlurc the s;uno current I at thr 
nr.st point. 

11 Th. «n,.lirMi.m of .ho above Ihrorrm m.„ W 
. Ill Ihv ni-lvork «ho«ii min «, Ihr rvciptocUy (Ivof.in .(M... Ih.l, if in 
vol.. arv ln«>„vd ,.c nod brooch r/ „ l,.|i clo„vl, Iho rurri ol flovio, .-.b 




then be cx.ictly the ..ame a.* the curr. nt th tt in hr ^ h, o il i i. 

w.« .ppl.,.l « To virify ihi, ,hv ruro o, C lo, ,T', 

the UX) volts at ef. "*'* '•'* t'-^lcuUted for 

7 s (•! 4- (—jlO» 

-b Za4 3 4- ;4 - ;lir. ohm^ 

Z.r = z,., + 2 ., = 2 - p -e 6 -iT + /{;n = «t ^7 

T YZ? 100 F/) 

" Z„ “ 8.67 + >1.33 " “ '-12 amptrre* 

Vat * I«eZae * (11 27 - >1.732) (6.67 +>3.33) - 81 + >26 volte 
Vae 81 + j2f> 

iTji ■ 
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Ch.y SINUSOIDAL SINGL&-PHASE CIRCUIT ANALYSIS 197 

Now assume that 100 volts are inserted in branch c6 and that e/ remains closed. 
The current in e/ will be calculated by a procedure similar to that shown above. 


ta/ 


-cn/ 


Icu/ 


'of 


(2 - j2) (-jlO) 


= 1.352 -;1.892 ohms 


{2 -j2- jlO) 

3 - 4 - j 4 4 - 1.352 - jl.892 » 4.352 + ;^.108 ohms 
100 +i0 

- - - = 18.6 - >9.02 amperes 

4.352 +/2.108 

(18.6 - >9.02) (1.352 - >1.892) = 8.07 - >47.4 volts 


Lr = 


8.07 - >47.4 


13.88 — >9.84 amperes 


2 ->2 

which is the same as the current Isc above. ^ 

From the reciprocity theorem it follows-that the ratio of «the cmf in 
branch 1 of a linear bilateral network to the current it causes in branch 
2 is the same as the ratio of a voltage placed in branch 2 to the current 
it would cause in branch 1. This ratio of voltage in one branch to 
the current in another branch is called the transfer impedance. 

Problem 16. Make use of the first set of calculations for Fig-^ when the emf 
is inserted in fe and with the aid of the reciprocity theorem find the current in fed 
100 volts are inserted in branch ad. Verify your result by actually calculaUng the 
current in fe when IM .olU, «e in*rled in branch ^ ^ 

Thevenin’s Theorem. If an impedance 
Z is connected between any two points of 
an energized network, the resulting cur¬ 
rent I‘through this impedance is the po¬ 
tential difference V. between these points, 
prior to connection, divided by the sum 
of the connected impedance Z and the 

impedance Zo, where 2o is the impedance 

of the rest of the network looking hack into the network from the pemts 
across which impedance Z is connected. In evaluating Zc all sources 
of emf must be assumed to be icro and replaced by their internal im- 

pedances. 

Eumple IJ. For the network Aoivo in Fig. 46 the voltage drop at oh ie found 
as follows: 

100 / 0 “ 

V*rf - Va6 - (10/90°)(20 /-90“ ) - 200/0^ volts 



Fio. 46. See example 12- 
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N<jw suppose that the current through a load impedance Zt - 30ohms con¬ 
nected across ab is desired. According to Th^venin's theorem, the current is 
divided by the sum of the load impedance and the impedance looking into the net- 
work at ab. Thus the impedance looking into the network at ab (designated by 2o) 
when the emf in the branch ef is assumed zero is: 

010 )(-> 20 ) . ^ 

According to Th4venin’s theorem 

Vgx 200/q: 

This result may be checked by the usual series-parallel circuit theory as follows; 

30 -I ->10 -/20 j « 

>10 + 12 — >16 * 12 — >6 ohms 

100 + >0 

12 — ^ ^ /3.333 amperes ' 

Vci = (6.667 -J- j3.333)(12 — >16) = 133.3 —>66.67 volts 
- 133.3 - >66.67 

3 Q -}.yiQ ~ 3.333 —>3.333 = 4.72 /—45** amperes 
which is the same as that obtained by ThCvenin’s theorem. 


Za 

Z«6 


jsn 


E-ioo/o;’^ 


‘^i2on 


t 


lui. t7. See Problem 16. 


-j20A 


into the terminals^oft as employed in applying rh6 jmpedance Zo looking 

.wily shown, tho drop arros. ah i, 150/0’ 

impodance Z, = ,0 - ,7 5 ohm, connocM acrol; oh “ ‘ 

Zo — ,7.5 ohms, I,, = 15 /0’ amperea. 

The Nodal Method. The .method ordinarUy employed in analyaine 
arcnits consists in estabishing the necessary number of 

..bnurn and solvmg for the currente. In many ca^, Z 

ticula^ m vacuum tube circuits, it is desirable to employ carrenl 
eqmhbrtum equatioM and solve for the voltages. The latter method, 
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Ch. V SINUSOIDAL SINGLE-PHASE CIRCUIT ANALYSIS 199 

known as U\e nodal method, consists essentially in writing Kirchhoflf s 
current law at the nodes or junctions of the network the reejuired 
number of times to effect a solution for various voltages in which we 
might be interested. See Chap¬ 
ter I. ^ 

In its simplest sense, a node of 
a network is any accessible ter¬ 
minal which is at a significant . 
potential difference with respect E,T 
to the other terminals. In this 
sense, the netwt)rk shown in ^ 

Fig. 48 might be considered a 

four-node network having nodes Fig. 4S. Voltage sources may be transformer! 

I j j /-k 1 i.1. • to equivalent current sources shown in t^igs. 

a, b, c, and d. Only the junc- 49 ^d 50 . 

tion points (c and d) of the net¬ 
work, however, need be considered nodes, since the number of in open 
ent nodes is the number of junctions minus one. This will become 
more evident as we proceed. 

Before the nodal method of analysis can be applied to voltage 
having internal impedance,' these voltage sources must be transfornu'cl 
to equivalent current sources in accordance with the following prinnplcs^ 
(If a specified voltage source is assumed to have tcro impedance it 
follows that the potential difference between the terminals of the 
generator is specified and hence does not enter the analysis as an un- 

known potential difference.) v • 

In order to illustrate the transformation of a voltage source h.aving 

internal impedance to an equivalent current source, let us supt>ose 
that Zi of Fig 48 is actually the internal impedance of the f. \oltage 
gelaio? thus eliminating point a as a node. I.t F be the potential 
of node c relative to node d. Applying Kirchhoff s voltage law we have 

liZi -h V, = E« (S3) 


or 


‘‘ z, z, 


( 8 - 1 ) 


It will be observed in equation (83) that the inclusion of the potent^ 
of node d (V,) is unnecessary and in general any node may be selected 
as-a reference node from which to reckon all other nodal potentials. 

If E and Zi are specified quantities, equation (84) stales that the 
current flowing into node c (/,) is equal to a specified ci^nt ^./Z.) 
minus a current (VJZ,). The specified current ^ ^ “[J; 

sideyed as a current source across nodes c and d, provided that a Z, path 
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I 


is placed in parallel with this source to account for the (V«/Zi) current 
in equation (84), Thus the voltage source Eo in series with Zi showii 
in Fig. 48 may be replaced with the circuit configuration shown in 
Fig. 49. In a similar manner the source and the impedance Zj 
may bo replaced with the configuration shown in Fig. 50. 


h 

Zt 


/\ . 

0 V, 


Y ^ 


1 

—I—.d 


V, 


la 


Vc- 




Fio. 49. Equivalent current source 
of Et voltage source of Fig. 48. 


Fig. 50. Equivalent current source 
of Et voltage source of Fig. 4H. 


If now these equivalent current sources are used in Fig. 48 instead 
of the voltifge sources, Fig. 48 takes the form shown in Fig. 51. Em¬ 
ploying Fig. 51, the current equation for the node c can be written in 
terms of voltage drops and admittances as follows: 

. (So) 


YiV. + YaVc + YaVe = YjEa + 

(curreni learing node c) (current eoteriog node e) 




F.o. 51. Transformation of the circuit shown in Fig. 48. 

Vc can be obtained from eauation a' 

quantities and all currents thereby calculated^ ^ known 

Example 13. As.<»ume (he daU for Fi« 48 k. r n 

FinH.k ^ " 20/83.1° ohm». 

Find th« voltage V, and curnnla I,, I,, ,a,d , 

From equation (85), 

Ve(Y| + Ya + Y,) - y,E, + YaE*' 

y,(~L^ — I _ , 1 \ 100/0^ 6o/»« ♦ . . 

\s/o: 10/365:+20/Md:) - 7^+55^ 
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V SINUSOtOAl SINGLE-PHA5B CIRCUIT ANALYSIS 

V*(0.2 + 0.08 - jO.06 + 0.03 - /).04) - 20 -|- 5 /53.1° 

Y, » 71.6 /27.76” volta 

Ij = VcYj = (71.6 /27.76° ) (0.05 /-53 \° ) = 3.58 /-25.34° amperes 
As seen from Fig. 49, 

Ii * EaYi - VcYi = (0.2/^) (100- 71 r. '27.76” ) = 7.35 - >6.66 amperes 
and, from Fig. 50, 

Ij = E 6 Y 2 - V,Y. = (0.1 /-369” ) (50 - 71.6_'27^,» 

s= — 4.05 + >5.134 amperes 

TTic nodal method of analysi.'^ is usfiaUy .>;Ui>orior to the me.sh-current 
method if the number of node.^ (after transfoinialion to current 
doc.‘^ not exceed the number of inesi'es 01 loop.<. If repre>ents 
number of nodes in a network, onh - i independent node eqiiaHons 
are reriuired, and these are obtained by ap|)lyinp Kirchhoff s curre 

law to-.V — 1 nodes. nd il 

To arrive at the method of formulating a general .'‘\stem o n - 

e(iuations. assume that Fig. 52« is the network to 1h> solved^ Firs 
replace the voltage sources by constant-current sources as shonn 
Fig 526. .Assume one node as the reference node, nmie 4 m this case. 
The output of the constant-current generator a is Ea/Zo li- 
hrlv the output of coustant-current generator 6 is E^/Zb - 13 - 
obtain the current in any imped.ance. the voltage drop across the im- 
pedance is multiplied by the admittance. '1 he voltage ^p can al« a>. 
L obtaiped in terms of the nodal voltages. Re^mcmberuig that the 
voltage drop from node 1 to node 2 is the sum of the drops encounter^ 
in going from node 1 to 2 by any path. «e may write V., = V,, + 
V, - Vj. Hence 1,2 = (V, - V.IY.j. ApplicaUon of Kircb- 

holT's current law to node 1 yields 

y„V, + Y,Vi + YisCVi - Va) + YuCV, - Vj) = 1, (8I>) 


or 


(Ya + Yi + Y,2 + Y,3 )Vi - YijVa - YijVj - I, (87) 

The sum of all the admittances from n^e 1 to all other n^es is called 
the self-admittance and is designated by u- e a mi . . 

impedance connecting node I to any other node, say n, _ 

mutual admittance. Y... Thus Y„, Y.s. etc., are mutual admittances, 
^hen these notations are used, cQuation (87) comes 

YnV, - YiaVj - Y13V3 = I. 


Scanned by CamScanner 













202 ALTff^ATING-CURRENT CIRCUITS 





Similarly, for node 3, 

Y53V3 - Y32V2 - Y3,V, = 13 

where Y33 = Yu + Y3 + Y23 + Yj. Anri, for no<le 2 . 

Y.jVa - Y21V, - YojVj = 0 


3 



fso 

( 00 , 




Fig. 526. Transformation of circuit shown in Fig. 52a. 


An extension of equations ^88), (80), and (90) will yield the genera 
system of nodal equations for an n-node system as follows. 


Y„V, - Y.2V2 T Y13V3 - 

- Y2,V. + Y22V2 - Y23V3 - 


- Y„y, - y.2V2 - y.jV3 - 


r YuV, = I,' 

- Yj.V, = I3 


+ Y V = I 

I * nn ^ n 


General system 
of nodal 

equations where! 
common node 
is employed 


- I 
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Ch. y SINUSOIDAL SINGLE-PHASE CIRCUIT ANALYSES 203 

As previously defined, , and I, are the output currents of the 

constant-current generators directed toward the various nodes. The 
nodal voltage.s m the general system of equations above may be solved 
for by determinants. After some practice with these systematic forms 
of solution, the determinant forms can be established from an inspection 
of the network after all specified voltage generators have been trans¬ 
formed to equivalent current generators. The writing of the current 
equations as shown above can therefore be dispensed with and the 
analysis reduced to a simple routine procedure. 

In order to appreciate fully the usefulness of the nodal method, one 
s ou app y it to vacuum tube circuits where the plate-to-cathode path 
^ the tube functions as a current sink (or negative current source). 
This application, however, presupposes an elementary knowledge of 
the functioning of a vacuum tube, and for this reason .the following 
example may be omitted without loss of continuity by those readers 
who have no knowledge of the performance of a vacuum tube. 

I 



Example 14. The Equivalent Plate Circuit of a Vacuum Tube. For the pre sent 
we may accept the fact that the plate current, i6, of a vacuum tube’ as shown in 
Fig. 53a is a function of both the plate voltage, ei,, and the control grid voltage, Cc. 
Both of these potentials are relative to the cathode labeled it, as indicated in Fig. 53a. 

If only small changes from the d-c operating values of current and voltage are 
involved, we may write 

dib dib 

(91) 

and, if the change in plate current Ak is called ip, if the change in plate voltage 
Aeb is called Cp, and if the change in grief voltage Ae* is called e,, we have 


Aib = —^ Acfc + 

deb dec 


Cp 


(92) 


where 


deb!dib IS called the variational or plate resistance of. the vacuum tube 
and pin « dib/dCf is called the mutual coneluctance or transconductance. For 
ft particular condition of d-c operation both tp and are usually known. The 
plate current of tlic vacuum tube so biased that the control grid current is zero is 


CORCORAN-14 
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‘"."^^53 we .V rep- ‘-e i„.u„.an«us val- 

SO largo aa to permit the contro gnd to ^ J ^ re«iatance 

the vacuum tube functiona aa a current wnk Ulme,) m para 

'“iS’oXt .trteti:i."*U.f.pplie.U.n of the n«ie. method in . numenc, 
cane let it be required to find Bout > 1 ^ ^ 

«,n - 0.707 ain 3770< volt or ^in - * 0.5/0^ volt 

200 X 10"‘ mho 


- 2000 micromhoa 
Tp ■■ 20,000 ohma 
Rb » 50,000 ohma 
i?o * 200,000 ohma 
C - 0.00265 Mf 


Qm = 

- 6 X 10-‘ mho 
(Jj - 2 X 10"* mho 
Go = 0.5 X 10"* mho 
Yia « Yai - jwC = il0"‘ mho 



Applying Kirchhoff'a current law to node 1 in Fig. 536, we obtain 
PpVi + GfcVi + j4i^(Vi — Vj) = —pmEj “ Ii 

■f ■ 

or 

YnV, - YijVj = - -100 X 10"* ampere 

where, in this particular case, 

Yii (the self-admittance of node 1) * ffp + (?6 4-iwC 

= (7 + >1)10-* mho 

Yu = Yai (the mutual admittance between nodes 1 and 2) 

= >«C 

= >10“* mho 

Applying the current law to node 2, 

GoVa-l->a,C(V2 - V,) =. 0 

■ • 1. / 

' .-YaiV, + Y 2 JV 2 =0 . 

where 

Y 22 (the self-admittance of node 2) = Go + >wC 

(0.5+ >1) X 10“* mho 

The detailed applications of the current law can be dispensed with as soon as 
‘ systematized procedure implied by the subscripts attached to the Y’s is undersm 
The determinant form of the solution for Vj is 


V, 


Yu Ii 

-Y 21 . 0 



(7+>l) 

-100 

0 

X 10“ 

Yu - 

Yu 


P+iD 

-Jl 

X 10"‘® 

-Yai 

Yaa 

i 


(0.5 +>i) 



Scanned by CamScanner 



















Ch, V 


SINUSOIDAL SINOLE-PHASe CIRCUIT ANALYSIS 

-JlOO 100 /-90* 
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Vj 


- 12.08 /-155° volta 

% 


3.5 4-;7.5 8.27/65° 

The amplification of the circuit arrangement ahown in Fig. 53 is 
£out 12.08/ —155 


■^in 


0.5/0° 


24.16/-155* 


which indicatea that the magnitude of the output voltage ia 24.16 timea that of the 
part oU ^le ^ output voltage lags the input voltage by 155° or 155/360 

Norton s Theorem. This theorem states that with respect to any 
pair o rmina s of any active network, the active network may be 
rep ac a single current source in parallel with an impedance 

equa to t e impedance which is seen looking back into the network 


-oa 


--Ob 

Fiq. 54. Equivalent circuit 
of Fig. 46 as used in the 
application of Th6venin^s 
theorem. 



—oa 

I 

! 

‘-T-' 

I 

—Ob 


)Fio. 55. Equivalent circuit of 
, Fig. 54 employing a constant 

current generator. 


from the specified pair of terminals. As such Norton’s theorem is 
merely a mild variation of Th^venin’s theorem since the Th4venin 
equivalent of an active" network (Fig: 54) is readily transformed to the 
configuration shown in Fig. 55. In this latter figure 


I = I 


source 


= Vab/Zo 


where Vaj is the open-circuit voltage which appears across the selected 
terminals and Zq is equal to the series impedance of the Th^venin 
equivalent circuit, Fig. 54. The transformation from Fig. 54 to Fig. 55 
IS contained essentially in equation (84), page 199. 

16. Norton’s theorem will be applied to example 12. From example 12 
he voltage Vo* » 200/0^ and the impedance looking back at ab was Zo « j30 ohma. 

^ ‘8 yields a circuit shown by Fig. 54 which was employed in Th^venin’s theorem, 
inverted to a constant-current generator in accordance with the principles shown 
^8 previous article, the circuit of Fig. 55 is obtained. If an impedance load 
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106 ciKcmrs v 

jau 

• (_i6.M) 


V* Mo/s: 


^ '-V#' 

tr-; 



2oo_ ^ 

---- • jn X j30 

) +;'30 In AceordAoee with 

i. .h. «n.e -U « obt-njd tounni-d. ^ U, «p>«. 

Xorton'. th«rem the circuit of ■*• ,.^ ,hero compUctod net. 

«■ . . VortonV theorem U often .ppl-"* 

Either Thevenin s or . . ^ being an*ly**<** 

works relative to a pair of terminals are 




Fio. 57. Wye. 


E,uiv.lonc. of SpocUl Circuits (Wyes snd 

57 show two types of circuits which n delta system; 

the reduction of electrical networks. The nrst is cane A««sw.tiwl 

rt 57 is culled . wye. It is possible to substttute « 
system of impedances for a delta system, and vice ^e^sa, if P ope 
vslues are given to the substituted impedances. Suppose “ 

to^d to substitute s wye for . given del... The two system, wtll 
eiuctly equivalent if the impedance between any pair of lines A, B, 
and C Fie. 58, for the delta is the same as that between the corre- 
pair for the w’yt when the third line is broken. If this con- 
Ition is imposed, the following equations are obUincd: 

ZsfZi d- Zg)- 

Zi + Zj + Zj 



Zc + Za 


(93) 


2 V- _ Z|(Z,^Z,) 

Z.4 + Zc - + z, + Zj 


Za + Za 


ZaCZi d- Za) 

Zi + Z, + Z, 


(94) 

(95) 
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uml’of *1"*“®“ •imulUneously for Z^. Z*, and Zc in 

Urms of the impedances t„ Z,. and Z, gives the folloiving: 


2a - 
Zb 


Z|Z] 


Zc 


2| + Za -f Z3 
Z2Z3 

Zi + Za + Z3 

• Z1Z3 

Zi + Za 4* Z 3 


(96) 

(97) 

(98) 



Fio. 58. Circuit for Mtsblishment of equivalence between wye and delta systems of 

impedances. 


From equations (96), (p); and (98), the values of the wye imped¬ 
ances Z^, Zjs, and Zc that .will replace a system of delta impedances 
Zj, Za, and Z 3 may be found. These results are easily remembered 
when it is observed that the denominators are all the same and equal 
• to the sum of the three delta impedances. The numerator for Z .4 is 
the product of the two delta impedances which connect to Z.^. Simi¬ 
larly the numerator for Zb is the product of Za and Z 3 .' 

It should be noticed that the special case of balanced delta impedances 
yields wye impedances, whicl\ are also balanced and equal to 



and 

Za = 3Zk 


Example 16. Find / for the circuit and conatanta shown in Fig. 59 . First a 
«ye is substituted for the delta 06 c. The nye and its corresponding impedances are 
shown dotted. 


Za 


(4 - >6) + (3 + >0) + (1 -I- >12) * ® 
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alternating-current circuits 
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100 volu 



Zb 


Zc 


Fio. 59. See example 16. 
(4 - j6) (3) j 2 - 72.16 ohms 

a ■»-: : n ^ 


8 +;6 


(1 4-;12) (3) ^_ 2 4 4 . j2.7 ohms 


8 +i 6 

A/Kr the above imp^M.oee Me SCrthS t°»”oUoa'^!f 

60. It is apparent that a series-parallel circuit resuiw, 







e 

• t 


I 8.6-11.2 I 

L:^ 


i K) volts 


I 2.4412.71 , 

cC 

> 0.6 


:ej 


‘‘ 6.12 


10.16 


1 


nTs-iui 

100 T 




J 


Fio. 61. Reduction 
from Fig. 60. 


Fio. 60. Reduction from Fig. 59. 

which has been given in a previous article. Combining the parallel branches resulU 
in the circuit shown in Fig. 61. Thus 

Zncd » 3 - ;4 ohms 

Z«M = 6 -f jS ohms 

(6 + jS) (3 - i4) 60(9 - ji) 


Zitd 


(3 - j4) + (6 + ; 8 ) (9 + i4) (9 - ;4) 

450 - ^ ^ ^ .2.066 ohma 

81 + 16 
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* “ ' “ ” 7.14 +^1.76 7 . 355 / 14 ° ampere* 
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Lned 

IfiM 


5.45 4- y5.09 amperes 
1.69 — j3.33 amperes 


13.245 — 73-3(>5 

To find the currents In the various brunche.s, the steps are retraced as follows; 

V„«/ « IZ„rf = (7.14 +>1.76) (4.645 ->2.065) 

= 36.73 — >6.57 volts 

(36.73 - >6.57) (3 + i4) 

(3 ->4) (3 +>4) 

(36.73 - >6.57) (6 - >8) 

( 6 +> 8 ) ( 6 -> 8 ) • 

v«« - IZan. = (7.14 +>1.76) (8.6 ->1.2) » 63.51 +>6.57 volts 

V,c - UcdZnc = (5.45 + >5.09) (2.4 + >2.7) 

«= -0.64+>26.9 volts 

V„6 - = (1.69 ->3.33) (-0.12 ->2.16) 

- -7.403 - >3.25 volts 

V.C = V«„ + Vnc “ 63.51 +>6.57 - 0.64 +>26.9 
= 62.87 +>33.47 volts 

Va» “ Van + Vn* = 63.51 + >6.57 - 7.403 - >3.25 

, ^-56.11 +>3.32 volts 

* ’^X* 

(62.87 +>33.47) (I ->12) , ^ 

^ ( 1 +> 12 ) (1 -> 12 ) 

(56.11 +>3.32) (4 +>6) 

(4 ->6) (4 +>6) 

Check: 3.19 ->4.96 + 3.93 +>6.73 = 7.12 +>1.77, which is within sUde-mle 
accurac^y of 7.14 +>1.76 amperes. 

Vcb = yen + = 0.64 - >-26.9 - 7.403 - j-3.25 

» —6.763 —>30.15 volts 


I<i6 


3.93 + >6.73 amperes 


I«fr 


—s —2.254 — >10.05 amperes 
3 


/ Ud “ lac - U - 3.19 - >4.96 + 2.254 + >10.05 

» 5.444 + >5.09 amperes 

which checks I^ed- 

Im - U + Ia» - -2.254 - >10.05 + 3.93 + >6.73 
» 1.68 — >3.32 amperes 

There are a few occasions when it is convenient and desirable to 
substitute an equivalent delta for a wye. This is simply the problem 
of finding the values of Zi, and Z 2 , and Z 3 that will replace the values 
of Za, and Zb, and Zc in Fig. 58. The solution is obtained when equa- 
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tions (93), (94), and (95) are solved “'gebraically for the 

Z„ Z„ and h in terms of the ""Hnnc^ equations 

usually be found simpler to solve for tt^ 9 equations (93). (94), 
(96). (97), and (98), whieh were derived from equa 

and (95). The solution gives 

ZaZb + Z«Zc + (99) 

z. =-zT 

7.Z. 4-ZflZc + ZcZa (100) 

Z 2 ^ 


Zc 


Z3 = 


7^Zb -f ZbZc + ZqZ^ 


( 101 ) 


Za 


\ mr 4 -/% wliGH it 1® observed 

Equations (99), (100), and (101) are eas to the sum of all 

that the numerator of each is the same and equal to 




Fio. 62. See example 17. Fio. 63. Equivalent delta of Fig. 62, 


DOSsible products of the three impedances when taken two at a time. 
The denominator of Zi is the wye impedance that has no connection 
to either extremity of Zj. Similar relations obtain for Zg and Z3. 

Example 17. Find the delta that will replace the wye system shown in Fig. 62. 

(10) (6 - jS) -h (6 -;8) (4 +j3) + (10) (4 +j3} 

Zab ^^- ' 4+;'3 

^ 148 — y64 ^ jg _ -23 ohms 
4+;-3 

Zbca - * 14.8 - ;6.4 ohms 

r 

From these three impedences the equivalent delta is found as shown in Fig. 63. 

Two commonly used types of networks are the T and w configurations 
shown, respectively, in Fig. 64o and Fig. 646. Viewed as three-terminal 
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1 ] networks, these configurations will he recognized as the wye and delta, 
5 respectively. The same formulas derived for changing a wye to an 

[ equivalent delta are therefore applicable for changing a T to an e(iui va¬ 

lent JT. Likewise formulas for changing a delta to an equivalent wye 
may be used to change a ir to an equivalent T. 

j—-b -5—(5> 

(|) ^ 

c c c 

(a) (6) 

’ Fio. 64. (a) T network, (6) r network. 

T- and ^-sections are used extensively in transmission line and 
filter-section calculations. In cases of this kind, the T- and r-sections 
shown in Fig. 64 are usually considered as four-terminal networks be¬ 
cause these sections are^ inserted into a two-wire circuit and are con¬ 
sidered to have a pair of “ input ” terminals and a pair of “ output ” 
terminals. The manipulation of T- and jr-sections as four-terminal 
networks will be considered in detail in Chapters* X and XI. 



PROBLEMS 

✓ 

• 17. Calculate the current through the impedances of Fig, 65. Find voltage 

drops across ab, be, and cd. Draw the vecior diagram showing the current and the 
voltage drop across each resistance or reactance. Calculate the power factor of 
the complete circuit. 

I 5/1 30/1 8/1 18/1 3/1 

100 volts 

Fig. 65. See Problems 17, 18, and 24. ^ 

18. Find all possible values of pure reactance which, when placed in series with 
the circuit of Fig. 65, will make the overall power factor 0.6. Find the power dis¬ 
sipated in the circuit for this condition. 

19. A particular 110-volt, 60-cycle, J-hp, single-phase induction motor has an 
efficiency of 60 per cent and a power factor of 0.6 lagging at full load. This motor 
is to be used temporarily on a 220-volt, 60-cycle line. A resistor (non-inductive) 
of suitable current capacity and of proper resistance is to be placed in senes with 
the motor. 
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ALTERNATING-CUmNT CIRCUITS 


a. V 



(o) What value of reaistancc ie required, if the motor i» to have 110 volta across 

its terminals at rated full load? d V ) with V^otor 

(6) Draw the complete phasor diagram (Vmotoo ***** 

as reference. i ♦ ^lOO watts and 5 amperes at 

V20. A single-phase lagging-powcr-factor load takes 

120 volts. Find the reactance of a pure 

this load so that it will operate normally ftom a 2’40-volt no-voIt, 60-cycle 

21. Two single-phase motors are *" which Ukes a lagging 

source of supply. Motor 1 is a *" ^ fading current. Find the 

current, and motor 2 is a capacitor type w . ^ power factor of the two 

toUl piwer, the coUined line current, and the resultant power 

motors operating in parallel from the following data: 


Motor 

1 

2 


Horsepower 

Output 

' h 


Per Unit 
Efficiency 
0.60 
0.75 


Per Unit 
Power Factor 
0.70 (lagging) 
0.95 (leading) 



22. A series circuit on which 100 volts is impressed consists of a 10-ohra r^stMce, 
a 5-ohra condenser, a resistance R in which is lost 50 watts, and a reactance X taking 
100 inductive vars. Calculate all values of R and X to satisfy the conditions stated 
and the corresponding currents for each of the combinations. 

23. A toaster operates at 115 volts, 60 cycles, and 10 amperes and absorbs 1150 
watts at its terminals. A choke coil is to be wound with a ratio of Xl to R of 5, so 
that, if placed in series' with the toaster on a 230-volt, 60-cycle line, the toaster will 
have 115 volts across its terminals. 

(а) What is the impedance of the choke coil require? State Z in polar and in 
rectangular complex form. 

(б) Draw the complete vector diagram with Ftooiter as reference. 

(c) What is the power factor of the combined toaster and choke coil in series? 

24. Find the inductance or capacitance which may be inserted in the circuit of 
Fig. 65 to put the entire circuit in resonance. Frequency 60 cycles. 

26. ia) If the impressed voltage on a series circuit containing 5 ohms resistance, 
100 ohms inductive reactance at 60 cycles, and a variable capacitance is 100 volts, 
find the maximum drop across the capacitance and the value of the capacitance 
for this condition. 

(6) Repeat the calculation if, instead of the 5-ohm resistance, a 100-ohm resistance 
is used. Compare the results in the two cases. 

M. A aerie, eireuit diaaipatee 800 watte and alao requirea 1000 volt-amperea 

when the impreaaed volume U 100 volta. Find the equivalent aeriea reaiatance ^d 
possible reactances of this circuit. 

■ ** f “ Previoualy defined in thia chapter 

tor an «£.C circuit la 100 cycle, when a coil having a « of SO ia uaed. All reabt^ce 
of the circuit is assumed m the coil. 

(a) Find the upper and lower frequency limits of the pass band 
6) If a coil with a (? of 200 is used at the same resonant frequency 
wi!! be the frequency range of the pass band? 

28. Given the RLC scries circuit shown in Fig. 66. 

(a) Find the resonant frequency of the series circuit. 

(b) Find the <? of the series circuit at the resonant frequency. 


as in (a), what 
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(c) At what angular velocities do the half-power points occur? 

(d) Assuming that L is varied to obtain resonance, at what value of L would Vi 
be maximum? Assume the frequency in this case to be constant at 159 kc. 



1000 /] 
V-100voU« 


—It- 


100 mh 


lOiiMf 




Fio. 66. See Problem 28. 


39. Given the circuit show’n in Fig. 67. 

(o) What are the values ol Xi, that will produce resonance? 

(b) Find the magnitude of the maximum impedance obUunable with this circuit. 
Assume that the frequency is held fixed. 


>31.25/1 


V«100vo1U 


I 


Fio. 67. See Problem 29. 



(c) If Rl is changed to 30 ohms {Rc remaining the same) and L and C are made 
9 millihenrys and 10 ^fi respectively, what is the impedance looking into the circuit 
at 100 cycles per second and 10,000 cycles per second? 

. (d) At what frequency will the circuit as designated in part (c) be in resonance? 

SO. In the following exercises, it is assumed that a coil having L henrys of in- 
' ductance and R, ohms of series resistance is placed in resonance with a series ca¬ 
pacitor C, so that ijhn = I/'n/Zc. 

(o) Show that Q* = umL/Ri is 


reactive factor (of Uie coil) 
power factor (of the coil) 


(6) Show that 

(c) Show that 


Power factor (of the coil) 


Vq.* +1 


Q. 


R,n 


where w is the reactive energy stored in L and C at any time ^d b the average 
dissipated power of the circuit. Note: w « (Li*/2) + (Cs* /2) » constant. 

il. An impedance Zi - 8 -.;5 is in parallel with an impedance Z, - 3 -biTohms. 
Find the resultant impedance of the combination. What b the overall power factor? 

M. If 100 volts are impressed on the parallel impedances of Problem 31, find / 1 , 
/t, and the resultant current. Draw the vector diagram of the circuit, showing 
®sch current, and the voltage drop across each parameter. 
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AITERNATING-CURR£NT CIRCUITS 


'S3. An impedance load eonnsting of 12 ohms resistance and 16 ohms inductive 
reactance is connected across a GO^ycle, 100-voIt source. Find the capacitance of 
a capacitor which may be paralleled with this load to bring the power factor to ] 
Assume negligible resistance for the capacitor. 

34. Work Problem 33 if a final power factor of 0.8 instead of 1 is desired. Obtain 
solutions for leading and lagging power factors. 

36. Find the value of pure resistance which would be required in parallel with 
the impedance load of Problem 33 to bring the resultant power factor to 0.8. 

,t 36. A capacitor branch having a ratio of to A of 5 is paralleled with an impedance 
consisting of 4 ohms resistance and 3 ohms inductive reactance. The power factor 
of the resulting circuit ia 0.8 lead. Find the size of the capacitor in microfarads if 
the frequency is 60 cycles. 

37. A si^le-phase load on 200 volts takes 5 kw at 0.6 lagging power factor. Find 

e kva sise of capacitor which may be connected in parallel with this motor to 

bring the resultant power factor to 1. 

38. Work Problem 37 if it is desired to bring the power factor to 0.9 lag instead 
of to 1. 


Problem 37 is operated in parallel with a synchronous motor 
, ** 8 hw at 0.5 leading pow'er factor. What are the resultant current supplied 

”^40 power factor of the combination? 

“dustrial establishment takes an average load 
* continuously at a (current) lagging power factor of 0.80. 

MtAhUatim charge on the kva capacity required to serve this 

line, ud 

c!epr«.ntlon) may 1» Uken M 8 per cent of the investment. 

4L '“*0' o' “tsblishment is unity, 

m i;. “ P"'"*' "ith « S0--rf csp«ite 

P»w.rf.cUnor«.6m. neo^nle ,ystem? (Neglect the JsUnee 

•>' ‘ i»-iucUnce 


200«olL< 

Mqrctos 



Xi-20/i:^C-? 


Fio. 68. .See Problems 43, 44, and 45. 

Ret **• Po*" » “ 

whl 2S^it"“ ** ^ taP^" «“ 

45. What minimum value of Rc in Fig. 68 would prevent the possibility of at- 

Uining resonance by varying C? ” V««oiui,y oi air 

46. A fixed condenser is placed in paiaUel with a fixed resistanoe and variable 
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Cn* ^ j 

, jygtance of negligible resistance as shown in Fig. 69. Show that the genera 
for XI which will produce unity-power-factor reswiance is: 

^ ' 

2 


Xl 

be. 


#37. 


//ini: For unity p.f., 6 l 

47. Refer to Fig. GO. 

fa) Draw a to-scale vector diagram of V, Ic and Irl (or Xl * 0. « ♦ « 

(6) On the above diagram draw the loci of Irl and I for Xl variable from o 
Determine the values Xl which will produce unity ^)Ower-factor resonance 

ithcr graphically or analytically. , , - . 

(d) Determine the minimum value of I either graphically or analytically! an 

the value oi Xl which produces this minimum value of I. 


I 


Ic 




X(*20 ohms 


R» 8 ohms Xl (variable) 


V-120volts- 


->o 



Fio. 69. See Problems 46 and 47. 


Fig. 70. See Problem 49. 


48. X 2-Mf capacitance is connected in parallel with a 20-ohm redstance. Plot 
the magnitudes of the admittance and impedance of the parallel combination against 

frequencvforfrequenciesofO, 10 , 000 . 100,000, and 1.000,000 cycles. 

49. Xa) If = 0.050 henry, C = 200 ^f, and Rl = Rc = L.O ohm, find the reso¬ 
nant frequency of the parallel branches shown in Fig. 70. , „ u- i. 

JJb) If Rl = 20 ohms, L = 0.050 henry. C = 100 mT, find the value of Rc which 

anil yield parallel resonance of the two branches at a frequency of 45 cycles. 

Ac) If C = 100 Mf, Rl^^ ohms, and Rc 20 ohms, find the value of L that 
wUl place the branches in parallel resonance irrespective of frequency. 




60. (a) Transform the circuit shoa'o in Fig. 71 to that shown in Fig. 72, employing 
numerical values of g, bL, and he and assuming that the operating angular frequency 
it 5 X 10^ radians per second. • (Results which are accurate to within 1 per cent will 
be considered satisfactory.) 

(6) If terminals 11^ of Fig. 71 are energised with a current of 2 milliamperes 
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ay 



(At « * 5 X 10’ radun* per leeood), whet rolUfe will be 
tcnninAli? 

(c) What ii the of the cimiit? 2 I® Pm 7i 

(d) Aaeunung that S if conatant, find the reeiataoce ooinpooeo 

io tenna of L, R, C, aod m, _ 


• *1 - (tC** - D* 


BL Given: • 2 ohma, L — 1 beniy, and C • 0.1 farad. ^ 

(o) If H, L, and C are conneeted in aeriea, find the pole and aeroa of the aenea 
impedance, Z(t), numerically. Evaluate Z(m) at « ~ 2 radiana per aacood (or at 
9 "> f2 radiana p» aeeond) graphically from a plot of li, •*, and l| and compart lha 
reault Uma obtained with Z(2) - 2 + ;(2 - 5) - 3 ohma 

(b) If R, L, aod C are eonnertcd in parallel aa in Fig. 72, find the pole and aeroa 
of y(a) numerically. Evaluate TC.^) at w • 1 radian per aeoood (or at a •)! 
radian per aeeond) graphically from a plot of f|, aod l| and eompara the rewdt 
with 

T(l) - 0.1i +;(0.1 -1) - 1.03 /-00.0* mhoe. 

(e) Repeat part (b) for w • 4 radiana per aaeood, and compare with 


T(4) - 0.5 +y(0.4 - 0Z5) - 0 522 /10 T mho. 

. 82. (a) Find the angular frequency at which Rg of Problem 80 haa ita maximum 
m^value, empk> 3 riog literal value# of C, and R. 

(b) l^liat ia the ni.‘'-.erieal value of the angular frequency for (a)? 

da#.: 4.M7 X 10’ radiana per aeeond. 
(e) Compare the above reault with the approaimala value of 
63. What ia the maximum oumefical valua of the reaistanee component of Z ia 
Fig. 71 aa w ie varied from aero to infinity? (A reault wbkh ^ accurate to arithie 
1 per cent wiil be conaidered aedafactory.) 

54. The eerie# reetataoee of the 3(Vmierohenry eoil ahown in Fig. 71 ia A • ltd) 

ohma. What is the Q of the coil at * O.l/V LC and at - 1/VLC? • 

55. A coil havt.'-.g L henrys of inductance aod R$ ohma of aeriea rematance ia piaero 
in reaonance witi a parallel capacitor, C, havirg no appreciable aeriea rtaietinr* 

At an angular fre< ;ency of which ia eeeentially equal to 1 /n/Zc. qc 
Show that Q, M»C/p ia eoeentially equal to 
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where V is the efTwtive voltage acroiui the parallel branches, to is the reactive energy 
stored in L and C at any time, and V^g is the average dissipated power of the circuit. 
fioU: In terms of instantaneous values and letting Vc * i>, the instantaneous applied 
voltage, 

tv* 

u> = —— 4- — » constant 
« 2 

66. It will be assumed here that the capacitor shown in Fig. 71 has a series rerist- 
ance of 10 ohms. 

(а) What is the equivalent parallel resistance of the capacitor at ^ l/V^ 

(б) What is the equivalent parallel resistance of the two branches at = 1/V^LC? 
w 67. Given the circuit arrangement shown in Fig. 73a, where the voltage generator 
has an internal resistance of 20,000 ohms as indicated: 

(o) Transform the circuit to that shown in Fig. 736. 

(6) What is the Qp of the parallel branches facing the current generator in Fig. 
736 at w = 5 X 10^ radians per second? 

(c) Compare the result obtained in (6) with the Q of the coil itself at w = 6 X 10^ 
radians per second. The coil has a resistance of 50 ohms as indicated. 



(«) (h) 


Fig. 73. See Problems 57 and 58. 

!' ■ ' / 

68. (a) If the generator voltage in Fig. 73a is 200 volts at w « 5 X 10^ radians per 
second, what is the magnitude of the current of the equivalent current generator 
employed in Fig. 736? 

(6) What voltage is developed across the parallel branches by the current generator 
at w = 5 X 10^ radians per second? 



69. Find the admittance Y Oooking to the right of terminals .11^) in Fig. 74, and 
express the result in terras of a resistance Rp in parallel >with a condenser C, w’here 
Rp and Q are expressed numerically .in ohms and microfarads, respectively. 
Ii » O.IE,. 

The /j„ and /i current generators have the polarities indicated, and the operating 
angular frequency is 10* radians per second. Nole: Current generators are alw'ays 
considered to have infinite internal impedance or zero internal admittance. 
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y 80. The parameteri in Fig. 75 are: 

fi-«i+/Xtfl0+/>0ohma » •* ’ 

JTt - ill + - 8 + yiO ohma 

/i • J?i — • 4 — yiO ohm# 



fiC- 75. .”<«« Problems 60, 01, and 70. 


>^( 0 ) Find Ii, I|, Ij, V|, and Vjj in complex polar form with irspcct to applitd 
voltage (100° /O” volt*) a* a refertne*. 

•<'(6) Draw a complete phaior diagram of ihc above voltafc* and current*. 

Find the watts und vtr* input to the entire circuit. 

^61. Find the power dissipated in each branch of Fig. 7.S for the parameter* given 
in Problem 60. 

^ 82. Find the pure reactance or reactanew .V in Fig 78 which will make the overall 
power factor 0.707. 



sn 


kCi 


nAWA—1(" 


in 10 A* 


Fio. 76. See Problem 62. 



»/) 


63. A circuit similar to that shown in Fig. 34, page 178. except 'thgt L, U eonitant 
while Ci is variable, is to pass a 45,000^ycle current with minimum impedsnee snd 
to block a 16,000-oycle cunent as effectively as possible, ffa • 20 ehmV Ai - 40 
ohms, and h * 0.002 henry arc fixed. The rcaistanoe. ff,. of the C* bramh U 
assumed to be negligibly small. Eit^r a fixed Ca or a fixed Ao (of n^lwibly #maH 
resistance) is to be placed in series with Aa to accomplish the detirrd tuning eTect. 

(o) Solve for Cj which will put the parallel circuit be Into parallel icw>n8nc« st 
18,000 eyeles. t; 

(b) Calculate the equivalent Impedance from b to c at 45,000 eychw x\Uh Ci ret 
at ita IS.OOpHiycle reeonant value. Is be predominantly eapacitivd or iixfuetivc 
at 45,000 oydesf 
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(c) Must an inductance Lo or a capacitance Co be used to put the branch ab into 
aeries resonance for 45,000 cycles? Calculate its value. 

(d) Assximing that branch o6 has been put into series resonance at 45,000 cycles, 
what is the actual imp^ance from a to 6 at 45.000 cycles? at 15,000 cycles? • 

64. Given the circuit shown in Fig. 77, determine the impedance looking into 
terminals o6 at 1592 cycles per second. 

generating device has an impedance of 0.5 ohms and is connected 
to a load by a line of 0.25 + j2 ohms. At what load will maximum power transfer 
be realized? If the generated voltage is 20 volts, what is the power received by 
the load when adjusted for ma.ximum pow'er transfer? Find the line loss and the 
loss in the generating device. 

66. (a) If the resistance of the load in Problepi 65 is fixed at 0.75 ohm and only 
inductive reactance is permitted in the load, for w’hat value of load reactance will 
maximum load power to the load be realized? 

(6) \\ hat is the ma.ximum load power under these conditions? 

67. Work Problem 65 if the receiver impedance is restricted to pure resistance! 

68. If a load imp>edance having a ratio of X/R = 5 is used at’the end of the 
line in Problem 65, find the load impedance for maximum pow'er transfer. What 
is the maximum power the load can receive? 

69. Calculate I 2 in Fig. 78 by the superposition theorem ii Ei — 100 and 

Ei *= 50 /^° volts. 


2.5 n sn 5/1 



70. The voltage V = 100 /0° volts is removed from branch 1 in Fig. 75 and inserted 
in branch 3. If the upper terminal of Z\ is connected to the lower common terminal 
of Z 2 and Zj, calculate the current Ii. How' does this compare with Ij as calculated 
in Problem 60? By what theorem could this conclusion be reached? 

71. Calculate Wh in Fig. 79 if Ei = 200^ volts. Then use Thiivenin’s theorem 

to calculate the current In an impedance Zab = 1.46 + j6.78 ohms if it is connected 
to the terminals ab. 

72. Given the circuit showm in Fig. 80. 

(а) Using the superposition theorem, determyne the current through the resistor 
marked A. 

(б) Using Th^venin’s theorem, determine the current through an impedance 
3 -f ;3 ohms) that is presumed to be placed across terminals ab. 


A 
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Ch, V SINUSOIbAl SINCLB-PHASE CIRCUIT ANALYSIS 221 

73. In Fig. 816; - io» ohms, ft. - 5 X 10< ohma, r,(of th« tube) - 10* ohms: 

2 X "o-* mho “ 

Find the voltage, Vj, relative to ground if fti = l/O" volt. The operating angular 
frequency ia 10‘ radians per second 

^ * * >P- = » /?.*; MV = jwC;,* = J4 X 10-^ 

Ki vf^ X 10 * mho, which i.s a hint that the problem should prob- 
ab^ be solved on the nodal basis, employing £, as a known voltage. 

IT* qikT ^ admittance Y (looking to the right of the Ei generator terminals in 
**■. express the re.<*ult in terms of a resistance ftp in parallel with a ca- 

paci or w ere ftp and C are expressed numerically in ohms and microfarads, re¬ 
spectively. 

TV operating angular frequency are given in Problem 73, 

and if this problem has been worked Vj will be a known voltage of 15.6 /159 32° volts 

76. Reduce the impedances shown in Fig. 82 to a single equivalent series impedance. 
Find the current in branch ab. 

76. I^rive the expressions shown in equations (99), (100), and (101), page 210. 

77. Find the equivalent delta ^stem of impedances which will replace the wye 
on, 6n, cn, in Fig. 82. 



78. Find the voltages V^, and V/j in Fig. 83. ^VTiat is the phase displace¬ 
ment between these voltages? 

79. What relationship between the Z’s of Fig. 84 will make /a =« 0 regardless of 
the magnitude of ftia? Hint: A simple method of solution is to transform the 
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alternating-current circuits 


ch. y 


j the Zu 

Z-ZrZ. .»d Z.-Z,-Z, deltM to “irtuit««« th. lo«d. 

the lotto, the negath-e. of each other to produee a ahort e.rcu.1 



Fio. 85. See Problem 80. 

80. WTiat relationship between the Y’s of Fig. 85 will make the voltage Vj (relati 
to ground) equal to zero regardless of the magnitude of /«? 
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chapter 

f 1 Non-Sinusoidal Waves 


Comptez Waves. The circuit theory that has been presented in the 
foregoing chapters has been based upon sine-wave variations of voltage 
and current, and only sine waves have been considered in the calcula¬ 
tions. In many branches of electrical engineering non-sinusoidal waves 
are as common as sinusoidal waves, and in all branches non-sinusoidal 



waves must occasionally be given attention. Examples of non-sinusoi¬ 
dal waves are shown in Oscillograms 1, 2, and 3. Even though the 
voltage wave in Oscillogram 1 is nearly sinusoidal, the current through 
the capacitive circuit is greatly distorted. Also in Oscillogram 2 the 
current is non-sinusoidal even though the impressed voltage is practically 

223 


Scanned by CamScanner 










224 


ALTERNATING-CURRENT CIRCUITS Ch.Vi 




Scanned by CamScanner 





































Ck Vt 


NOH WM¥ff 




• ^mmgfntn 1 utmirt iw rfNvt •• Hit —*-j- « '*• 

cfT til ftltrniftlor dm io ofwti iIrui prwInMMwt txrpnti^- « ' - • 

emf ckm mmI/ b* t|r Um wmih^da . v 

Th» mMhod of mtlitif rtmM rit 11^11111 ^ 

ftirma art mm«lnt^fn| wtO §tmt h* f^v«A. 

Moat i&mtd ia cftwwrf fv^Mvawc W 

fvpfMped in trmm of iin^-wvt cnnpwote «f lifTrrrai 
Vt>der ihaM oondittoas «ar% iio« mmpamm wmj bt baMi»< ivwiKv 
to the law itovmiinf the cahailMiDM of aiiie vow Tht • / •» 
crmipofteni analyoea are oreobiotid orcordinf to rmaoi leva io tmmt 
coenpu^ite or 6 nal analyfdt. TWi^ arp. Iweree, fortoi'* 
io reprev>ntirif fM>n>fiinu«iiiol otvts io lema of iioe i o v p i' o » o *» 

Any p«>nodic wave whtrh n fonaW-voloed and fDOtMOMO ^ ' 

a finite number of finite dierontimMUeii, oiid whieb 4noi oat lioae ao 
infirtiie numljer of maxima or minima in the oeichboehood af avf 
may be frpreaented by the vim of a mimber of vne wat^ ef diAooi * 
frequenrie*. Aa an eqtxafion, the above thnoeefa tak«^ thv Wh^mg 
form and ia known aa a Fourwr aerwe 

y m fit) - Ao-fd|iint^llienaa4>d»«a2« ♦ ^|Owtr 

-fAiainar4^|ftiilr4 • 4 4.oio aa > h, ft* •e i\ 

Exrrpt In aperial raaea an mfiaiie noiohra of mmpnwte a-- 
rrttcmlly required. PrarUraJJy K/wwor. only a few irrma a- - 
hary In moat Inalanrea tveaow of lha mlatieWy «nall affect * ' 
urma of higher frrqyenry fimet the •a*o ohieb m .1 

equation (I) ia mvle up nf a nomtwe «# mmm aaw of 
q««,cina. ^il ia ralivi a «io|>let aave It • a ggo aeo i Ibal aa. ^ ^ 
pooent of Ihia wave ia atnuaotdal tad that aorbm^woi « 
be handliMl by the ntMboda pommady cadlood for roi*v#*.;m 
wavea. The fanlity mlh ot^b aWMOol r ■yaoioii U a rom 
wave may be mampulaied m MAcirot pist^VaTiav loe 
non-ainuaoidal wave ao mwb irwa oa aq^oiw <M nw tho f*. 
equation of the nave moy be knowo m taeoM ol «me otbar 

of r • 

Wave Analyii4 Taually a fiM or o p b w reeoad al the *^4 U 

obtained through ooruiar*^**^ onalyaa or otbef «eoM n- 
minatiiin of the Foufief equatioo aUb rpmieo o portae*a^a*♦ to 
’‘ailed u.a\*e anxlyaia Wave analyiaa umfdf ol driMto -4 

the ooetfieimta 4#, .ii» f®i» ftjtoaliOto (!' 90 ^ - * wtoia 

are determined by oome operauro on CToatioto (U that oiO 
all terms except the desired quantity TWto Iho dmirad opetfotb 
may be evahiaiad Thua, to determine •• ia MceHory mngly b. 
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multiply the equation by dx and to integrate between 0 and , as 
shown below. 

= po-lx + sin + X «-** + 

jT’xj sin 2*<it + jT ft cos 2x<b + j[ ft sin 3,<fa + 

rB,cos3x* +••• + /** A.mnx<b + £ 

J* \dx = ^0 ^ 


oos fix dx (2) 


or 



. _ 1 f\dx 

and ■^*“2»Jo ' 

To 6nd A„ equation (I) may be multiplied by sin «<b and integrated 


from 0 to 2r. Thus 


r ysinxdx— f i4osinxdx+ ^ vli sin xdx + 

Jo Jo •'o 

J' Bicosxslnxdx + j* A2sin2xsinxdx+J^ B2C082xanzdx-^ 


J' A 3 sin 3 j sin X dr + B 3 cos 3x sin x dx + * * * “b 


£ 


7r 


i4n sin nx sin 


in X dx + I 


,2w 


Bn cos nx sin x dx 


( 4 ) 


It is obvious that I ilo sin x dx is zero since it represents the area 

vn 



under a sine wave for a complete cycle. There arc four other types of 
terms. They are 


^2w 2ir 

(a) / sin^ X dx = / (} - J cos 2x) di = — » w, 

/'2' 

(b) I sin 2x sin X dx, which is of the general type: 

Jo 

f 2r 

.sin mx sin nx dx *= 0, when m and n are different integers,* 

(c) I cos mx sin nx dx * 0, when m and n are different integers,^ and 

Jq ' 

cos X sin X dx = 0. 


(d) 


*/o 


* This may be readily proved by aubetituUng for sin mx sin nz its equivalent 
Jfcoe (mx — nx) — cos (mx 4" nx)). 

* This may be readily proved by substituting for cos mx sin n* its equivalent 
^(mn (mx 4* nx) — sin (mx — nx)]. 


Scanned by CamScanner 







777 


NON-SINUSOIDAi WAVCS 


Ch. 

/The student should prove statements o, 6, c, and d by carrying out the 
perations indicated. If the above facts are used, equation (4) reduces 


01 

to 


or 


r y sin xdz « Ain 

1 r*' 

At ^ - I ymnzdx 
wJa 


(5) 


To evaluate the coefficient of the cosine term Bu equation (1) muHi- 
plied by cos I dx and integrated from 0 to 2 t. Thus 

dx d" r A I sin X cos x dx 


cos X 


+ cos’I <b + jT iij m 2i cos I <b + jT «“ 

2 z 006 xdx 

^.r ii, 8in3xcosirfi'+ Bj cos 3i cos * <fa + • 


+ Sinn* cosxdi + jT'B. cosnx cos** ^ 

„ tJe reUtions stated above L «, 6. C and d are us«l. equation (6) 

becomes ^ 

f ycOS*(i*-Bljr«» *‘**"®‘' 


^0 

Bi- - / ycoexdx 
or V •'o 

(7) 

Similarly, . 

- I y sin 2x dx 

(8) 

B,~- f 

(9) 

d, -;jr »sin3*d* 

(10) 

ft - ijT »«»**'** 

(11) 

a —ill/ ^ ax dx 

• »Jo 

(12) 

D.llycosnxdx. 

vJo 

(13) 
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Various analytical and graphical methods may be employed to 
uate the coefficients of equations (3), (12), and (13). Two gencr»! 
methods are outlined below. 

Analytical Method. If the equation of y in terms of z is known in arnn#- 
mathematical form, the wave may be analyzed anal3^cally. Thw 
method is the least laborious but it cannot be employed if the function of 
X is not known analytically. The function of x employed need not 
throughout its entire range represent the particular wave to be analyz<^j 
It 13 necessary to have the function of x only over the interval of perio¬ 
dicity, namely, 2r. Not even a single function of I is necessary. Several 
different ones may be used and the complete integral from 0 to 2t 
may be obtained from a sum of the integrals of the several functions, 
each taken over the interval in which it follows the curve to he 
analyzed. 

The details connected with writing a Fourier scries to reprewnt a 
8p>ecified wave form are illustrated by the following examples. 

Example L Ut it be required to wriU the Fourier eeriee which wiU rwprwwot 
the sawtooth wave foipi shown in Fig. 1. It will be obeerved that this wave form m 



Fio. 1. A type ol wave which ie easOy aoalyead by aaalytieal metbode 

dmply • vwUtioii, from , - to , , „.er oo. --rV- 

cycle. This straight-hne variation may be exprawid analytically (between 
and X 2w) as: 

y ■ /(*) - X - r 


It should be noted that the above analyUcal expreaaioo for p in tenna of x ovee no 
indication of the various harmonics which are present in the wave, whereas a Founer- 
seriee representation of the wave will yield this information. 

From e^'uation (3): 



The fact that Ao is *ero could have been determined by inspecUon of Fig 1 anoe it 
is obvious from the figure that the negative half of the wave is equal in ares to the 
positive half. 


SL 
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From equation (12): 

Am ^ (* — ») ein a* di — l^^y***zamaxiz-' rainnzdzj 

as may be proved by differentiation of tbe ri^bt member and ^ v sin dz « 0 for 
all integral valuee of n. Therefore: 


Whence, 


ooe nz I 'P' 2 

-h-^amaz 1 - - - 

a a* Jo *» 




I -^a * "J’t Ai * ~'J' j A^ ■■ “■■}■ t etc. 


From equation (13): - 

1 r*' 

—- I (z —»)ooeazdz 


r 


z coe nz dz 


[■- 


z ooe nz dz 


J * 2 » 
0 


r ooe nzdz 


] 


: Bin nz ^ coa nz ~j^*~ 


n* Jo 


r- 


ooe nzdz »0 


aa may be proved by differentiation of tbe right member and 
for all integral vahiee of a, Tberrfore: 

^ ooe^^ ^ Q ^ integral valuee <rf n) 

Hence all the cocffidente Bu B% Bu etc., in equaUon (1) are 0 and the Fourier equa. 
tion of tbe wave abown in Fig. 1 becomes: 

y - -2^8inz+iain2z+iein3z+i8in4z+ •+iainnz^ 



Tg* it be required to write tbe first four terms of the Fourier eeriee 

EMpl gbown in Fig. 2. From Fig. 2. it is plain that 

be expLjed analyticaUy between the limits of 0 and 2 t as two separate funo- 

tions. That is: 

. _ gin a (between a (or «<) - 0 and a (or i^e) - w] 

. 0 (between a (or *<1) - » and e (or iJ) - 2zl 
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From equation (3): 


. (= . 0.31S/» 

tr 


, sin a) ain a 


-r 


(0) am a <ia 


•] 


From equation (5): 

« — ^ J* (I — I coe 2 «) iaj 

From equaUon (12) it foUows that At, Au Ai, etc., are all lero because; 

(/.sina)einiu.<iflrj - 0 (for « H 0 and n 1) 

The above evaluation of Am »« evident if (sin a sin na) » replaced by its equivalent 
ifcoe (n - 1)« - cos (n + l)a}. Thus d,, d* A^ etc., are lero because: 

Am ^ ~ I ilcos (n — l)a — cos (n + l)a) da 
wJo 

1 rsin (n — 1 )a sin (n + 1)<» ~|* ^ q ffor a ^ 0 

- (n - 1) ■" (« + 1) Jo " , Wd *• ^ > 


From equation (7): 

■ l[£ <'* 


sin a) cos a da + (0) COS a dotj 


From equation (13): 
Bm 


J* (/„ sin a) COS na doj 

U sin (g + na) ^ sin (a - na) ^ 

COS (1 -b a)a COS (1 - n)a > ffor a 0 
" a L” 2(1 + n) ~ 2(1 - a) jo land a ^ I 


For a - 2: 

Bi > 


r COS 3a 

COS (-a)"] 

r.(sr+i+i_i_ii 

L“ « ” 

-2 J 

L 8 aj 


. _ - -0.2127, 

3» 


I 

J 
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k 


EgmO 


Bi 


-0.0424/. 


The Fourier series which represents the wave form shown in Fig. 2 is therefore: 
i » 0.318/m -+* 0.500/m sin a — 0.212/m cos 2a — 0.0424/m cos 4a — • • • 



If the above four terms are combined graphically as shown in Fig. 3. the re^tant 
wave approaches the original wave form shown in Fig. 2 to a fair degree of accuracy. 
The inclusion of more terms in the Fourier series will, of course, improve the cor¬ 
respondence between the resultant wave of Fig. 3 and the original wave form. 

Problem 1. .(a) Write the Fourier 
series which represents the wave form 
shown in Fig. 4 out to and including 
the Ai term of the series. Note: e - 100 
between a * 0 and a * *■» and e * 0 
between a = w and a *= 2r. 

vlns..* e = 50 + 63.7 sin o 
+ 21.2 sin 3a volts. 

(6) Show by means of a sketch the manner in which the above three components 
combine to approximate the flat-topped wave shown in Fig. 4. 

Fourier Analysis of Symmetrical Triangular and Rectangular Waves. 

Symmetrical waves of triangular and rectangular shape are shown in 
Figs. 5 (solid lines) and 6 respectively. Since these wave forms are 
often u-sed in the analyses of certain basic problems, it is convenient to 
have the Fourier equations of these waves readily available. 


100 

M 



Fio. 4. See Problem 1. 
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Triangular Wave. To facilitate analyaing, the triangular ^ve oaay 
be consider^ to be composed of several pieces, namely, the st.i^ght 
oa, ac, and cd. If the point slope form of equation for a straight tine a 
applied, the equations of these lines will be found to be: 




2r 

t Vac ~ 

w 




4 



I 


Fio. 6. Symmetrical triangular wave with 
A majdmum value of 1. 


Flo. 0. Symmetrioal rectanguUr 
wave. 



Appl 3 dng equations (3), (12), and (13) gives: 

- - iir f * -)•: 


rain Ttxdx 


1 P' . 

^ wj 

w l«/0 r %/wft \ » / 

1 P' 

Bn " - / y coa nxdr 

^ If COB nzdx + n ^ + 2^ 

r I^/O •/»/» \ »• / 


Binnxtix + 




sin nz(h 


coa nxdx 


/■■ (--•) 
*/ 3 »/a\» / 


ooa fU(ii 


valuation of the above for various values of n by ordinary calculas 
methods gives the equation of the wave in terms of a Fourier series as 
follows: 


y = p^Bmi-psm3i+^8inS«-iainV* + ...etc.^ (14) 

It will be shown later how it is possible to determine from inspection, 
that, in certain classes of waves as typified by the above example, the 
terms represented by Bn must be seitj. 
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The results of the above analysis may be generalized and the equation 
of a synunetiical triangular wave written as 

A A A 

y ^ A\ sin wf 3<i)< 4" sin 5cof — sin 7w<.4- • • • etc. (14<i) 

where x of equation (14) has been replaced by oat and-Ai equals 
times the maximum ordinate of the triangular wave. Theoretically, 
there is an iniiiute number of terms and the progre.ssion continues as the 
first four terms indicate. 

Rectangular Wave. The rectang\ilar wave is much used in the analysis 
of arC machinery and has for its Fourier equation: 

A jA A 

y =a i4 1 sin wf 4- sin doat 4-^ sin boat -\—• sin 7o>t 4 - • • • etc. (15) 

o • 5 7 

4 . . 

where ^ times the height of the rectangle. Again there is an 

infinite number of terms which may be written as indicated by the first 
four terms shown. Figure 7 shows a gre.phical representation of the first 
three terms and illustrates 
that a fair approximation 
to the resultant wave is 
obtained by the addition of 
very few terms. 

Problem 2. Analyse the rec- 
taogular wave shown in Fig. 6 
by the anal>’tical method to prove 
he validity of equation (15), 

Graphical Method. A sec¬ 
ond method of evaluating 
equations (3), (12), and (13) 
involves the evaluation of the 
integrals by a step)-by-step 
method. The equation of y in terms of i is usually unknown, and for the 
majority of waves encoimtored it would be very cumbersome and labori¬ 
ous to establish equations which would yield pieces of the wave. It is 
under these conditions that the atep-by-step method (sometimes called 
the graphical method) or its equivalent is employed. The details of this 
method follow. 

Suppose the wave of Fig. 8 is to be analyzed. Equation (3) is simply 
the average height of the curve over 2ir radians. It is found by dividing 
the area under the curve by the base. Any method of determining the 
Area, such as counting squares or by use of a planimeter, may be eiu- 



Addition of Ut. 3rd. & Sth 
^ harmonics 


Fio. 7,^ The addition of only three harmonica gives 
a fair approximation of the rectangular wave. 
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ployed. If the areas of the positive and negative loops are the same, 
is zero. Hence for waves having adjacent loops of the same shape and 
area with respect to some horizontal axis, the constant Ap when present 
simply indicates how much the whole wave has been rais^ or lowered 
from symmetry about the a.xis of abscissas. For graphical analysis^ 
equation (5j may be written 


1 

Ai = - sin X Ax 

v 0 


(16) 



Fig. 8. Preparation of a wave for analysis by the graphical method. 


2t 


Let 2 ir radians in Fig. 8 be divided into m equal parts. Then Ar = — 


m 


and X, the distance to the midpoint of the ifcth mterval 


or {k - 5) 


1 \ 


m \mj 


m 



Equation ( 16 ) now becomes 

= -£Lsin«;-|)Hr1?5 

’T 0 L m J m 


2^^ 1 r 2ir1 

= — - Ly* sm (/C - 1) I_ 

m T 0 |_ yyi \ 

2 jn 

= -T,yk sin 
^ 0 




2 

•^1 = “Ly* cos {k - i) 
rn 0 


m 


and 


^ ^ O 

^2 = - L yt sin 2 (A: -- 4) — 

771 0 • fYi 


(17) 

(18) 
(19) 


The first form of equation ( 17 ) shows that A 1 is 1/t times the area under 
curve, which would be obtained by plotting corresponding ordinates 


A neu> 


I 


Scanned by CamScanner 























235 


Ch.VI NON-SlNUSOfDAL WAVES 

of the original curve multiplied by the sine of the angle to the ordinate m 
question. For An the ordinates of the new curve would be obtained y 
multiplying selected ordinates of the original curve by the sine of n times 
the fundamental angular distance to the respective ordinates. An 
analogous procedure is employed for cosine terms. Looked at in anot her 
way, equation (17) indicates that Ai is twice the average ordinate of the 
new curve, which would be obtained by plotting corresponding ordinates 
of the original curve multiplied by the sine of the angle to the ordinate in 
I question. Multiplying and dividing equation ( 16 ) or (17) by 2 makes 
( this statement evident. Thus 

[ 1 2 ' 

^ Z) y sin X Ax 

Similar interpretations may be drawn regarding the other coefficients of 
tljc Fourier scries. Tlje summations are be.st carried out in tabular 
form, and for this purpose a more or le&s standardized system is used. 
The tables which arc used are called analyzing tables. One form of 
analyzing tables for odd harmonica? up to and including the seventh are 
showm in heavy tjqie on the following pagc.s. (The light type refers to 
specific values for an illustrative example.) ^ 

It will be .shown in a subsequent article that waves having symmetrical 
positive and negative loops cannot contain even harmonics. Under 
these conditions it is unncce.ssary to evaluate A 2 , B 2 , A 4 , B 4 , etc. Also, 
when the wave being analyzed consists of odd harmonics only, it is 
necessary only to take the summation over the first 180®. Since the 
summation over the second 180® would be the same as that over the first 
180®, the total summation over 360® can be obtained by multiplying 
the summation over 180® by 2. If m is taken as the number of intervals 
in 360®, the summation over 180® may be multiplied by 4/m instead 
of multiplying the summation over 360® by 2/m as shown in equa¬ 
tion (17). Whereas equations (17), (18), and (19) indicate that the 
midordinate of the interval selected should be used, it is customary co use 
the ordinate and the angle corresponding to those given in the tables. 
When the "intervals are as small as 5®, the difference between the two 
schemes is negligible. 

Example 3. Given the experimentally deterinihcH wave form shown in Oscillo¬ 
gram 4. Find the Fourier equation, employing analyzing tables similar to those 
given on pages 237-240. 

Solution. Ordinates at every 5® arc constructed as shown in Oscillogram 4. The 
magnitude of each is scaled and set in the column for ordinates, opposite the corre¬ 
sponding angle in the column for angles. The product of the ordinates and the 
corresponding sines and cosines of n times the angles are obtained and tabulated as 
shown in the analyzing tables on pages 237-240. 

CORCORAN-16 
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] 





/ 






OsciLi.oonAM 4. See example 3. 

For the particular wave which is being analyzed; 

AI = 82.45 units ^5 = “5.38 units 

Bi = -22.11 units Bi = -3.65 unite 

As = -0.92 unit At = 2.01 unite 

Bs = 26.2 unite Br = -1.29 units 

The Fourier equation of the wave is, therefore, 

i = 82.45 sin o>l — 22.11 cos wf — 0.92 sin 3wf 
+ 26.2 cos 3ujt — 5.38 sin 5u»f — 3.65 cos Scot 
-(- 2.01 sin 7a)f — 1.29 cos 7u>i 

The fundamental frequency in this particular case is 60 cycles per second. Thoref' 
is equal to 377 radians per second. 

The aotunl number of terms in the Fourier equation in any particular case i 
usually be reduced because it is always possible to conibine sine and cosine wal 
of the same frequencies. For example, consider the general wave 

y = Ai sin of +• cos + Ajsin 2ol 4- B 2 cos 2of 

A 3 sin 3o( 4* B 3 cos 3of 




.4 

s 


Cl) 
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Fundamej'ttal 


1 

a 

3 

4 

6 

6 

7 

8 

9 


Products 


1 



Products 

9 

(y sin x) 

Ordi- 

\ng1e 

# 

Meas. 


(u cos x) 

sin X 



X tt> 

ordi¬ 

nate 






nate 

ordi¬ 

* COS X 


_ 




No. 





+ 

— 

nate 

(y) 


+ 

— 

.0872 

0.5 


▲ 

6“ 

5.9 

.9962 

5.9 


.1736 

1.7 


2 

10* 

10.0 

.9848 

9.8 


.2688 

3.5 


3 

16“ 

13 4 

.9669 

13.0 


.3420 

5.6 


4 

20“ 

10 4 

.9397 

15.4 


.4226 

8.2 


6 , 

1 26 1 

1 10 4 

.9063 ! 

17 rt 



m u . 
13.5 


0 : 
7 

: SO' 
86“ 1 

71 S 

1 0 

.866U 1 
.8192 1 

18 9 

1 3 


.6428 

16.6 


8 

40“ 

20 9 

.7660 1 

19 9 


.7071 

19.9 


9 

45“ 

28 1 

.7071 

19 9 


.7660 

23.5 


10 

60“ 

30.7 

.6428 

19 7 


• .8192 

27.8 


11 

66“ 

33 9 

.6736 

19.4 


.8660 

32.4 


12 

60“ 

37.4 

.6000 

18.7 


.9063 

38.1 


13 

66“ 

42 0 

.4226 

17.7 


.9397 

43.9 


14 

70“ 

46.7 

.3420 

16.0 


.9669 

51.0 


15 

76“ 

52.8 

.2688 

13.7 


.9848 

59.1 


16 

80“ 

60 0 

.1736 

10.4 


.9962 

67.5 


17 

86“ 

67 7 

.0872 

5.9 


1.0000 

76.4 


18 

90“ 

76.4 

.0000 

no 


.9962 

86.2 


19 

96“ 

86.5 

-.0872 


7 5 

.9848 

94.1 


20 

100“ 

95 5 

-.1736 


16 6 

.9669 

101,5 


21 

106“ 

105 1 

-.2688 


27 2 

.9397 

106.0 


22 

110“ 

112 8 

-.3420 


38 0 

.6063 

106.4 


23 

116“ 

117.4 

-.4226 


49 6 

.8660 

102.7 


24 

120“ 

118 5 

-.6000 


59 3 

.8192 

03.5 


26 

125“ 

114 2 

-.6736 


65 5 

.7660 

80.4 


26 

130“ 

104 9 

-.6428 


67 4 

.7071 

64.6 


27 

136“ 

91 4 

-.7071 


f>4 6 

.6428 

50.4 


28 

140“ 

78 3 

-.7660 


60 0 

.6736 

37.2 


29 

146“ 

65 0 

-.8192 


53 2 

.6000 

25.6 


SO 

160“ 

51 1 

-.8660 


44 3 

.4226 

16 9 


31 

166“ 

40.0 

-.9063 


36 3 

.3420 

10.1 


32 

160“ 

29 4 

-.9397 


27.6 

.2688 

6.5 


S3 

166“ 

21 3 

-.9669 

1 

1 

20 6 

.1736 

2 4 


34 

170“ 

14 0 

-.9848 

1 

!3 8 

.0872 

0.6 


36 

176“ 

i 7 1 

1 -.9962 

1 

1 

7 1 

.0000 

0.0 


36 

180“ 

I l> 0 

j 1.0000 

1 

261 2 

I 0 0 

Sum of 

1484.2 

0 





j 659 2 


products 

1484 2 





-398 0 


UM 


At - 

XU- S2.45 
3A 

Bi ■■ 

X 9 - -a 
8C 
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sin 3x 


.2688 
.6000 
,7071 
.8CC0 
9669 
1.0000 
.9669 
.8660 
.7071 
.6000 
.2688 
.0000 
-.2688 
-.6000 
-.7071 
- .8660 
-.9669 
- 1.0000 
-.9669 
-.8660 
- .7071 
-.6000 
-.2688 
.0000 
.2688 
.6000 
.7071 
.8660 
.9669 
1.0000 
.9669 
.8660 
.7071 
.6000 
.2688 
.0000 
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Tiiiud Harmonic 


a Vl 


Products 
(y sin 3x) 


Sum of 
products 


1.5 
5 0 
*.i. j 
11 'i 

H 

21 S 

22 H 
22 4 
10.9 
15,4 

8.8 

0.0 


29.6 
.52.5 

64.6 
67.9 
62.8 
.51.1 
;iS 7 
25.5 
15.1 

7.0 

1.8 

0.0 


-16.6 


10.9 

23.4 

37.4 
.52.0 
6.5. .5 

76.4 

53.7 

82.8 

74.4 

66.4 

30.4 

0.0 


576.7 I 593.3 


4 

6 

6 

7 

8 

9 





Products 

Ordi¬ 

Angle 

X to 

ordi¬ 

Meas. 

ordi¬ 

cos 3x 

fy cos 3x) 

nate 

nate 






No. 

nate 

(y) 


-h 

— 

1 

6 " 

5 9 

.9669 

5.7 


2 

10 ' 

10.0 

.8660 

8.7 


3 

16’ 

13 4 

.7071 

9.5 


. 1 . 

'lu , 

« I« » 1 

.6000 

8 2 


1 *• ' 

i C 

30 

4 4 1 

• 

21 ..'J 

vaa. 

.0000 

ftS 


? 

35’ 

23.6 

-.2688 


6 *. 

8 

40’ 

25.9 

-.6000 


12.9 

9 

46’ 

28.1 

-.7071 


19.9 

10 

60’ 

30.7 

-.8660 


26.6 

11 

66 ’ 

.33.9 

-.9669 


32,8 

12 

60’ 

.37.4 

-1.0000 


37,4 

13 

66 ’ 

42.0 

-.9669 


40.6 

14 

70’ 

46.7 

-.8660 


40.5 

16 

76’ 

52.8 

-.7071 


37.4 

16 

80’ 

60.0 

-.6000 


30.0 

17 

86 ’ 

67.7 

-.2688 


17.5 

18 

90^ 

76.4 

-.0000 


0.0 

19 

96’ 

86.5 

.2688 

22.4 


20 

100 ’ 

95.5 

.6000 

47.8 


21 

105’ 

105.1 

.7071 

74.4 


22 

110 ’ 

112.8 

.8660 

97.7 


23 

115’ 

117.4 

.9669 

113.6 


24 

120 ’ 

118.5 

1.0000 

118.5 


26 

126’ 

114.2 

.9669 

110.4 


26 

130’ 

104.9 

.8660 

90.9 


27 

136’ 

91.4 

.7071 

64.6 


28 

140’ 

78.3 

.6000 

39.2 


29 

146’ 

65.0 

.2688 

16.8 


30 

160’ 

51.1 

.0000 

0.0 


31 

166’ 

40 0 

1 -.2688 


10.4 

32 

160’ 

20 1 

; -.6000 


14 7 

33 

1C5' 

t 21.0 

, -.7071 


15 1 

1 34 

t 170' 

14 O 

1 -.8660 

1 

1 

1 12 1 

1 36 

1176' 

7 1 

■ -.9669 

1 

1 

i h y 

36 

180’ 

0.0 

-1.0000 

1 

1 no 





833.4 

360.9 





+472.5 


2(-l0.6) 

At --- -0.02 

30 

2(472.5) 

B, - —rr— - 26.2 
30 


• ’.J 
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ButMc 


t 

1 

1 

4 

1 

1 

t 

M 

• 

1: 



— n 



f 

O 


* 

1 

A« 


1 if> 

OH. 

Mts 

4 Id 

Mml 

•r«. 

CDS If 

• 

Products 
iff COD If) 




Il4 


WmMm 





♦ 

- 

Ml* 

(f) 


4- 

- 


• ttM 

* Wl(® 

11 
? f 

II 0 

M 1 


t 

l‘ 

11 

.MM 

1 4 




1 

• 

ir 

ii‘ 

10 0 

II 4 

.MM 

.tIM 

• 4 
16 


Sm 


4 

•1* 

14 4 

-.ITM 

2.8 

II • 


• 

tl' 

II 4 

-.IVM 


11.1 

MNK 

•0 • 


I 

M* 

21 4 

- .MOO 


18 0 

IVfl 

1 1 


t 

M 

21 4 

-.1101 


23.6 

* M** 


1 • 

• 

40' 

21 I 

•MV 


24.4 



II • 

1 

U' 

M t 

-.WVI 


19 0 

• tWT 


M I 

11 ' 

M 

M 7 

-.MM 


10.6 

• .im 


M 1 

II 

M* 

M I 

.0071 

1 0 


• VMO 


12 4 

It 

M' 

17 4 

.1000 

18 7 


- 9m 


M 1 

II 

M* 

42 0 

•111 

14.4 


im 

II r 

1 1 

14 

71* 

41 7 

.MM 

46.0 


tiM 


II 

VI 

11 4 

.MM 

61.0 


MM 

M • 


14 

•0* 

00 0 

.7440 

46 0 


99U 

•1 4 


IV 

II' 

47 7 

.42M 

24 6 


l.tMO 

M 4 


U 1 

to* 

70.4 

.0000 

0.0 


.•Ml 

M S 


II 

M* 

M 1 1 

-.42M 


36.6 

MM , 

•1 4 


M 

100’ 

MS 

-.7400 


73.2 

•M» , 

r.i 


tl 

101' 

lOS 1 1 

-.MM 


101.6 

«>.irM 


II 0 

tt 

110* 

111 S 

1 -,M40 


111.1 

- iTM < 


•7.4 

tl 

111* 

117.4 

-.im 


06.2 

-.•MO 


102 7 

14 

ItO’ 

114.5 

i -.1000 


50.2 

-.•••1 


114.0 

tl 

III* 

114.2 

-.0071 


10.0 

-.•MV 


M S 

M 

ItO' 

104.1 

.1410 

35 8 


-.MVt 


•4 6 

27 

111’ 

01.4 

.7071 

64.6 


- .MM 


M.6 

M 

140' 

78 1 

.0307 

73.6 


.•Ml 

1 7 


tl 

la* 

ft&.O 

.MOt 

64 8 


21 1 


10 . 

uo* 

Sl.l 

.8640 

44.3 


Itltl 

12.7 


11 

m* 

40.0 

.1710 

23 0 


.•Ml 

21,0 


n 

110* 

20.4 

.1730 

5.1 

5.5 

.MM 

20,6 


tl 

111* 

21.3 

-.IMS 


•MM 

10 7 


M 

170- 

14 0 

- .6438 


9.0 

1 

1 0 


II 

171* 

7.1 

-.9063 


6.4 

.•••0 1 

1 0.0 


M 

100* 

0.0 

-1.0000 


0.0 

in 

MO S 

•M.O 





554.2 

619.9 

*” -I 

• S 



* 


-05.7 
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Ch. V/ 


8 


.6736 

,9397 

.9669 

.6428 

.0872 

-.6000 

-.9033 

-.9848 

-.7071 

-.1736 

.4226 

.8660 

.9962 

.7660 

.2688 

-.3420 

-.8192 

- 1.0000 

-.8192 

-.3420 

.2688 

.7660 

.9962 

.8660 

.4226 

-.1736 

-.7071 

-.9848 

-.9063 

-.6000 

.0872 

.6428 

.9669 

.9397 

.6736 

.0000 


Sum of 
products 


Products 
(ff sin 7x) 


3.4 
■ 9.4 
13.0 
.10.5 
1.7 


14.3 

32.4 
41.9 
35.8 
13.7 


27.2 
86.5 

117.0 

102.7 

48.3 


3.5 

18.9 

20.6 

13.6 

4.1 

0.0 


618.5 


10.9 

21.4 

24.4 

19.9 
5.3 


20.5 

55.5 
76.4 
70.9 

32.6 


18.2 

64.6 
77.1 
59.0 

25.6 


582.3 


36.2 


Seventh Harmonic 

4 6 6 


Ordi¬ 

nate 

No. 


1 

2 

3 

4 
6 
6 

7 

8 
9 

10 

11 

12 

13 

14 
16 
16 

17 

18 

19 

20 
21 
22 

23 

24 
26 
26 

27 

28 

29 

30 

31 

32 

33 

34 
36 
36 


Angle 
X to 
ordi¬ 
nate 


6 * 

10 “ 

16“ 

20 “ 

26“ 

30“ 

36“ 

40“ 

46“ 

60° 

66 “ 

60“ 

66 “ 

70“ 

76“ 

80“ 

86 “ 

90“ 

96“ 

100 “ 

106“ 

110 “ 

116“ 

120 “ 

126“ 

130“ 

136“ 

140“ 

146“ 

160“ 

166“ 

160“ 

166“ 

170“ 

176“ 

180“ 


Meas. 

ordi¬ 

nate 

(I/) 


5.9 

10.0 

13.4, 

16.4' 

19.4 

21.8 

23.6 

25.9 
28.1 

30.7 

33.9 

37.4 
42.0 

46.7 

52.8 
60.0 
67.7 

76.4 

86.5 

95.5 

105.1 
112.8 

117.4 

118.5 

114.2 

104.9 
91.4 

78.3 
65.0 
51.1 
40.0 

29.4 
21.3 
14.0 

7.1 

0.0 


8 


cos 7x 


.8192 
.3420 
-.2688 
-.7660 
-.9962 
-.8660 
-.4226 
. .1736 
.7071 
.9848 
.9063 
.6000 
-.0872 
-.6428 
-.9669 
-.9397 
-.6736 
.0000 
.6736 
.9397 
.9669 
.6428 
.0872 
-.6000 
-.9063 
-.9848 
- .7071 
-.1736 
.4226 
.8660 
.9962 
.7060 
.2688 
-.3420 
-.8192 
- 1.0000 


36.2 

X, - 2— X 2 - 2.01 
36 

—23.2 

B, - X 2 - -1.20 

36 


Products 
(y cos 7x) 


+ 


4.8 

3.4 


4.5 

19.9 

30.2 

30.8 

18.7 


49.6 

89.8 

101.6 

72.5 

10.2 


27.5 
44.3 
39.9 

22.6 
5.5 


575.8 


3.5 

12.6 

19.3 

18.9 

10.0 


3.7 

30.0 

61.0 

56.6 

38.8 

0.0 


69.2 

103.6 

103.2 

64.6 

13.6 


4.8 

6.8 

0.0 


599.0 


-23.2 


i 


J 
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In Fig. 9 the vector OA of magnitude A i may be taken to repreecnt the ain ul. 
Remembering that the cosine wave leads the .sine wave by 90®, the vector OB may 
be used to represent the cosine term. The vector sum OC of the two vectors OA 
and OB, therefore, represents the sum of A i sin ut and Bi cos ul in both magni-. 

tude and phase. It leads the sin wf position by tan~‘ — and it also lags the cos 
by tan”* — . The magnitude OC is + Ri*. The equation of the combi¬ 

nation is VaTT^ Bin + tan“» , or VAi* + Bi* cos - tan"* • 



Fio. 0. Vector representation 
of sin at and cos <ct and their 
sum OC for particular mag¬ 
nitudes A\ and Bi. 


•I^COSCOt 

wt 

V- tin <Jt 

A-COSfa>t 

t \ * / \ 



Pio. 10. 


The vector representation of the positive and negative sines and cosines forms a con¬ 
venient way to find trigonometric relations and to make combinations of these waves. 
For instance, the waves are ‘»hown in Fig. 10. The corresponding vector represaita- 
• tion of the same w'aves is shown in Fig. 11. In Fig. 11 it can be seen that the 



Fro. 11. Vector representation of wavee 
shown in Fig. 10. 


Flo. 12. Combination of 
—5 sin at + 8.66 cos at. 




sin M -f 90®) gives the -bcos at, that - cos (of - 90®) gives the -sin at, etc. By vis¬ 
ualizing Fig. 11, all similar relations become apparent. In like manner, if (-5 sin 
+ 8.66 cos at] is to be reduced to a single trigonometric term, the values would be 
laid off on Fig. 11 as shown in Fig. 12. The vector addition would then be performed 
to obtain the resultant OC. OC may be seen to lead the cos at by 30® or to lag the 
-sin at by 60®. It also leads the +sin at by 120®. Thus the equation of OC is any 
one of the following: 10 cos (<.>1 + 30®), —10 sin (wf — 60®), or 10 sin («< + 120*). 
There are also other equivalent expressions for the resultant wave. 


Scanned by CamScanner 



















T 


242 


Ch. VI 


AimNATING-CURtteNT CIRCUITS 

Example 4. Express the equation obtained from the analyai. 4 the wave of 
iciUoKram 4 in terms of positive sine componenta only. The resulU .4 the analysa 


Oscillogram 
show that; 

,4i = 82.45 
^3 = -0.92 
Ai = —5.38 
- 2.01 


Jii = -22.11 
Bi * 26.2 

Bs = -3.65 
B7 = -1.29 


C, » \/82.45* -I- (-22.11)* - 85 50unita 
Ci = \/(-0.92)* + 26.2’ - 26.2 units 
Cj = \/(-5.38)* + (-3.65)* - 6.50 units 

2.39 units 


Ct - V 2 .OI* + (-1.29)* 

With respect to the + 8 in ut position of Fig. 11 aa a reference. 

- 22.11 


01 * tan" 


-1 


03 = tan 


-i 


82.45 

26.2 

-0.92 


=. tan-* -0.268 = -15' 


= tan * —28.5 = 92' 


_•> AK 

as = tan-*—^ = tan-* 0.678 = 214.2' 


«7 


tan' 




-5.38 

-1.29 

2.01 


= tan-* -0.642 = -32.7' 



It will be noted that the individual signs of the coefficients B and A must be con¬ 
sidered in the evaluation of the phase angles. 

The equation for the wave form showm in Oscillogram 4 is; 

i = 85.50 sm («< - 15“) + 26.2 sin 92“) 

+ 6.50 sin (5«f + 214.2“) + 2.39 sin - 32.7“) 

It is desirable to draw figures, similar to that shown in Fig. 12 , for each of the har¬ 
monics. This exercise is left to the student- The final test of the correctness of 
any wave analysis is whether the component parts found by the analysis can be 
combined to yield the original wave. 

Problem 8 . Evaluate i in the above equation at 30“ intervals of U throughout 
one-half cycle, and plot the resultant curve. Compare the general wave sliape 
thus found with that of the original w-ave form shown in Oscillogram 4 . 

Problem 4. Express the equation for the wave shape shown in Oscillogram 4 
in terms of positive cosine components. 

Wave Analysis (Second Graphical Method). Although the fundar 
mental basis of the previous method of analysis is-simple, there are a 
number of methods which require less lime for numerical compuUtion. 
One of these shorter methods follow’s. 

Equation (1) may be written in the following form: 

y = /(*) =“ -^0 -h'-di sin I -f i42 sin 2i -h Aa sin 3x 4- • •. 

+ An sin nx + Bi coax + Ba cos 2x -f Bg cos3x 
+ • • • 4- Bn cos nx (20) 

If 5 is a number equal to the order of the harmonic which is under 
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inV«‘i^ion and /(t/ 2,). /(3V2,), etc., are the values of v = /(*) »t 
j »» w/2q, X =» 6T/2q, etc., it can be shown that the following relations 

! ^re true. 

^ '(I)+' o 

I + ^39 + Bsg + ...)= /(O) - _j_ y J 

+- l)v ~| (22) 

. L q J 

* 

When equations (21) and (22) are used, it must be remembei'cd that the 
subscripts 3^, 5q, etc., represent the order of the harmonic obtained by 
multiplication of 3 times q, 5 times q, etc. Thus, if q is 3, B^q would be 
Bg, Boq would be Bis, etc. 

Before proceeding to employ equations (21) and (22), it is necessary 
to estimate the maximum number of harmonics required in the analysis. 
The j^l^cedure is then to start with the highest harmonic and substitute 
the ordinates at the various angles indicated by the right members of 
ecjuations (21) and (22). Since it is unlikely that all ordinates required 
will be given, it is usually necessary to plot the resultant wave in order 
that the required ordinates may be read from the curve. The necessity 
y having a graph of the curve will usually, entail no extra work in 
pVactice because the method will usually be applied only when the 
resultant wave is obtained from an* oscillogram similar to that illus¬ 
trated in Oscillogram 4, page 236. After the harmonic coeflScients are 
determined, Aq is evaluated by substituting x = 0 in equation (20). 
Thus 

< /(O) = Ao + + ^2 + ^3 "b * * * “b fin (23) 

.((0) is read from the curve and, since everything except A© has been 
determined, Aq can be calculated. As an example of the procedure, 
the wave employed in example 3 will be analyzed. 

Example 6. Find the harmonic coefficients through the seventh harmonic for 
the wave given in Oscillogram 4, page 236, by employing equations (21), (22), and 
(23). 

• 

* See “ Advanced Mathematics for Engineers,” by Reddick and Miller, John 
Wiley & Sons, Inc., 2nd edition, 1947, p. 202. 
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For llic oovooll. hormonir. c - 7 .n.l e.p..llon «l) i. a-d - ( "IFor. 

Note lh»t. since the seventh hsrmoi.ic i- the highest required, - d,n 4., » 
are all zero. 

,4A, = /(12.86-) - /(38.S7-) +/(64.»”) - /(»)•) + 

- /(141.4») + /(167.2“) - /(193") -l-/(2l8-7 ) - J(2U 3 

+ /(270’) -/(296‘’) -H/(321.5“) -/(347*) 

= 12.4 - 24.6 + 40.5 - 76.1 + 117.6 - 74.6 + 17.5 - (-12.4' 

+ (-24.5) - (-40.5) + (-76.4) - (-117.6) 4- (-746) 

- (-17.5) 

= 25 


25 


1.79 


14^7 =/(0) -/(25.7*) +.^(51.4*) -/(77.r) 4-;(l03') -/(ITH? ) 
+ /(154.3») -/(1&0») -»-/(205.5») -/(231..r) l-/(257*) 
-/(283“) +/(308.7’) - /(ms*) 

= 0 - 20 + 32 - 66 -h 101 -107 4* 41 - 0 f - 20 > 32 - 5? 
+ 101 - 107 4- 41 
- -18 

-1286 

' 14 


f 


^ i 

Because the wave is symmetrical ahout the 180* p*>int, even harnM>»»»r* 
exist. If, however, equations (21) and (22) are uard to 6od th# a*»th 
scro will be obtained. *■ 

E)quaUons (21) and (22) are now used to calculate A% arul B| a« 

« X-;(t )-,Q -,(’,•). ,(t;) ,(!;;) 

X'O'CS)*'©-'{?.•) ■ 

I0i4» -/(18*) -/(54*) 4-/(«)*) 4-/(I62*) -/(IW) 

-l-/(234*) -/(270*' 4-/(306’j - /(342’i 
* - IS - 33 + 76 4 - 113 4-» - (-15) 4- (-M) - *-764) 

4- (-113) - (-26) 

- 2(15 - 33 4- 76 4 - 113 4- 26) - l(-26.6) - -57.2 
A» “ —6.72 
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<■«»- * -'(i) - '(¥) - 'ft') ♦'(¥) - '© ♦'© 

-'©*'©-'(i) 

10^6 =/(0) -/(36“) -4-/(72") -/(lOS*) 4-/(144*) -/(180“) 

+ /(216‘’) -/(252'’) +/(288“) -/(324®) 

« 0 - 24 + 49 - 110 + 68 - 0 + (-24) - (-49) + (-HO) 

- (- 68 ) 

= -34 
Bi = -3.4 

Determination of As and Bs*. 

»X ■'(;) -'d') * <v) - '©«(¥) "(x) 

6A8 =/(30“) -/(90‘') +/(150“) -/(210°) -h/(270‘') -/(330") 

= 21.8 - 76.4 +51.1 - (-21.8) + (-76.4) - (-51.1) 

= -7 ' 

As = -1.167 

6.. ./(O, +/(|) -/(L') -;(|) 

= /(O) - /(60“/ + /(120“) - /(ISO") + /(240“) - /(300") 

= 0 - 37.4 +/118.5 - 0 + (-37.4) - (-118.5) = 162.2 
Bs = +27.03 

For the fundamental, equations (21) and (22) become 

(2 X l)(Ai‘ — As + Aft — At) = -^^ 2 ) ~ 

2(Ai - As + As - At) =/(90) -/(270) - 76.4 - (-76.4) = 152.8 

Substituting the values of As, As, and At found previously and solving for Ai gives 
Ai= 82.74. 

In a similar way Bi may be found as follows. 

(2 X l)(Bi + Bs + B# + Bt) » /(O) -/(t) = 0 
2(Bi + 27.03 - 3.^ - 1.286) = 0 

Bi = -22.34 

The foregoing method is easy to apply and entails less labor than the 
method employing analyzing tables. The accuracy, however, will vary 
with different wave shapes and will also be dependent upon the estimate 
of the number of harmonics required. It will be noted that the deter¬ 
mination of the fundamental depends upon the values of the harmomcs 
previously determined. It is therefore desirable to start >vith a high 
enough order of harmonic so that any higher-order components will be 
negligible so far as engineering accuracy is concerned. If only a single 
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ALTERNATING-CURRENT CIRCUITS 




harmonic of some desired order is required, the method employing 
analyzing tables may save time and be more accurate. The error 
the method employing analyzing tables depends only upon the size of % 
intervals cho-sen and, obviously, approaches zero as the size of 
interval is decreased and the number of them is increased. The deter, 
mination of any one harmonic is independent of the determination of 
any other harmonics when analyzing tables are employed. 



Fio. 13. Wave with unsymmetrical positive and negative loops. 




Fig. 14. Wave with unsymmetrical positive and negative loops. 


Degrees of Symmetry of Non-Sinusoidal Waves. Non-anusoWal 
waves may have symmetrical poative and negative loops, u shonnin 
Fig. 8, or the loo(» may be unlike, as shown in Figs. 13 and 14. As indi¬ 
cated m the article on wave analysis (page 235), certain types of 
symmetry in a wave form will automaticaUy eliminate the need tor i 
evaluating certain coefficients in the Fourier scries which represents the 


wave. 


When the variation from zero to 1S0° is repeated (except for sign) 
between 180° and 360°, the wave is said to possess half-wave symmetry. 
Mathematically a wave of this kind is described as having 
(/(x + t) = symmetry. Expressed ia another way, a wave 

has half-wave symmetry when any ordinate, such as b. Fig/13, ir radians 
distant from another ordinate, such as o, is equal in magnitude to that 
at point a but opposite in sign. Thus, the ordinate at any point a for 


Scanned by CamScanner 












CK W 


f^ON-SINUSOIDAL WAVES 


247 


• ^ocral wave is: 

y« “ -^0 -f C, sin (U + ot,) + C 2 sin (2U + az) 

+ C, sin (3<^ 4 - 03 ) + Ci sin ( 4 w« + 04 ) 

+ Cj sin (.W + os) H- (24) 

IV ortiinatc w radians distant from a is found by adding r radians to 
td. If this angle (wf + w) is sufwtitutcd and if it is remembered that 
(*^ fundamental corresponds to n(fa»f + r) for the n-th 

harmonic, the following results: 

Vk • ^0 *f C| sin (urf f Q| ^ gju ^ 2 o)l -{- 02 -h 2 r) 

+ Cj sin (3w< + 03 4 - 3w) + C 4 sin ( 4 b>l + 04 -f- 4 t) 

+ Cs sin (5u4 + os + Sv) -f ... (25) 

Since the sine of any nngle phis an even multiple of t radians is the 
same as the sine of the angle, and the sine of an angle plus any odd 

multiple of w radians i.s the same ns the negative sine of the angle, 

equation (25) simplifies to: 

Vk “ -'lo “ C| sin (ofl 4* oi) 4 - C 2 sin {2o)t 4* 02 ) 

C 3 sin (3<*)/ 4 * 03 ) 4 * f ^4 sin (46i>f 4 " 04 ) 

“■ C *5 sin (5(i>^ 4 “ 05 ) 4 “ * * * (26) 

The ordinate (equation (26)1 would be exactly opposite to that of 
equation (24) if 4o and all even harmonics in the wave were absent. 
Hence a wave is symmetrical with respect to the positive and negative 
loops if it conlmns no even harmonics and if Aq is equal to zero. The 
converse <rf the foregoing statement is also true, that is, a wave which has 
[/(«<) * —/(«< 4 - ir)l symmetry can contain neither even harmonics 
n6r .do. The effect of a second harmonic in destroying half-wave sym- 
metiy is dlown graphically in Fig. 15. In analyzing waves possessing 
half-wave symmetry, the analysis need be carried through only ^ cycle 
or 180*. 

\ wave possessing half-wave symmetry as defined above may also be 
symmetric^ about the midordinates of its positive and negative loops, 
oarody, its 90* and 270® points. A wave of this kind is said to possess 
midordinale or quarter-wave symmetry, and the analysis need be carried 
through only cycle or 90*. The case where only the positive or 
negative loop is symmetrical abou^ its midordinate is of relatively little 
anpoftance. Thus the positive loop of the wave shown in Fig. 13 is not 
■ymnkeirical about its midordinatc, Whereas that of Fig. 16 is symmetrical 
noth respect to its midordinate. The wave will have the halves of its 
Positive and negative loops symmetrical if its fundamental and all har- 
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monies pass through zero values at the same time, and, further, if all ev 
hannonics are absent. This fact i.s illustraled graphical!}' in Fig. 17 , 
second harmonic, shown dotted, adds to the fundamental to the left of thi 
midordinate of the positive loop and subtracts from it on the rigf^^ 



and side. All the odd harmonics are symmetrical about th^ 
ental. If the zero-ordmate point of the complex wave is chosen as a 



Fiq. 16 . Wave with positive and necativA icxcv... 

(quarter-wave «iidordinate 

reference, it is plain that only odd sine terms can be present in the 
eq^fon of a complex wave having quarter-wave symmeUy 
Waves 0 Sar..e Wave Shape. Waves are of the same Wave shape 
if they contain the same harmonics, if the ratio of corresponding hr.r- 
monies to their respective fundamentals is the same, and if the harmonics 
are spaced tlie same with respect to their fundamentals. Expressed 
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t in another way, for two wavea of the aamo form the ratio of the rnagni- 
I tmles of corresponding iinrmonics must be constant, and, when the 
, fundamentals arc in phase, all the corresponding harmonics of the two 
waves must be in pliase. ^The lest is to note whether the ratio of cor¬ 
responding harmonics is constant iVwd then to shift one wave so that the 
fundamentals coincide. If the phase angles of corresp,^ ding harmonics 
in the two waves are then the same and if the first condition is also 
i fulfilled, the waves are of the same wave shape or wave form. 



Fia 17. Syinmeto" about the midordinate, a» is maintaiiied if all odd harmonica are 
-o when tlie fundamental is aero. The second harmonic shown dotted will destroy 

this symmetry as will other even harmonics. 

< . 

Example 6. Determine whether the following two waves are of the same shape: 
c = 100 sin (wt -h 30°) - 50 sin (3wf - 60°) + 25 sin (6^-t -h 40°) 
i = 10 sin (U - 60°) + 5 sin (3ut 150°) + 2.5 cos (5o,t - 140°) 

Since airharmouics of the current wave are one-tenth of the coTespondiug har¬ 
monics in the voltage wave, the fu'st requisit3 is fulfilled. Next, the fundamentals 
should be brought into phase by shifting the current wave forward 00° or the voltage 
wave backward 90°. The current w^ave will be shifted by adding 90° to the phase 
angle of its fundamental. Shifting the fundamental of a wave by a° corresponds 
to shifting the nth liarmonic by tux^. This may be verified by referring to Fig. 17. 
Suppose the reference axis is changed to the position marked a, thus shifting the 
wave ahead. This is a shift of 90°, or one quarter cycle for the fundamental. It is 
a shift of three quarter cycles for the third harmonic, or 270° and five piarter cycles 
for the fifth harmonic, or 450°. Hcncc, to maintain the .same relation between the 
fundamental and all harmonies in the current waves, 3 X 90 or 2<0 will be added 
to the third, and 5 X 90° or 450° will be added to the fifth harmonic. Then: 

t' = 10 sin (a - 60° + 00°) -h 5 sin (3^;^ - 150° h 270°) 

-p 2.5 cos (But — 140° + 450°) 

= 10 sin (ui -f 30°) + 5 sin (3ul + 120°) + 2.5 cos (But -f 310°) 

= 10 sin (ut -f 30°) — 5 sin (3<»l — 60°) 2.5 sin (BtA -f 40°) 

The corresponding hnrmotiics of the current and vollttge waves arc hence in phase. 
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and the two waves arc of the same shaf^. Had either the third or fifth hamvo^j^ 
been out of phase with the corresponding harmonic in tte voltage wave, the w»ve 
shapes would have been different. 


The effect on wave shape of shifting a harmonip with respect to the 
fundamental can be understood throug.i a study of Figs. 18, 19, and 20 
In each figure the magnitudes of the fundamental and third hannonie 
are the same. As the third harmonic -is shifted along the axis with 
respect to the fundamental, the wave form of the resultant is seen to ^ 
change. This shifting of a harmonic with respect to the fundamental 
is sometimes spoken of as changing*the phase of the harmonic with 
respect to the fundamental. This should not be construed to mean 
that there is a definite phase difference between a vector representing 
the fundamental and one representing the third harmonic. Vectors 
representing a fundamental and a higher harmonic cannot correctly be 
related on the same vector diagram without special interpretation. 

Problem 6. Given the following equatibn.s for two wave forms of current: 

% = 10 sin {o>t + 30“) + 2 sin 7wf 
i” = 35 sin M - 10“) + 7 sin (7wf + 80“) 

Show that the wave form of the x variation is like (or unlike) the wave form of 
the i" variation. , Ant.: Same form. 

Effective Value of a Non-Sinusoidal W ave. In Chapt er III toe 

\\ PT ~ 

effective value of any wave was shown to be Jf^ [f{t)Ydt. Applying 

this expression to the general complex wave 

i = /q “H Imi sin -+■ Im 2 sin ( 2 w< -f- 02 ) -|- Ims sin (Stuf H- 03 ) 

+ * * • + ^mn sin (no)t -h an) 


gives 


/m 3 sin (3wf + <* 3 ) 

+ • • • + Imn sin {ruat 4* an)]^ dt 




4- /m4* 4- • • • 4- /mn* 


(27) 


Problem 6. Show by integration, including all steps, that the effective value 

is 


V " Vini Mn (oirf 4“ <*i) 4" sin (3«( 4" 30“) 


-f 
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^ ml r 

-~p = ^l> 

V2 


^ mi jr 

i2* 

V2 


etc. 


1 = Vh‘ f + h’‘ + /s' + /«' H-+ (28) 

Equation (27) is used when the maximum values of the harmonics are . 
given, whereas equation (28) gives the equivalent expression if effective c 
values of the harmonics are available. It is obvious that similar expres- 
sions hold for voltages. 

Example 7. Find the effective value of the voltage wave used in example 6. 


E 


■4 


100* + 50* + 25* 


81 volts 



It should be noted that the effective value is tfie square root of the suwi of the squares 
of the maximum values divided by 2, irrespective of the phase anglv^s or signs of the 
harmonics. A similar statement is true when effective values of the harmonics 
are used in equation (28). 

For one method of analysis in a-c machinery, known as the Blondell two-reaction 
method, it is necessary to have the effective value of the rectangular wave pvea 
by equation (15), page* 233. For this wave, effective value equals ilir/4. 

Power Due to Non-Sinusoidal Voltages and Currents. The expres¬ 
sion for.average power in general was given as 

1' 

P = — / ei dl. 

TJo 

When 

e — E„x\ sin (wf -H <xi) + Emi sin (2a)< -f* *+• E^z sin (3u>f -4* 03) -}-••• 

and 

= I ml sin (wf + or/) + 7 m 2 sin (2o>f -b or 2 ^) 4~ Imz sin (3a’f -f- az ) 4* * • • 

1 

' P = — [Emi sin (u)f 4- ai) + Em 2 sin {2u)l + 0 ^ 2 ) 

•\-.Emz sin (3wf -f aa) -b • * '1 [/mi sin (wf -4* «/) 

+ 7 m 2 sin (2wf + cc/) + 7 m 3 sin (3wf 4- 0 ( 3 ^) + • • -1 dl (29) 

Upon expansion, this yields products of terms of unlike frequencies and 
products of terms of like frequencies. As shown on page 226 the integral 
of the products of terms of unlike frequencies taken over a complete 
cycle of the )'~wer frequency is zero. This leaves only the product of 
terms of like irequency, such as: 

^ f A sin (mo)t ot) B sin {mat + a') dl. 

T./c 
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(30) 


Thus equation (29) becomes 

n _ 

^- Y~' («i “ «i) + 




m2 


2 


cos (a2 02^) 


, ^ma/m3 . . 

' 2 “ ®8 ) “b * • ’. 


(31) 


Or, since 


_ Eml /ml „ _ 

P = Ell I cos (ai -- a/) + £^2/2 COS (a2 ®2^) 

+ £:3/3 cos (03 — <»3^) + * • • 


(32) 


Average power when waves are non-sinusoidal is the algebraic sum of the 
pow'ers represented by corresponding harmonics of voltage and current. 
No average power results from components of voltage and current of 
unlike frequency, provided that the time interval chosen is equal to an 
integral number of cycles of the lower-frequency variation. The 
foregoing statement can be proved either mathematically or graphically. 

Example 8. Find the power represented by the following: 

e - 100 sin (wl + 30*) - 50 sin (3c»< 4- 60*) + 25 sin volts 

» » 20 sin (wl - 30*) + 15 sin + 30“) + 10 cos (5w< - 60*) amperes 

p , ^00^^ ^ 1^0 _ (^30<>)J + cos (60* - 30*1 

^?l^coa(-90*-(-60“)1 

» 500 - 324.76 + 108.25 

*“ 283.5 wsttF . ^ 

An alternative method of obtaining the power for the third-harmonic components 
follow's. 

ei - -50 sin (sJ + 60^) - +50 sin (3«< - 120*) volte 

% 

t| « 15 sin (34tff +30*) amperes 

P, « cos (-120* - 30") - 3^5 coe ISO" - -324.75 watte 


Scanned by CamScanner 













ALTERNAT/NG<URRENT CIRCUITS 


. 


254 

Problem T. Find the power delivered by the foUowmg: 

. . 100 dn -( + » •!» - »•) - 40 CO. (7-< + 30-) voitt 

I . 30 A. M + 60*) + 20 «. (W - »•) + >0 ii" + W ) .«P«, 

i4nj.: 1083 v»|^ 

Volt-An^res. Volt-amperes are determined by the product o( ^ 
effective voltage and effective current. 


E*«npl.9. Fmd the voltamp^r thejrev»to^pl« 8. 

Va ’•SI 




FlOO* 4- 50* -f 25* 




4 - 10 * 


- 81 X 10.03 


■> 1541 volt-emperee 

In general, 

Volt-amperes =° 




+ + g-s* + eto- +^"»* t (j. 

~9. y 2 


Power Factor. Power factor for non-sinusoidal waves is defined n 
the ratio of the power to the volt-amperes. Hence 

F..1. cne (c - a/) + E.U COS (as - ) + E,h cos fa - a. ) -fS. 

VSi* -I- Bj’ + + ®b: VTi^TF/j+Ts+etc. 


EzAxnpld 10 . 


Find the power factor for the waves given in example 8 . 
Power from example 8 “ 283.5 watts 

Volt-amperee from example 9 — 1541 


Power factor 


283.5 

1541 


0.1837 


The conditions under which the power factor is unity when waves arc noD-» 
oidal are found from equation (34). To make the power factor 1 , the numeric 
(power) should be as large as possible. Hence 

cos {ax — ax) - cos {at - at) “ cos (03 — at) + etc. » 1 

Then 

Exh + Eilt^Eih-i^-- 

***■ “ V‘(Sx^-I- JIs* + Et* + etc.)(/i* + /** + /j* + etr) 


This expre^on can equal unity only H-Bx/Ix “ Et/It “ Et/Iy 
To amplify the algebra, consider only the fundamenUl and one harmonic. 


Bill -f Etlj _ ^ ., 

VCEi* + ^f*)(fi’ + fi’)* 
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Bih+Etli - 

+ 2BiIiB,r,+Et*/t* - Bi*Ii* +«**/** 


^xhBtlt - ^1*/,* + ^*/i* 

If “ Bilit, Bil s ■» Btl I and the above expression becomes 2£j*/ 1 * *■ 2Bt*Ii*, 

which conditions the premise is true. Hence, to have unity power factor, 
^ voltage and current waves must be of the same wave shi^e and in phase. Even 
though the voltage and current waves pass through xero at the same instant, the 
oower factor cannot be unity if any harmonic in one wave is absent in the other, or 
^en its magnitude makes the a ave shapes different. 


gqaivftlcnt Sine Waves. Occasionally equivalent sine waves are 
yged (oT certain calculations and comparisons. They must be used with 
discretion because calculations based upon them are usually in error 
by varying amounts. An equivalent sine wave of current or voltage is 
ft sine wave the effective value of which is the same as the effective 
value of the non-sinusoidal wave which is being represented. When 
equivalent sine waves oi corresponding non-sinusoidal voltages and 
currents are found, the phase angle between the equivalent sine waves 
is made such that the power and power factor are the same as those for 
the actual waves. Whether the equivalent angle of phase difference 
is one of lead or lag is determined by the angle between the fundamentals 
of the two waves. If the fundamental of current lags the fundamental 
of voltage, the equivalent sine wave of current must lag the equiv^ 
lent sine wave of voltage. If the fundamentals are in phase and the 
power factor is not unity, the sign of the angle of equivalent phase 
difference is indeterminate. . . 


Example 11. Find the equivalent one wavee for the cuixent and voltage given 
in example 8. 


Effective voltage 
Eff^tive current 




4- 50* + 25* 




15* + 10* 


81 volte 


19.03 aiiq>ere3 


Power factor from example 10 - 0.1837 


The ude of equivalent ph«K difference ia coe"' 0,1837 - 7».4* ^ the funda. 

mailal of current la«a the fundamental of voltage, the angle 79.4’» an angle <4 
lag of current with respect to voluge for the equivalent eine wavee. The equivalent 
•ine wavee of voltage and current, respectively, are. 


ft m n/2 81 sin wf volts 
^ m \/2 19.03 sin (w< •»- 79.4*) amperes 


Ai indicated before, the uae of equivalent aine wavee in nqn.aimiaoi^ ciiwt an^ 
•ill generallT lead to large ertota, particularly m operationa invofanng the nddiUon 




Ai 
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Ch. V/ NONSINUSOIDAL WAVES 

cie«, each harmonic must be handled uparately. Subacripta 1,3, and 5 will designate 
the fundamental, third, and fifth harmonics, respectively. Either maximum or 
effective values may be used. If maximum values are used, maximum cu^enta 
will result; when effective voltages are used, effective currents result. Whichever 
are used, the result can always be easily changed to give the other if desired. Since 
the effective values of the harmonic components of voltage in this particular case 
are more convenient numbers to handle, the solution will be negotiated thrcugli 
the use of effective values immediately. 


Vi 


141.4 


Fundamental 
^100 volts. 


Vi- 

Ri « 6 ohms 

Xli = 377 X 0.05 =» 18.85 ohms 
10 * 


Xci 


26.86 ohms 


377 X 98.8 

Zi = 6 + il8.85 - j26.85 - 6 - jS or 10 ohms 
Vi 100 


/i “ -:r 


Zi 10 


10 amperes 

g 

Ii leads Vi by tan"‘ - « 53.12* 

Pi =» 10* X 6 = 600 watts 
Vn - h^Lx - 10 X 18.85 - 188.5 volta 

Third Harmonic 


V, 

70.7 

"Vi 

50 volts 

> 

Ri 

= 6 ohms 



Xu 

= 3Xti - 3 X 18.85 

= 56.55 ohms 

Xcx 

“ 3 * 

26.85 «, 

- =» 8.95 ohms 

3 

Zi 

» 6 j56^5 — j8.95 

= 6 + >47.6 or 


V6* + 47.6* “ 48 

.1 ohms 



50 

r, a -- = 1.04 amperes 

’ 48.1 

47.6 -- Qo 

I, lags Vi by tan “82.8 

Pi « 1.04* X 6 *■ 6.48 watts 
Vu - 104 X 56.55 “ 58.9 volts 
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TT 28.28 ^ , 

y* O- r=- — 20 volte 

V2 

Ri - t ohms 

Xu = 5Xli » 5 X 18.85 « 94.25 ohms 

„ Xci 26.85 ^ 

5 5 

Zs » 6 + >94.25 - >5.37 » 6 + >88.88 or 
Ve* + 88.88* =89 ohms 

,20 

J» =• ~ * 0.225 ampere 

1« lags Vj by tan"* *= 86.1* 

® .1 

Pi “ h^Ri = 0.225* X 6 =» 0.304 watt 
VLi ^ 0.225 X 94.25 = 21.2 volts 

“ 'v/fi* + /a* + /j* = VlO* + 1.04* 4- 0.225* = 10.05 amperes 
PuMd =■ Pi + P* + Pt = 600 4- 6.48 + 0.304 = 606.8 watte 

Vl “ V188.5* + 58.9* + 21.2* = \/395l0 = 198.8 volte 

Since the fundamental of current leads the fundamental of voltage by 53.12*, the 

equation of the fundamental of current must be \/2 10 sin (orf + 53.12*) Similarlv 
for the third harmonic, 

tj = 1.04 sin {3ut 4- 30“ — 82.8*) 

*3 “ 1.04 sin (3<^ -- 52.8*) amperes 

Also tj = — 0.225 sin (5<j( — 20* — 86.1*) 

” - V2 0.325 sin (SU - lOe.l*) amperes 
complete equation is: 

=. 14.14 «n W +53.12-) + 1.47 sin (3.., - 52.8-) - 0.318 sin (5.4 - 106 1-) 

- 14.14«n («< + 53.12-) + 1.47.in (3»l-52.8-)+0.318sin (5.4 + 73.9-) .mpe,» 

Pwallel Cu-cuit A^lysis when Waves Aie Non-Sinusoidai This 
IS not appreciably dififerent from the preceding series-circuit problel 

vohs is imprmsed, finTth. 

each branch, power dissipated by eaeb braneh i 1. the current in 

e9uaUono,4e'”msultmltcrr,^t^'^V7^^an.^^ 
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non-sinusoioal waves 

FundameDtal 

„ 141.4 , 

r 1 ” ■“ 100 volts magnitude 

Vi - 100+i0 volte 
100(5 +il5) 


lokl 

hdl 


2 + i6 or 6.33 amperes 


(6 -il5)(6 +ii6) 

100 ^ • 

10 j2 " ” il-025 or 9.82 amperes 

4 

I/«i *■ lobi + Icsi “ 11.62 + /4.075 or 12.33 amperes 

4.075 


I/#i leads the fundamental ol voltage by tan“^ 


11.62 


19,4* 


P oai “ si + • t “ 100 X 2 “ 200 watts 
100 X 9.62 - 962 watts 



Fio. 23. Circuit with 60- 
cye)e parameters. 



showing parameters at 180 
cycles. 


259 


Third Harmonic 

The circuit with the parameters for the third harmonic is shown in Fig. 24. Only 
the reactances need be changed before proceeding as before. 




70.7 

Vt * — 7 = >“ 50 volts magnitude 
V2 

Take V} along the reference axis for the third harmonic. (The most convenient 
Inference axis should be chosen in any particular case in this type of analysis.) 

V» » 50 + jO volts 


lesa- 


5 -jS 
50 


5 + i5 or 7.07 amperes 
> 3.68 — i2.21 or 4.3 amperes 


10 +i6 

ha 8.68 + j2.72 or 9.11 amperes 


I 

L 
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2 79 

I/rf leads Vi by tan”* “ 17.85* 

P«M - W X 5 = 250 watts 
F«l, » 50 X-3.68 » 184 watts 



Fio. 25. Circuit of Fig. 23 showing pnrnoiotors at 300 cycles. 


Fifth Hannonic 

The circuit with parameters for the fifth harmonic is shown in Fig. 25. 

„ 28.28 ^ . 

Vs “ —:=- •• 20 volts^ 

V2 

Let V| » 20 +j0 volts 

• < 

20 * 

IdSs = - - - * 2.94 + jl.763 or 3.43 amperes 

5 — j3 

‘X) 

“ ,/v , ,/v “ 1 ~ jt or 1.414 amperes 
10 +jl0 ^ 

I/*i “ 3.94 + jD.763 or 4-01 amperes • 

0 763 

I/,< leads Vs by tan"* * 10.95* 

Pass ^ 20 X 2.94 = 58.8 watts 
Peds = 20 X 1 = 20.0 watts 

Ammeter value of total current = Vl2.33* + 9.11* 4- 4.01* 

“ 15.9 amperes 

Ammeter value of current in oi = v'6.33* + 7.07' -J- 3.43* 

* 10.1 amperes 

Ammeter value of current in erf « ^9.82* + 4.3* + 1.414* 

* 10.81 amperes 

P«k ** 200 4- 250 + 58.8 “ 508.8 watts 
Pfli ■» 962 + 184 + 20 ■» 1166 watts 
Total power dissipated - 1674.8 watts 
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Since I/*i leads Vi by 19.4*, the equation for the fundamental of the current wave 
must lead the voltage wave 141.4 sin U by 19.4". Hence 


Similarly 

and 

Therefore 


• y/2 12.33 sin (wt 19.4®) amperes 

it « ■\/2 9.11 sin (3«< + 30" + 17.85") 

- y/2 9.11 sin (3o»t + 47.85") amperes 
is » - V2 4.01 sin (5wt - 20" + 10.95") 

- Vi 4.01 sin (5«t + 170.95") amperes 


i “ *1 + ij + is 

- 17.45 sin {U 4-19.4") + 12.'9 sin {ZU + 47.85") 

+ 5.67 sin (5fa»( + 171") amperes 

Addition and Subtraction of Complex Waves. These operations are 
similar. Subtraction is performed by reversing the sign of the term 
to be subtracted and then adding. To illustrate, consider the bifurcated 
circuit showm in Fig. 26. Given 

p 

j ii = 10 sin {ut -H 30®) — 5 sin (3wf — 40*) amperes 

4*3 = 15 sin («< — 10®) -b 10 sin (3o»/ + 60®) amperes f 

Find 4*2. 

From Kirchhoff's laws, ii + 4*2 = is, or is = 43 — 4*1. 




Fio. 26. Bifurcated line. 


FiC. 27. Vector diagram for currents of fun¬ 
damental frequency in Fig. 26. 


J 


Fundamental 

Consider a wave whose equation is of the pha.'^e sin as the reference. 
The solution will follow the vector diagram of Fig. 27. The number of 
primes on a symbol will indicate the order of the liarmonic represented. 

= 10 (cos 30® + j sin 30®) = 8.66 + jo 

Im3^ “ 15 - v/sin 10®) = 14.75 — j2.6 

-Ui' -8 66 - ;5 
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« -Ini' + U' - 6.09 - /7.6 or 9.74 ampcrt* 



fV = 9.74 an (orf - 51.3®) amperes 


-da 3«l^ 



>daSfl0t 


Fio. 28. Vector diagram for third harmooie currents in Fig- 26. 


% 


Third Harmonic 


A wave of the phase of sin 3u)< will be taken as the reference. Then 
vector diagram representing the third-harmonic currents appears as 
»wn in Fig. 28. 

= 5 (cos 140® +; sin 140®) = -3.83 +>3.214 
= 10 (cos 60® + j sin 60®) = 5 + >8.66 

= W" - I-i'" = 5 + j8.66 + 3.83 - >3.214 - 8.83 + >5.446 

e 

or 10.37 amperes 




h'" = 10.37 sin (3«f + 31.6®) amperes 


The complete solution is 



— 9.74 sin {ut 51.3®) + 10.37 sin (3<4>/ + 31.6®) amperes * 

Introduction of Hannonics Due to Variation in Circuit Parameters. 
Harmonics in a current wave may exbt even though the voltage causing 
it is a pure sinusoid. For example, consider a very thin filament of 
‘ wire which has a high temperature coefficient <rf resistivity. If the 
.wire is sufficiently thin so that it will heat and cool during a cycle as 
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the cuiTCnt v^es from lero to a maximum, the resistance will vary 
^ng ^ e eye e. ^ At the maximum point a oh the voltage wave, Fig. 29, 
f ^ ^ higher than at point 6. The current at a will, 

ere ore, below the value that would permit it to be proportional 
e VO tage. The wave tj shows the current wave for a constant 
resis nee, w ereas the dotted wave »2 shows how it will vary when the 
resis nee increases for the higher values of current during a cycle. 



29. Sh*po of WMTO Jb flatter than a aina wave owing to resistance increasing 

with current. 

f 

I * 

A very common example of harmonics in a current wave occurs’when 
a sihusoidal voltage wave is impressed on an inductance coil with an iron 
core. As the current increases, the resulting operation on a higher 
part of the magnetization or saturation curve causes the inductance to 
become smaller. When the inductance becomes less, the inductive 
reactance is reduced and the current, therefore, rises more rapidly 
than it otherwise would. Thus the current wave becomes more peaked 
than a sinusoid. This is shown by OsciUogram 2, page 224 which was 
taken for an iron-core coil. 

When the voltage on some device is to be reduced and it is desired 
to maintain the same wave form, a series resistance cannot be used if the 
current wave is not sinusoidal. The drop across the resistance will be 
non-sinusoidal, and this drop subtracted from an original sine wave 
of voltage will result in a non-sinusoidal wave across the device. In 
general, but not invariably, the subtraction of a non-sinusoidal voltage 
drop from a non-sinusoidal voltage will result in, a nori-sinusoidal wave 
of different shape from the original. 

Modulated Waves. Modulated waves consist of a combination of 
waves of different frequencies and are, therefore, classified as complex 
or non-sinusoidal waves. The transmission of radio intelligence is 
usually accomplished by means of some combination of carrier and audio 
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frequencies. Graphics! representstiens of s carrier wave of relatively 
high frequency and of a modulating wave of relatively low frequency are 
shown in Fig. 30a and Fig. 306, respectively. The carrier frequencies 
employed in the program broadcast band range from 640 to 1600 kc, 
and the modulating audio frequencies usefully employed at the trans¬ 
mitter range from about 30 to 10,000 cycles. 



(o) Carritr W*v« Unmodol«t«d 



(() Modulating Wave (One and one-half cycles) 



(c) Modulated Wave; IllustraUng one and one-half 
cycles of modulation 

Fio. 30. 


The carrier and modulating waves may be conibined in a network at 
^ the transmitter in such a manner that useful variations in the resultant 
^ft^mplitude or frequency are obtained. Some of the basic principles 

^ understood by considering the case where the carrier 
lipfrequency is generated by an ordinary type of alternator rather than by 
^a vacuum tube oscillator. The carrier voltage will be represented by 


**. Aq* sin ut ( 35 ) 

where Ao is the maximum magnitude of the carrier voltage and w is the 
eerier anpl^ velocity. Either Ao' or « may be varied in accordance 
with the intelligence to be transmitted, thus producing amplitude or 
frequency modulation. In the case of the ordinary alternator, Ao' 
could be made to vary by changing the field current sinusoidally and the 
resultant wave would corre^d generally to that shown in Fig. 3(te or 
in Oscillogram 5. * 

.^plitude modulatiai may be investigated convenienUy by lettmg 
Ao of equation (35; take the form (ri# 4 Ej sin a,/)', where is the 
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loaximum mplitude of^he modulating wave that is effectively superim- 

'^^re of thoT r' “ modulating angular velocity. EJ is 
‘.rC vle, ° modulation (for a fi.xed value of d,) and usu- 

Jidulation is defincS M 


E * 

. t 

-T- X 100 = - 

^0 


”* - -- 


X 100 


where the A s refer to the amplitude^ shown in Fig. 30c. 



OsciLLOCRA-M 5. Photograph of a sinusoidally modulated wave. 

In general, the equation of a sinusoidally modulated wave is: 
e — (.4o + EJ sin wif) sin ul 
= Aq sin col + En sin wif sin at (36) 

The product of two sine waves of different frequencies may be expressed 
in terms of the following two, weihknown trigonometric relations. 

cos {at — ait) = cos at cos ait + sin at sin ait (37) 

cos {at + onO = cos <at cos Wit — sin at sin wi< (38) 

Subtracting equation (38) from ( 37 ) gives 

cos {at — ait) — cos {at -f wiO = 2 sin at sin Wit ( 39 ) 

Substituting the value of sin at sin . if from equation (39) in equation ' 
(36) gives * 

eJ EJ 

e ^ Aq sin at + — cos (wf - Wif) - — cos (wf + Wia) 

^ si 

E * E * 

« Ao sin wf + cos 2 t (/ - /i )<-- cos 2 ir (/ + j\)t (40) 
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Equation (40) coniiali qf thret !«»«•• 
the same frequency «• the ori^nal war* ***«]• 
wave is called the carrier wave, and iU frequi^ “*• 

The second terra, (Ejf2) co* 2r (/ - /, K ^ 

(/ - /O, the difference between the carrier fre«ri«y 

ing frequency. This frequency (/ ~/i) » _ 

frequency. The third term, (E^ /2) co« 2r (/'♦'/»>*• I 
frequency equal to / +/i, the sum of the carrier and > I 

quencies. It is called the upper side-band frequency. k-a« « 
three frequencies can be separated from the other* in 
by the use of appropriate filters. If a carrier war* is ■^■ atid ly | 
complex wave, each harmonic of the modulating ** 

upper and lower side-band frequency. Hence, in geitssal, th^ an 
several different frequencies in each side band. The typ * c^SMihiis^ 
wave presented above is primarily given a* an exampl* of 
waves. There are other types of modulated waraa, but furthir d* 
cussion of them is beyond the scope of this text. 



; PROBLEMS 

9. (a) Employ the analytical method to detrrmias the eocAcinili sf tks Isr 
monies throu^ the third harmo&k for the wave Aow w ia Ft* SI. 

(6) Write the Fourier aeriea in tenaa of mst> eomponewtn for th* wava 
(c) Sketch the compooenU, indkating the m e an e e m wteeli th* sampraflP 
combine to approximate the original wave ahape ihowm in Fig 11 

10. (a) Employ the analytical method to deiennine the ooeAeisale ef 
monies through the fifth harmonic for Che ware diown in Fig 32. 

(6) Write the equation of the ware through the fifth hsi r non k . 

(c) Sketch the components, indicating the m a nner in which the ooaipe*sn®^H 
bine to approximate the ori^xial wave shown in FVg 32. 
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11. A certain current wave has a height of 1 from 0* to 30®, then increases linearly 

f ^ it remains at a height of 

3 until 120 13 reached. It then decreases linearly to a value of zero at 150® and 

F until 3G0®. The cycle is then repeated. Find Ao, Ai, 

^d B, of the Founer senes terms which represent this wave. 







12. A current wave is defined over one complete cycle by the following data: 


% 


X (in degrees) 

i (in amperes) 

X (in degrees) 

i (in amperes) ’ 

4 

0 

-2.000 

195 

-3.613 

15 

-1-0.149 

210 

-5.000 

30 

-1-3.000 

‘ 225 

-6.364 

45 

-1-6.364 

240 

-7.660 

00 

-t-9.660 

255 

-8.634 

75 

-1-12.098 

270 

-9.000 

90 

-1-13.000 

285 

-8.634 

105 

-1-12.098 

300 ' 

-7.660 

120 

-f9.660 

315 

-6.364 

135 

-f6.364 

330 . 

-5.000 

150 

-f3.000 

345 

-a.613 

1G5 

-f-0.149 

360 

-2.000 

ISO 

-2.000 

375 

4-0.149 


(a) Employ the anal} zing tables on pages 237 to 240, evaluate the Fourier series 
coefficients Ao, Ai, /?i, Aj, /fj, and .43 of the above wave form, and write the Fourier 
•cries in cquational form. (Note: Evaluations based on 15® intervals will be suf¬ 
ficiently accurate in this case since the actual Fourier 8eri6s‘contains no tcrn\s beyond 
Ihc .4 1 term. Call any coefficient zero wluch is no greater in magnitude than the 
probable arithmetical error involved.) 

CORCORAN-18 


r 
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(b) Graph each of the componenta and combine these componcnti» to form the re. 
rtultant wave. Cheek various values on the resultant graph again.st the original (I.-Uh. 

13. Employ the method of equations (21) and (22) and evaluate tlic I'ourir.j- 
series eoefTicientfl through the third harmonic for the wave giv^cn in I’roblein 12. 

14. Write the foUow'ing equation in terriis of three sine compononls only: 

V = 4.0 sin wt — 3.0 cos ul — 7.66 sin 2u>l + 6.43 cos 2wt 
— 2 sin Zit>t — 1.5 cos 3ci;< 

16. Given an a-c wave form as defined by the following table of measured orduiates: 


Ordinate 

No. 

Degrees 

1 

Measured ' 
Ordinate 

Ordinate 

No. 

Degrees 

Measured 

Ordinate 

0* 

0 

0.0 

19 

95 

7.1 

1 . 

5 

0.8 

20 

100 • 

7.4 

2 

' 10 

1.7 

21 

105 

8.0 

3 

15 

2.7 

22 

110 

9.0 

4 

20 

3.6 

.23 

115 

10.5 

5 

25 

4.5 

24 

120 

12.0 

6 

30 

5.6 

25 

125 

13.2 

7 

35 

6.9 

26 

130 

14.0 

8 

40 

8.2 

27 

135 

14 0 

9 

45 

9.7 

28 

■ 140 

13.0 

10 

50 

^ ‘ 19 -7 

■ 29 

145 

11.6 

11 

55 

.11.0 : 

30 

150 

10.0 

12 

60 

11.0 

31 

155 ' 

8.0 

13 

’ 65 

10.4 

32 

160 

5.8 

14 

70 

9.8 

33 

165 

4.0 

15 

75 

9.2 

34 

170 

2 5 

16 

'80 

8.5 • 

35 

175 

1.0 

17 

85 

7.8 

36 

180 

0 

0 

18 

90- 

7.0 

1 

1 

• 



NegaUve loop eimilar to positive loop. 


(a) Graph the wave and analyze it by the Fourier series method for fundamental 
the third, the fifth, .and the seventh harmonics by the use of analyzing tables. 

(b) Write the equation of the wave in terms of its sine and cosine components. 

((•) Write the equation of the wave in terms of sine components only. 

(d) Synthe.si7,e the components graphiciilly, and compare the resultant with the 
origin.'il w.ave. 

16. Employ equafion-s (21) and (22) instead of analyzing tables, and find the 
sine an*l cosine ciicnVcienls of the Fourier series to include the seventh harmonic 
for the wave in Problem 15. Express the resultant wave in terms of four sine 
comiioncnts only. 

17. Given an a-c wave form as defined by the measured ordinates shown on 
p.4';e2G<b 

\?uilv/.e tl'.e wave by using equations (21) anil (22) for the first seven harmonu‘.s, 
!i!' l write the Fourier series <Niuali'>n for the. wave. 
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NON-SINUSOIDAL WAVES 


Measured 

Ordinate 


-0.G0G4 

0.1730 

0.04a4 

1.4139 

1.4428 

1.149 

0.79 

0.5937 

0.6154 

0.737 



100 

no 

120 

130 

140 

150 

160 

170 

180 


Measured 

Ordinate 


0.7848 

0.6767; 

0.4966 

0.4200 

0.5669 

0.8832 

1.1420 

1.0880 

0.6064 


Nec»Uv« loop •ImUor to pooilive loop. 


• 

JS. Show whether the (oUowinft waves have symmetry with respect to the pooitive 
end nentttive U>ona: 


, • 100 sin M + 30*) - 50 cos 2u4 + 25 sin (5a.l + 160") volts 
i - 20 sin (u4 + 40") + 10 sin (2w< -|- 30") - 5 sin (5o4 - 50") amperes 

19. Dors either of the waves in l’nd»lcm 18 possess symmetry about the mid- 

^ onlinate of the positive and ncRntive loops? Why? ' * 

20. Are the following waves of the same wove form or shape? Give reason. 

r - 100 sin M t 70") - 60 sin (2w/ - .'lO") + 30 sin (3w< - 60") 
t - 50 cos (wl - 60") +30 n (2«t + 70") - 15 cos (3«t - 90") 

21. Arc the followir\g two waves of the same wave, form? Give reason. 

, - 100 sin M - 20") + 50 sin (3wl + 60") - 25 cos (5«t - 30") volts 
i -.20 cos M - 60") - 10 sin (:W + 15") + 5 sin (5U - 70") amperes 


w 

22. Find the effective values of the voltage and current waves of Problem 18. 

23. Find the effective value of; 


• - 100 sin M + 30") - 40 sm (2w/ - 30") + 40 sin {2U + 30") 
+ 20 cos {SoU - 30") 


14 A compk-. wave hM harmonus of the following cITacliva v^um: funchmental 
IM .o^,“hi^d harmonic 70 volta, and fifth harmonic 50 volta. F.nd the voltmeter 

” 1 “ Tte'Fm.rXpi^ntation of the current variation shown in Fig. 31 is: 


,,5+L«,„. + ^sin3x + ^sin5x+fsin7. 


• Q -1. 

+ — Sin 9x + 

9r 


. gr .• ar.is.g. nf the current as calculated by equation (27), page 250 
^ZC^ontrfi.::-- of u;e .erie. given .hove), with the true s«.eUv. 

value. 




I 

1 

I 


* \ 
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ALTERNATING-CURRENT CIRCUITS 



fc 






26. The current flowing through a parlinilnr filter cHfIke ia: f ■* 5 4 2 
Rm|)crcs, where a: (- 7541) rcfircjicnta angular mi‘naurc. 8kelch Ui« 

of this current variali<m. 

(а) What arc the maximum, minimum, and average valuea of current? 

{h) Docs the maximum value of the a-e com|H»ncnt aailKfy the 

ffn(uc) — 0.5 (/qim "*■ ^inln)7 

(c) What is the effective value of the current: * — 5 + 2 sin x amf»crei? 

27. Assuming that a pulsating direct current is composed of a d-c Compaq 
(/rfc) and a single-frequency arc component, the general expression for the can^ 
variation is: i <= Idc + Imiac) sin x. 

(o) If only the average and effective values of the pulsating current were kan^ 
would it be possible to find the.maximum value of the a-c compeneni, 

(б) The average value of i = 7,^ + sin x is 4 amperes, and t^ effectm 
value is 5 amperes. Find /m(«e). 

28. Considering only second harmonic distortion, the plate current of one ei^ 
of amplifieis (with sinusoidally varying grid-cathode excitation) is given by |U 
equation: 

i = Id + sin X — /„j cos 2x 

where /o = /s + 7mi, h being the steady plate current with no a-c grid excitation, 

(а) Sketch the wave form of the current variation for 7© * 0.2, I mi * O.l, ao4 
/m 2 = 0.01 ampere. Indicate the value of h on the sketch. 

(б) What are the maximum (7^*,), minimum (7min), and average values of tk* 
wave form sketched in (a)? Does the average value of current (7o) satisfy IW^ 
relation: 0.5(7n,ax -{■ Imm)? 

^ 29. liefer to the plate current variation given in Problem 28, namely, 

' ^0 + Tni sin I — Imi cos 2x 


(a) If it is known that the average value of plate current changes from the ttradr 
value^Jb = 7o - I ml (with no a-c grid excitation) to the average vaUie /o aiih a< 
grid excitation, show either graphically or analytically that: 

Imtix (with a-c grid excitation) » 7fc -f Imi 21 mi 

Im\a (with a-c grid excitation) - 76 — 7„i -h 2lmt 

* 0.5 {Imiix — Tmla) 

T _ (^n>M + fmlo) ~ 276 

. ------ 

4 » 


(h) Show that the ratio of to Ui exprcsacl in per cent is: 

X 100 « - U 

(7«„ - 7^j X *00 

sinl'tL^vlelT/rJl!"7l*J^^ <l«‘'>rtion, an 

of sle.ady grid biius, (he above relation is'som^im^iIlcrt^T^,?*^" the condi(i.« 
(il - 0.2 - 0.01 ainiwrc.) ® '»« " *<" ‘“f** 


II 

I 




J 

Scanned by CamScanner 













Ch. W ^ON-SINUSOIDAl WAVCS 27) 


yi. of irrcgulurilH., i„ the ".traight" ,H,rtio., of Iho plote curr«nl-,ri<l 

lurac < ri.s ic o a vucuutn lube, Iho cquuUon for the plate current i»ome- 
tinies takes the general form 

» = /6 + Imi sin X + /„j sin lix 


wherfi h is the plate current corresiKXuiing to fixed values of grid-cathode and plate- 
cathode VO tuges. maximum, the minimum, and the average values of i 

» 0.2, /«i = 0.07, and =. 0.005 ampere. 

31. Calculate the power represented by the voltage and current in Problem 18. 

32. Calculate the power represented by the cuirent and voltage of Problem 21. 

33. Calculate the power factor for the waves in Problem 18. 

34. Determine the power factor for the waves in Problem 21 

36. Given: » = 100 sin U -f 60*) - 50 sin (3«< - 30*) volts 

i = 10 sin iu -I- 60*) + 5 cos (Zu -|- 60*) amperes 

(а) Calculate the power and power factor for the above waves. 

(б) If only the magnitude of the third harmonic in the current wave is varied, 
what would be its value to bring the power factor for the composite waves to 0.8? 

36. Determine the equivalent sine w'aves for the voltage and current in Problem 18. 

87. Find the deviation factor for the voltage 

e = 100 sin (U - 25.36*) -1- 50 sin (3«-< + 58.92“) 

38. A voltage v = 100 sin {U -f 30*) - 50 sin {Zu + 60*) -|- 30 cos 5«< volts is 
impressed on a resistance of 6 ohms in series with a capacitance of 88.4 /if and an 
inductance of 0.01061 henry. Find the ammeter value of the current, the power 
dissipated by the circuit, the power factor of the whole circuit, and the voltage drop 
across the capacitance if w = 377 radians per second. 

39. A current of t = 10 sin (U - 60^) -1- 5 sin {2ut -1- 20*) amperes flows in a 
scries circuit consisting of 8 ohms resistance, 10 ohms 60-cycle capacitive reactance, 
and 4 ohms bO-cycle inductive reactance. Find the equation of the impressed volt- 
.•ige wave. « = 377 radians per second. 

40. A branch containing 5 ohms resistance in series with an inductance of 0.00796 
henry is in parallel with another branch consisting of a resistance of 6 ohms in series 
with a CO-cycle capacitive reactance of 15 ohms. For a voltage of e ■« 100 sin (w< -1- 
30®)-50 cos (3u)f — 30*) volts impressed on the combination, find the equation of 
the current wave required by the combination, w = 377 radians f/er second. 

41. Find the ammeter readings in each branch and the supply line to the circuit 
of Problem 40. 

42. Determine the power dissipated in each branch of the circuit of Problem 40 
and the total pK/wer taken by the w'hole circuit. 

43. Calculate the power factor of the whole circuit in Problem 40 and the power 
factor of each branch. 

44. The following two currents flow toward a certain junction: 

H = 20 sin (wt -f- 30*) — 10 sin (2w/ — 30*) -p 5 sin {Zui — 40*) amperes 


*2 =* 15 cos uf -p 10 cos (2<i>< — 60*) -p 10 cos (3<i?t -p 50“) amperes 

equation of the current leaving the junction. What is the ammeter or 

® ective value of each of the three currents? 

*5. Subtract from I'l in Problem 44, and find the equation of the resultant. 

At 60 cycles a certain impedance, Z i, consists of 4 ohms resistance, 6 c 
_ . . ... .. .... 


ohms 


®*Pacitive reactance, and 3 ohms inductive reactance in series. Another identical 
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impedance, Zt, is connected in paraUel with Zv A third 00-fprcle im^nce 
nsting of ohms resistance and 2 ohms inductive reactance irt senes) is connf><^ 
in series with the parallel combination of Zi and Zt. If a voltage v - 100 sin 377 , 
- 50 gin 3 ( 377 i + 30®) volts is impressed on the entire series-parallel circuit, ca|^ 
late: (o) the total rms current Uken^ ( 6 ) the rms current in each branch, (<•) 
equation of the current in branch Zi, (d) the total power consumed, (<) the powe, 
factor of whole circuit. 

47, The w'ave form given in Fig. 33 consists of a fundamental term Ai sin z jjyj 
one and only one other Fourier series teim. 

(a) What are the numerical values of the coefficients of the two terms? 

0)) Write the equation of the wave. Note: It is suggested that the probleia bt 
solved by inspection and checked by the second graphical method of analyoa, gjvej 
on pages 242-246. 

48 . A capacitor having 20 nnl capacitance is connected in parallel with a coil 
having 20 microhenrys inductance and a series resistance as specified in (o) and (b) 
below. This parallel combination is energized with a pulse of current which is lero 
for 140® < w< < 40* during each cycle. The pulse reaches a maximum value q( 
100 milliamperes at ut = 90* and ’ 

t(45*) = t(135*) = 18 milliamperes 
. i(56*) = t(125*) = 49 milliamperes 


i(65*) = i(115*) = 73.5 milliamperes 


t(75*) — i(105*) = 90.5 milliamperes 



i(85*) = t(95*) = 99 milliamperes 

where t(45’) means the value of i aXut = 45*. 

Find the effective magnitude of the fundamental component of voltage developed 
across the parallel branches if w ** f X 10^ radians per second. Compare thii 
value of voltage with the third harmonic voltage developed across the parallel 
branches, recognizing the fact that the branches are tuned to the third harmonic 

(a) Assume that /i = 10 0 is the same for the fundamental and third harmonic. 

(b) Assume that Q = u>L/R is constant, R being 10 Q for the fundamental. 



3 
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T 11 Coupled Circuits 


Tefminology. In electrical-engineering literature, the term “ cir¬ 
cuit IS used in a variety of ways. At times it is employed to designate 
a single branch of an electrical network; at other times it is used syn¬ 
onymously with the term “ network ” to mean a combination of two 
or more branches which are interrelated either electrically or magneti¬ 
cally, or both. In the present chapter the term “ circuit ” is employed 
to mean “ any complete electrical loop around which Kirchhoff’s emf 
law can be written.” 

Two circuits are said to be ” coupled ” when they are so related that 
energy interchanges can take place between them. More specifically, 
this means that a potential difference appears in either of the two 
circuits which are coupled, if and when the other is energized. The 
circuits involved may be coupled conductively, electromagnetically, or 
electrostatically. Various combinations of these principal modes of 
coupling may exist between circuits. However, the great majority 
of the circuits in actual practice are coupled either conductively or 
electromagnetically. 

Coupled circuits interact upon one another,^ and in general the 
movement of electricity in any particular circuit is governed, not only 
by the circuit parameters of that circuit, but to some extent by 
the parameters of all circuits to which the circuit in question is 


coupled. 

Conductively Coupled Circuits. Two circuits which are conductively 
coupled are shown in Fig. 1. In a circuit arrangement of this kind, 

circuit 1 may be viewed as the driving 
or primSty circuit and circuit 2 as the 
receiving or secondary circuit. Z 12 , the 
impedance of the branch which is com¬ 
mon to both circuits, is called the mutual 
impedance between circuit 1 and circuit 
2. The mutual impedance may consist, 
theoretically, of a pure resistance, a pure 
inductance, a pure capacitance, or some combination of these circuit 
elements. 



Fia. 1 . 


Conductively coupled 
circuit*. 
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274 AireRNATING<UkRBNT CIRCUITS CK^ 

If the exciting voltage and circuit parameters of Fig. 1 are given, tn* 
currents, component voltages, and component pmwers can be evaluati^ 
by simple circuit analysis. 

In general the “ loop current ” method of solution* is particular)', 
xv*^ll suited to coupled circuit solutions. If this method of attack u 
employed, Ii and I2 are considered as the currents which flow arouinj 
the complete loops of circuit 1 and circuit 2, respectively. The pog. 
tive circuit directions assigned to Ii and J2 arC; of course, arbitrary. 
If positive circuit directions are assigned to 7i and 1 2, as shown in Fig, ] 
the actual current in the Z12 branch in the +/i direction is 
The details of the “ mesh current ” method of solution as applied to 
Fig. 1 are given below. By definition: 

Zii = Zi -h Z12 (Impedance of circuit 1 to Ii) 

Z22 = Z2 + Z21 (Impedance of circuit 2 to I2) 

If the circuit parameters are constant, 

Z12 = Z21 (Mutual impedance between circuits 1 and 2) 

The application of Kirchhoff’s emf law to circuits 1 and 2 of Fig. 1 
results in: 

Zijli — Z12I2 = Ej 
■“22111 -j- Z 22 I 2 = 0 



( 1 ) 

(2j 


Employing elementary determinants, the expressions for Ii and h 
become: 


Ii = 




El 

“Ei2 

0 

Z 22 

Zii 

—Z 12 

—Z 21 

Z 22 

Ell 

El 

—Z 21 

0 

Zu 

“Ei2 

—Z 21 

Z 22 


EiZ 


22 


211Z22 “ z 


12 


(3) 


EiZ 


21 


211Z22 — Z 


12 


( 4 ) 


The above method ia generally applicable and may be extended to 
include any number of coupled circuits. ^ ^ extended 

rent” method Soc “ A Tro f ^ Maxwell’s “ cyclic evff- 

v« 1 a 1 realise on LUnrincity and MagneUsm. ” by Maxwdt 

\ ol, 1, 3rd cdiUon. See also Chapter I of this text. 
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Ch. VII - 

Example 1. it be assumwl that, in Fig. 1: E| - 100 voltB, Z| “ 3 + ji 
obnw, 2ij ** 10 + jO ohms, and Zj — i — jg olims. The impcjdancc of the gencr- 
fttor is considered U) be negligibly small, or else its impedance is included in Z\. 

Zii - (3 -|-i‘l) + (10 + jO) = 13 +i4 = 13.0 /17.r ohm3 

Z 22 = (4 - j8) + (10 +j0) = 14 - jg * 16.1 /-29.7’ ohms 

ZnZ22 = 219 / —12.6° « 214 — j47.8 

Z 11 Z 22 - Z 12 ’ *= 114 — ;47.8 » 123.7 /-22.7° 

(100/0°)(16.1 /-29.7° ) 

m.7 /-22.7° -13.0/^amperes 

(100/0°) (10/0°) 

“ - 123 7/_22 7° “ ^>OS /Z2.7° amperes 


The current in the Z 12 branch in the direction of Ii is I 12 = (f 1 “*• ^a)- 

I 12 “ 13.0 (0.992 - j0.122) - 8.08 (0.922 + jO.386) 

- (12.9 -il.59) - (7.45 +j3.12) 

= 5.45 — j4.71 = 7.21 / —40.8° amperes 


The total power generated by the generator Ex is; 

IB1 


gen 


Exl I cos 6 


] E, 

= 100 X 13.0 


cos (—7°) 


= 1290 watts (approximately) 


The total power absorbed by the network b: 

l^Ri + h’Rz + h^R\i “ 13.0* X 3 + 8.08* X 4 + 7.21* X 10 

= 1288 watts (i 4 )proximately) 


Problem 1. Solve for Ii, I 2 , and I 12 in the above illustrative example by first 
reducing the coupled circuits to an equivalent series impedance. Draw the vector 
diagram of Ei, Ii, I 21 Ii 2 i V 121 illustrating vectorially that V 12 = Ei — liZi. 

Ans.: Given in the above illustrative example. 


Mutual Impedance. Before proceeding with particular types of 
coupled circuits, we shall state some general definitions which will be 
useful later in this chapter and also in radio courses where the coef¬ 
ficient of coupling plays a far more prominent role than it does in a 
first course. 

The mutual impedance between, say, circuits 1 and 2 of a general 
network is defined as the ratio of the voltage developed in circuit 2 
per unit current in circuit 1 when all circuits except circuit 1 are open- 
circuited. This mutual impedance has already been employed in the 
foregoing section as Z 21 . If linear bilateral circuit elements are em¬ 
ployed in the coupling of the two circuits, it should be plain that Z 12 , 


I 
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the ratio of the voltage developed in circuit 1 per unit current in circuit 
2 with all circuits except circuit 2 open-circuited, is equal to Z 21 . 

The definition given above for mutual impedance between two 
circuits cim be generalized to apply to two pairs of terminals, ll' 

22 ', as shown in Fig. 2 where the network in the box may be any con. 


I. 

4^1 0 ^ 


Circuit 



1 


V, 



I 

1 . 




Citcull 

2 


*• Circuit I couplwl to 
tircuit 2 througli an arbitrary 
network not shown. 



Fio. 3. Circuit 1 coupl^ to circuit 2 through a 
*■ set of resistances. 


fi^rat.on of impedances. If, for e.xample, the terminals ll' and 22'of 
Mg. 3 are selected, we would find upon measurement that 


621 = 


Y? 

It 


Rb-\-R, 


Rb 


RaRb 


VgC/gg + /?6 4- Re) Ra + -f 
Ra{Rb + Rc) 



the voh4e dmplcrosTft ^ (terminals 22') and is 

had .he . .set "of eesL^l. («;-ft! ll'*, r 

equivalent Y set of resistors. transformed to an 

In many networks, particularly in thr> fioiri r i- 
must be. confined to specified paths and a e ler^'i^t 

gy Is transferred from 



Fw. 4. Cit^its eoupW through 
/Ca-C-/c^ network. 



circuil 1 .0 circuit 2 by wlrof ti: ZZ ^ 

plates of the coupling condenser, C. existing between the 

particular form of capacitWe coupling is shown in Fig. 5. If the 


_J 
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coupling reactance l)et\veen circuit 1 and circuit 2 is defined as the 
voltage developed in circuit 2, namely, the voltage across C 2 , P<?r unit 
current in circuit 1, this coupling reactance is: 


Vi 


■X^coupUng 


X 2 + X 3 


X 2 


XiX: 


Vi(X, + Xz + X}) Xi+Xi + X, 
X.CXj+.Xa) 

where V, is the voltage across Ci and the X’s are the capacitive re¬ 
actances of the respective condensers. The coupling capacitance 
between circuit 1 and circuit 2 (or vice versa) is: 

1 ^ 

C^coupling 


(oX^coupli 


CO 


(1 /wCi) “h (1/<^2) "h iX/ffiCs) 

C 1 C 2 


= Cl + C 2 + 


Problem 2. Show that the voltage developed across condenser Ci per unit 
current flowing in circuit 2 of Fig. 5 is: 

where X. =l/<-C., X, = and X, = l/<eC,. 

• dear p P,. and Xc of Fig. 4 to be a coupling device between 

d ehSht Show that the eoupUng in.p«lance between the two circuits 


is: 


jRa^Rb + Rglfb'^) + jgoRtA'« 
ZcoupUn* = (R„ + Rhf + -V 


Note: 


Zcouplln* 


where V, is the voltage developed across Bs by I,, or 

^Va 

Zcoupllo* 

whe.4 V. is the voltage developed across B. by h. 

^ ^ ^ C r.xiinlmv Given two pairs of terminals, 11' and 22 , 

Coefficien 0 ^s^^fficient of coupling between circuit 11 and 

aui shown tn F ig- 
circtiit 22' will be defined as: 

Zi2 Z.21 


k 


V^ZiifZ22' VZii»Z22' 
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• ^ 

where Zjj is the mutual impedance between circuits 2 and 1.. s 2,j. 

ZiiMs the imiHKiunce seen looking into terminals 11' with u:t. 
minals 22' open-circuited. 

Zoo' is the impedance seen looking into terminals 22' with 
terminals ll' open-circuited. 

Bzample 2. Consider terminals 11^ and 22^ of Fig. 3. Let it be required to fijnj 
the coefficient of coupling Ijctwecn circuits 1 and 2. . 

Il has been shown that ^ 

7 7 TiaRi 

^11 *■ Zij 


Zii> 

Zji' 


Ra(.Rb + Rc) 


k = 


Ra Rh Rc 

RbjRg 4~ Rc) 

Ra + Rh + Rc 
RgRb 


VRgiRb + Rc)R^{Rn + Rc) 


If, for example, R^ - 0, the coefficient of coupling b unity. It should be noted 
that, with the general definition of coupling coefficient wliich has been given, k may 
be complex and greater than unity. In most cases, however, the coefficient of cou- 
plmg IS real and less than unity a.s in this example. 




Flo. 6. Illustrating the four component fluxes a., a jl. j 

resultant magnetic field ia separated it ““ 

b ““““ 

^uplod magnetically jmd energy may be transf;rrS 

to the other by way of the magnetic held whiali is common ° ® " 

the purpose of analysis, the total flu.x which is established by namely, 


^1 

J 
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r ^-‘oniponcnts. One component of is that 

p.irl He. I in \s wjili circuit 1 but not with circuit 2 , namely, ^n. 
I he sccont componirrit of is 0 ,.^, that part which links with both 
circuit aiu circuit 1 . In a similar manner, the flux established by 

ij w aeparatec into two components for the sake of detailed analysis. 

By definition: 


■■ ^11 -b 012 

(5) 

^ " ^22 “b ^21 

(6) 


The four component fluxes are shown in Fig. 6 , and a recapitulation 
of their definitions irf given l)elow: 

^11 the fractional part of 0 , which links only with the turns of 

circuit 1 . This is the leakage flux of circuit 1 with respect 
to circuit 2 . 

♦ii the fractional part of which links with the turns of circuit 2 . 
This is the mutual flux prcKluccd by circuit 1 . 

^2 the fractional part of <f >2 which links only with the turns of circuit 
2 . Phis is the leakage flux of circuit 2 with respect to circuit 1 . 

^21 the fractional part of 02 which links with the turns of circuit 1 . 
This is the mutual flux produced by circuit 2 . 

It should be recognized that the actual flux established by ii or i 2 
does not conform to the simple configurations shown in Fig. 6 . For 
example, part of 0 ii links with only a fraction of the total turns of 
circuit I, and likewise a part of 0 i 2 links with only a fractional part 
of the turns of circuit 2 . 4>ii is a hypothetical flux which, when lining 
with all the turns, A'l, produces the same total flux linkages as the true 
flux linkages in question. Similar concepts are held for the other 
component fluxes, and, when used quantitatively in this manner, they 
represent accurately the true condition of affairs as regards induced 
voltages. 

Mutual Inductance. In order to describe the magnetic interaction 
between circuits or between portions of the same circuit, the circuit 
parameter M is introduced. It is called the coefficient of mutual 
inductance, or simply mutual inductance, and is din^nsionally equiva¬ 
lent to the coefficient of self-inductance, L. The similarity between 
the concept of mutual inductance of (or between) two circuits and the 
concept of aelf-inductance may be shown in the following manner. 
Refer to Fig. 6 . For the purpose at hand we shall define the self- 
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inductance of circuit 1 as: 


o». v« 


= Bh [flux Unkages of circuit 1 per unit current in circuit l] p, 

u d „f n«konin«. the mutual inductance of circuit i 
On the same basis of r^Koning, 

with respect to circuit 2 is: 

^ [flux linkages of circuit 1 per unit current in circuit 2j (g) 

Also the Lual inductance of circuit 2 with respect to circuit 1 is: 

[flux linlmges of ciremt 2 per unit current in circuit I j (9) 

« V vTnS parl^ “cm 


Mil = i^i 


d4>2i 


Mii = JVj 


di2 

d4>i2 


(8o) 


dii 


(N 


If however, the flux is proportional to the current (i.e., permeabibty 
constant), both self-inductence and mutual mducUnce m equaUons 
(7),' (8). and (9) are constant and as such are very useful circuit pa¬ 
rameters in classical circuit theory. j it. 

Under the condition of constant permeability, the reluctance of Ibe 

mutMl Jlux path (iRji or (Ria) is a fixed quantity and (Bj, = (Rij. 

,, .jyi^i KN1N2 

~ ' (Rai 


( 10 ) 


IVa^ia KN,Ni 

(Ria 


( 11 ) 


where iC is a constAnt which depends for its value upon the unite ei^ 
ployed in evaluating <l> — KNi/( 5 i. Therefore, if the permeability ^ 
the mutual flux path is constant, il/21 and il/12 are ^ 

M21 = ^^12 “ ^ proved in terms of 

energies stored in the magnetic field when both circuits are e 

ergised. . " . 
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If the permeability of the mutual flux path is not constant, neither 
M21 "hi be constant and the following methcwl of representing 

mutually induced voltages in terms of M loses much of its effectiveness. 
Unless othcrw isc stated, absence of ferromagnetic material wdll be 
assumed, in which case A/21 = A/12 = A/. 

The units in which mutual inductance is expressed are identical with 
the units in which self-inductance is expressed, usually the henry or 
millihenry. If the flux linkages in equations (8) or (9) are expressed 
in weber-turns (10® maxwell-turns) and the current is expressed in 
amperes, M is given in henrys. 

Problem 4 . Refer to Fig. 6, page 278, and assume that the Li coil consists of 
50 turns and that the La coil constats of 500 turns. 

(o) What is the mutual inductance between the two circuits (in millihenrys) if 
6 amperes in circuit 1 establishes a total equivalent flux (^ 1 ) of 30,000 maxwells 
27,500 maxwells of which link with the turns of the Li coil? 

(6) What is the self-inductance of the Li coil? ' 

Ana.: (a) Mu = 27 5 millihenrj’s; (b) Li = 3 millihenrys. 

Mutual Reactance, X^^. It is evident that any change in t2 of Fig. 6 
will cause a corresponding change in d>2i- In accordance with Lena’s 
law, any time rate of change of d>2i will manifest itself in circuit 1 in 
the form of a generated or induced voltage the value of which is: 


*r ^*^21 1 

ei2 = —Ni or V12 = Ni 


dt 


dt 


( 12 ). 


where 612 is considered as a voltage rise or generated voltage and via 
is considered as a voltage drop. ’ - 
Similarly any change in ii will manifest itself in circuit 2 as: 


d<i>\2 ,, 

C21 = ~-N 2 — 7 r or t; 2 i = N2 


dt 


dt 


(13) 


It is through the agency of these mutually induced voltages that the 
phenomenon known as mutual inductance can be taken. into account 

lin circuit analysis. • 

The basic equations of voltage for the two circuits shown in Fig. 6 are: 


and 


Riii + “^1 


R2i2 + ^^2 + ^2 


d<t> 2 i 
dt- = 

(14) 

d<t>i 2 
dt “ 

^ ' 

(15) 


II the permeability of the flux paths is assumed constant, the above 
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equations can be written in more conv'cnient forms, since. 


Cli. V|, 


Af2</>2 


< 

II 

II 

(16) 

»r ^^*^21 

= A/ 21 I 2 A Al ^ 

ir ^ 

= il/2. 

(17) 

d<t>2 

» ^2^2 • • ^2 

dt2 
" dl 

(18) 

r • \T 

= ^/i2^1 ^2 

M ^ 

(19) 


Equations (U) and (15) may, therefore, be written in the following 
manner: 

.(l4o) 


dit ,, dt2 

dt " 


dl2 m r d'l\ 

R2i2 + ^2 = ®2 


(lOQ) 


It will be observed that the effects of mutual inductance are entered 
into the basic voltage equations as voltage drops {-\-M dijdl). If, for 
example, i\ = Imi sin wf, the voltage drop in circuit 2 due to mutual 
inductance is: 


d% * 

Mi2 = w3/i2-fm, cos wf = XMiJmi COS (al 


( 20 ) 


In general, wit/ = X,\f. It is called the mutual reactance and is an 
impedance function which expresses the ratio of the voltage of mutual 
inductance to the exciting current. It will be noted that the voltage 
of mutual inductance leads the exciting current by 90°. Hence the 
vector expre.ssion for the piutual reactance is: 

Xa/ = jo)M = (21) 

(’ircuit conliguration.s in which M may posscs.s either a positive or 
negative .sign will be considered presently. 

Problem 6. .\n imluctancb coil has a resistance of 10 ohms, a sclf-incluctante 

of 1/'17.7 l»oiir>', and a mutual inductance of 0.02 henrj’ with respect to a neighbor¬ 
ing C 4 »il. (.l/i 5 •* Mn ) A voltage of 50 sin 377/ volts is imprcs.scd across t'j 
irriuinnt.H of the primary coil. Kind the ohmic v.aluc of the mutual reactances'" 
the efTei-livc value of the voltage across the opcu-circuitcd terminals of the dc's' 

boring roil. , 

An$,: X,M *■ 7.5-t ohms, Kj ® ve 
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Problem llic cITctt ivc values of tlic primary volt nice and riirrr nt of Vr ’ - 

- Y T 1 vector diagram illusIralinK V|, Ii, /if|Io 

ul>. ^ (^mHidcred as a generated voltage, E,i ir l&n*r i* 

of pltiwc with ;A vli, since the lattci is a - .. 


’ .liU • T ‘ • . ’ ' • 1^1 III ruiilj 

of pi'Wc ■ w t> allcf is a coinpuncnl vollago drop In riri-iiit 3 in thn 

«:nsc II,al ftl, and ,.V ul. am component vollagc drop, in cirenit I ) 

/ c 

;l»5.: Vi = ^ volts, Ii = 2.5 /-45° amperes. En - 18.85 /-13&* 


Coefficient of Magnetic Coupling. The fractional part of which 
links with A 2 , 4>i2l<t>i, and the fractional part of <>2 which links with 
Ni, {i>2i 1^2)} are indices of the degree of coupling that exists betwe- n 
two windings. Where the windings are widely separated or are so 
situated in space that these fractions are small, the coupling is said to 
be loose. With closer proximity and proper orientation of the windings, 
1^12/01 and <f>2i l<f>2 approach unity as a theoretical upper limit. 

The coefficient of coupling between two windings which individually 
possess L\ and L 2 units of self-inductance is defined as: 


= 


\(i IN 2 

>\0i/\<#>2/ \ (Liii/Ni) 


(3/2it2/iVi) 

(L2ti /N 2 ) 



( 22 ) 

Under the condition of constant permeability, M12 =■ ^fai “ 
Therefore, if the permeability is constant. 



Thus A:,vis the geometric mean of the fraclioius and l4>2) 

or between the fractions {M JLi) and (.U/A^). Xomerit ally the co¬ 
efficient of coupling in practical installations may range from approxi¬ 
mately 0.01 between certain types of radio circuits to as high 0 OS 
or 0.99 between iron-core transformer windings. 

u Example 3. Let the number of turns of the two winding: shown in l ig 6 Ije 
= 50 and — 500. It will be assumed that 0000 nmxwcrii link with the 
turns A'l, of circuit 1 , per ampere of exciting current n, r.f wlurh 5500 nl-Mi link 
with Ni. Under the .assumption of similar conccntruied winduifr* and of constant 
permeability of the flux paths, 00,000 maxwells will link with the turns .Vof circuit 
2, per ampere of exciting current 15 , and 55,000 of these flux lines w ill also link 
^’ith Ni. The purpose of this numerical example U to specify the coefficient of 
coupling in terms of the fractions (<#>n/<^i) and (<^;i/<>;) and also in terms of the 
jraciioiis (A/u/Li) and (.Usi/Lj). For 1 ampere of primarj’ exciting current and 
1 ampere of secondary current; 

= 6000 m.axwclls 
^j 2 = 6500 maxwells 
*» 60,000 maxwells 

^ORCORAN-19 maxwells 
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alternating-curhent circuits 


Q’.v, 


50 X 6000 ^ , 0.003 henry 

■ ''‘"IT” > 


Mi2 


y4ii 500 X 5500 ^ ^ 0.0276 henry 

500 X 60,000 ^ ^ 0.30 heniy 




A/21 


50 X 55,000 s 0.0276 henry 


tj 


l(Mi,\(Hu\ ^ ^ ^ 0.0278- „ , 

*•'' ■ VVTTATT/ VUL, Vo. 003 . x o.so 


917 


^ Problem 7. The i„aividu»r self-inductances of 

■knd 0.0108 henry. ***'""' * "Ans.: 0.0286 henry, 

the mutual inductance of the two windings. ^ 

Problem 8. .4 winding of 1000 turns has a (^i/ii) characteriatic of 9^ mav 

wells per ampere and is coupled magneticilllyMo a second wundmg of 338 Wna. 
Assuming constant permeability of the flux paths and similar concentrated wmdinp, 
find Lu 1“, and M in henrys if the coefficient of coupling is 0.«05. 

Ans.: Li * 0.094 henry, Lj 0.0108 henry, M - 0.0256 heniy. 

4 

Circuit Directions ftnd the Sign of M. If only one circuit of an a-c 
network includes a generating device, the positive directions of the 
currents may be arbitrarily assigned if it is understood that the positive 
circuit direction given to the current through the generator arbitrarily 
defines the positive circuit direction of the generated voltage. When 
more than one generating device is present in an electrical network, 
the relative polarities and time phases of the generating devices with 
respect to the common branches must be taken into account in assigning 
the positive circuit directions of the currents in the coupled circuits. 

Ill a given circuit or portion thereof the voltage of mutual inductance, 
M di /dt, may aid or oppose the voltage of self-inductance, L dildt- 
If more thiui one circuit is involved, the currents are first given their 
positive circuit directions. When the positive circuit directions o 
the currents have been determined from the relative polarities of the 
several generating devices (if more than one generator exists), or when 
the positive circuit directions of the currents for aaingle generator ha'® 
Wn arbitrarily assigned, the sign of M is considered positive » 
a'givcn winding the induced voltage of mutual inductance acts m 
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of voltage .of aelf-inductance^ If the in- 

of self-iDdJ^ce to Vgiv^wS “if 

quantity K»ven Mrinding, M u considered as a n^^ative 

♦!o f-h® sign <rf M, each particular case must be analysed 

mndma of wi P^ljve Circuit directions of the currents, the relative 

X ® coils invdved, and the actual physical place- 

ihfti tlw* m *®^>ect to the other. It will be shown later 

• u* i^uits which are^not dectrically connected 

m w c ape eneigised with a sin^e generator in one circuit is whdly 
de^^nt UFKm the arbitrary positive. circuit directions which are 
assigned to the currents in the separate circuits. 



Fio. 7. 


ninstrating s iM^calar ease whemn the Toltace of mutual inductance acts 
mreuit <q>poeition to the Taltase of self-inductance in a given 




Ezamiile 4. Consider the hypothetical arrangement of the two circuits shown in 
7. If the clockwise direction around circuit 1 is taken as the positive circuit 
direction of »i, the generator emf possesses a positive circuit direction from 6 to a 
through the generator. The latter direction fixes the posiUve circuit direction of ij as 
counter-clockwiae uound circuit 2. 

By Lens's law, the voltage of self-inductance in the Li coil eotuidtred as on induced 
voUage acts in a counter-clockwise direction around circuit 1 when dti/df is positive, 
j. If the positive circuit direction of «t and the modes of winding of the coils ai^ con¬ 
sidered, it is plain that voltage which is induced in the Lx coil by the variation of 
4ti Jb a clbckwiae direction around circuit 1 when di%/dt or d^ti/di is pontive. 

^ce M dit/dt oppositely to Lx dix/dt in circuit 1, M must be conadeied 
po^tive if Lx is oonsidered ponUve. The general equation for voltage equilibrium' 
iodreuitlia: 

J?in + ^ + i-M) ^ - aio* 

A simple way to determine the sign of JIf is to call M pontive if the mi^s caused 
the two evrrents combine to increase the total flux. If the mmTs oppose, the 
bgn of If is nc^tive. 

iMlm P. Show, by means ci detailed and independent analysis, that the 
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general equation for voltage- equilibrium in circuit 2 of >f- 

j.- Ji, 


0».v„ 


<*»5 

Rtii + ^ 


eba 


*■ I mnrles of winding* n conventional 

Instead of showing the “ -ninal as shown in Fig- 8, is oft^a 
method employing a dot-mar • ij *iie same information. Thig 

been used for many yean i„ 
fr*Lrkiiig of iron-oore instrument tran^ 
^^Xre the dots are known as pc 
[‘’T^iarks The dots are placed so that 

“"'L.nt entering the dot-marked terminal 
^ eoa wiU produce a mapetomotive 

,.U«V. O. ^eectron the 

t^ocoUs. Thus in Fig. » a cm 

. ‘ 1 f .oil 1 causes a counter-clockwise flux m the 

lot-marked terminal of coil 1 . .^^.^ed .terminal of coS 

uagnetic circuit and a curmnt „^etic circuit. 

! also causes a ^et^e the relative medn 

Sence the dots alone are sufficient to determine 




Fio. 9. Dot marks 
indicate — il/. 


4s/Tj(r'-^c?r^ 

Fio. 10. Mode of wind¬ 
ing and phj'sical place¬ 
ment indicate — Jf. 




Fio. 11. Dot marks 
indicate -btlf. 


of winding. The use of this convention is illustrated in Fig. 9. If 
a current entering the dot-marked terminal of coil 1 is assumed to 
produce a flu.x through the coils from left to right, this same current, 
since it is leaving the dot-marked terminal of coil 2, would cause a flux 
from right to left through the coils. Therefore, for the purpose of 
setting up an equation of voltage drops, M must be considered negative. 
Hence tlie relative modes of winding must be as shown m Fig. 10. If 
the coils of Fig. 9 were marked as shown in Fig. 11, a current 
the dot-marked terminal of coil 1 would also enter the dot-marked 
terminal of coil 2, the mmf's of the two coils would be additive, an 

the sign of M would be pasitive. r * nl 

Mutual Inductance between Portions of the Same Circuit. 
inductance may be a significant factor in governing the flow of elcctncfly 
in a single-series circuit where two or more portions of the 
coupled magnetically. A particular e.xamplc is shown in Fig. 12. 
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coils 


^i^^gcmcnt consists of two magnetically coupled inductance coils 
gonn^fc^l in electrical series. Individually the coils possess La ft**d 
units of self-inductance togcUicr with Ra and units of resistance, 
^pectivcly. 

If the coils are wound in the m^ner shown in Fig. 12, it is apparent 
that, in coil o, the voltage 


\f AT 


acts in the same circuit direction as the voltage —Ladi/di. Likewise 
the voltage 

* 

acts ‘in the same circuit direction as —L^di/dl. Hence M is positive. 



Considered as voltage drops, the component voltages referred to 
above have circuit directions which agree Anth that of the applied 
voltage, V. Considered as voltage rises, the induced voltages are, of 
course, in circuit opposition to the applied voltage, v. 

' The facts involved caii be stated in equation form as follows: 


R.« + i-f + " 


(24) 


If the mutual flux path is of constant permeability, the above equation 
reduces to: 


d% 

(S. + ffk) »■+(£. + £» + 2il/) ^ = I) 


(25) 


4 


If V varies ^usoidally with time and if all eircuit parameters are con- 
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» 

. of effective values ^ 

atant, equation (25) may be written m 

• * fKp voltaae equation in exactly 
It wai be noted that M entere into ^ .Stance. The equivaleni 

same manner as L. Hence uM is a follows directly froo. 

impe<^ce of the series circuit rfiown m F« • «» 

equation (26). 



(») 


Equation (27) may also be Written: . -v 07 ^ 

Z. = (R. + R.) + + 2") “ ^ + 

*'''\ = R.+M..Z‘ = «‘+>^ ZM = 0 + i<-V 

I, the two coiU we« connected 

is, with a polarity opposite to that shown in 12 , the signs of the 
M temw in the above equations would be reversed. 

EUU.U. «. An’ in,p«Mion of equntioo. (28), (26), Md (27) wiU Aow thM tin 
equivnlMt inducuuice of the two coib connected in nddiUvo eenee w. 

t.<.ed)-t.+U + 2Jf 

If the two coils Hie connected in subtractive senes. 

h((Hb) “ ^ 2Af 

The value of may, therefore, be found experimentally by measuring ud 

X^(Mb) since, from the above reUUons; 

L,(aao — Imwm 

4 


M = 


■» 1.0 ohm 
!,« » 4.0 millihenrys 
K 6.0 ohms 
» 9.0 millihenrys 

(o) The coefficient of coupling is: 

M 

Vlm 


M " 4*3 milUheniys 
«• « 1000 radians per second 
y " 40.5 volts, the applied 
voltaga 


0=^3 


- + 0.6 


Pyni^pidi 6. Let it be required to find the coeflkient of coupling, the equivakat 
series-circuit impedance, and the magnitude of the current in a circuit arrangemeot 
similar to that showTi in Fig. 12 if; 
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(p) The cn'^valcnt scridH-circuit impedance is: 


Z* » {lia + Hb) + i^{Ln + 1,6 + 2,U) 


_ (I + 0) +;(1000)(0.004 + 0,009 + 0.000; 
- 7 4-jl9 *= 20.25 /60.8° ohms 


(c) The series current is: 

40.5 

/ = ® 2.0 amperes 

20.25 

vector diagram of V, I, V*, and, V6 
is shown in Fig. 13 together wi^4he 
component voltage of V« and V#. 



'Pfoblein 10. Find the magnitude Fm. 13. Vector diagram of example 6. 
of the current in the above example 

if the two coils are connected in subtractive series, that is, M = —3 millihenrys. 
praw a vector diagram illustrating the vector positions of V, I, V«, Vs, and the 
various fil and XI component voltages. .4 ns.: / «= 4.09 amperes. 


Mutual Inductance between Parallel Branches. Reference to Fig. 14 
will show that, in coil 1, il /21 di 2 /df acts in circuit opposition to Li dit /di. 



Fig. 14. Parallel arrangement of two inductance coils which are coupled magnetically. 
For the mode of winding shown and the'assumed positive directions of currents 
as indicated, M is negative. 


Similarly, in coil 2, Mi 2 diildt acts in circuit opposition to L 2 di 2 ldL 
In equation form: 

^ rff " V, 

R24 H-^^2- A/i2V ( 29 ) 

It will be noted that the individual branch currents have been employed 
in the above equations. 

If the circuit parameters are constant and a sinusoidal variation of 
, i'is assumed, the above equations may be written in terms of effective 
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ALTBRNATING-CURRBNT CIRCl^l^^ 


a.yj 


Let 


(fii -i-jMh = V 

(R 2 + ;toL2)i2 - ^ 

(Ri +Mi) == 

(ft2+iw^2)=^2 
0 + jw3/ = Zm 

With the above abbreviations, equations (30) and (31) re 

z^h-ZMh-y ( 35 ) 

-ZmIi + Z 2 I 2 = V (36) 

The •individual branch current^; I. ^d Ij, may be found from the 


(30) 

(31) 

(32) 

(33) 

(34) 


Ii = 


h = 


V 

V 

—Zm 

Z2 

V(Z 2 + Zm) 

Zi 

-Zm 

“ Z1Z2 - Zm“ 

—Zm 

Z2 


Zi 

V 


— Z.v 

V 

V(Z, + Z„) 

Zi 

—Zm 

Z,Z 2 - Z,w^ 

— Zm 

Z2 



(37) 


(38) 


I = I. + la = (39) 

The equivalent impedance of the two parallel branches shown in Fig. 14 
for the case of negative il/ is: 

^ V Z,Zo - Z^f^ 

Example 7, In the circuit arrangement shown in Fig. 14 it will be assumed that: 

Ri = 3.3 ohms. Lj = 0.0108 henry 

^ I->\ — 0.094 henry 3/ *® ~0.0256 henry 

Ri = 0.775 ohm = 377 radians per second 

V = 50/^olt8 

Let it be rofjnircd to 6nd I, Ii, I 2 , and the total power spent in the two parallel 
brunches. 

’ Zx (individually) = 3.3.+ >35.4 * 35.5 /84.7° ohms 

Z 2 (individually) = 0.776 +>4.07 «• 4.17 /79.25° ohms 
Za/ =* 0 + juM « 0 + >9.65 » 9.65 /90° ohms 



J 
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Sole - Zm w licrcin consi(Irn;tl as inhenrnlly positive since the approi)riate negative 
signs h.'ive l)cen introduced into ec|U:ttiuiis (30) and (31). 


:k 


Z. = 


ZiZ.-Z\r (KUi/i io“ , 

ill_r-— =-= 1.078/5 4'phm.s 


Zi "h Z‘i -t- 2Z,if 50.0 / 8t> ^ 


V 50/0^ 

I = — =- ==— = 40.4/—54® amperes 

Z, 1.078/^ ^- 

V(Zo+Z.w) (50/0°) (13.73 /86.8®) 

~ ZiZn - z.u* ~ 63.6 /140° ' 

Ii = 10.8 / —53.2° amperes 

V(Zi+Za,) (50/^)(4 5.l/85.8!) 

“ ZxZ; - Z.u- ~ 6:1.6 /H0° 

I, = 35.4 /—54.2° amperes 

P = V'/ cos = 50 X 46.4 X cos 54° = 1365 watts 


Check: 


I = Ii + I 2 = 10.8 /-53.2° + 35 . 4 /-54.2° 

I = (6.46 - ;8.65) + (20.8 - j28.8) = 27.26 - j37.45 
I = 46.4/—54° amperes 

♦ 

p ^ + r.-Rz = 385 + 973 = 1358 watts 

^ Problem 11. Assume that the inductance coils in the above illustrative example 
^^onnected in parallel as shown in Fig. H, except that the term.nals o one eoll 
are reverecd from that shown in the figure. Show that, under these conditions. 

z. = 3.095 /61.40° ohms 

I = 16.16 /—61.40° amperes (V as reference) 

I, = 4.43 7-222.1° amperes 

I; = 20.4 7 -57.30° amperes 

atts 


T 

p = VI cos 0 J = 3S6 watts 


. a J* nf V I Ii. uiid I», aiifl illustrutc the manner in which the 

raw t c vec or . ’ ’j |,ranch combine veclorially to equal the applied 

three component voltages m c. , 

voltage, V. 

The Air Core Transformer. In tlie convpiitional transformer ar- 
ranBcm 0 . 1 l shown scltcmatifally in Fig. 15, the inilivklual circuits are 
not connected clcclrictll.v. Circuit 1, energized by means of an alternat¬ 
ing potential difference, is called the primao'. Circuit 2 is called the 
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Bccoodai^. Aa a result of the magnetic coupling circuit*^ 

circuit 2 has induced in it a voltage which is cqu •, 

(41) 




voltage 

^ = -3/j 
dt 


dii 
* dl 


The magnitude of the voltage jJ^^denrupon the^d^ 

the number of secondary turns, Ni, an 
of coupling between the two windings. 



The sign of M in the eonventional transformer arrangement is de¬ 
pendent upon the arbitrary choiee of the positive circuit ^rection of ij. 
The majority of writers prefer to use the positive circuit direction of 
. i 2 which allows them to employ the positive sign of M . For the relative 
modes of winding shown in Fig. 15, the positive clock>vise direction of 
»2 requires the use of +il/, since under these conditions M 2 \diildl 
acts in the same circuit direction as L\ dii (dl in the primary winding. 
If the counter-clockwise direction around circuit 2 is taken as the positive 
circuit direction of then, of course, M must be considered negative. 
The resulting solutions will be identical in either case, except that all 
secondary currents and voltages will be reversed iii sign. Experience 
with detailed solutions will convince the reader that the two Afferent 
methods of attack yield identical physical results. 

If the positive circuit directions are employed as indicated in Fig. 15, 
the mathematical analysis of the ordinary air-core transformer may 
be carried out as follows: 


Riii ^ ~ 


(42) 


+ + + fe' + .V,3 = 0 (43) 

ai ~ dt 

If Vi is assumed to have sinusoidal wave form and aU circuit parameters 
are constant, the above equations may be written in terms of eflfective 
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diVii 

V 

YfllUCS 88 follows. 

(^i ■l“iw^Ti)Ii + jwJI/Ia * Vi (^) 

{R2 + j ^«L — *!■ ® 

For the sake of simplicity in writing, the following abbreviations are 
adopted* 

Zi * (^1 “b i"^i) (Individual priniary winding impedance) (46) 

Z 2 = ifiz + i«I<») (Individual secondary winding impedance) (47) 

Zj# = (0 + jwAf) (Mutual impedance assuming no core loss) (48) 

z =[R+y(„L-±)] w 

Equatipns (44) and (45) become: 

Zili + ZmIj = Vi (44)-(50) 

Zjfli + (Z 2 + Z)l2 = 0 (45)-(51)* 

The ^ultaneous solutions of the above equations for li and I 2 yield: 


I, = 


I 2 = 


0 

■ (Ze + Z) 

V,(Z, + Z) 

(52) 

Zi 

Zif 

Zif 1 

(Z2 + Z) 1 

Zi(Z2 + Z) - Zi#* 

Zi 

Vi 

• 

. . 

Zjf 

0 

-“ViZ3f 

(53) 

# 

IZt 

\Zm 

Za# 

(Z, + Z) 

Zi(Z2 + Z)-Zm* 

{ 


If Ii has been evaluated, it may, in certain cases, be more convenient 
to solve for I 2 directly from equation (51). ^ 

—Zjfli 


I« = 


I 


. __ (54) 

* (Z, + Z) 

The secondary terminal voltage, or the voltage which appears across 
the load impedance, is: 

V2 = ZI2 = —Zifli — Z2I2 (^) 

Also: ' ^ -ViZjtfZ 

Zi(Z2 + Z) - Zi,* 

The above relations foUorv directly from equations (51) and («)• 
Equation (55)’shows that the secondary circurt may be though of 
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394 . . - 

i<i1 tiO ***^ji/Xlt 41 

as experiencing an induced voltage cqu ^ subtracted in oh 

internal secondary impedance drop, ** *» 

to obtain the secondary terminal voHagCi ^ ^he transform, 
E^uMenl I^pedanc. Th* 

arrangement shown in Fig. lo reie -n..|.y current. Thus: 

«3 the ratio of the applied voltage to the primary ^ 

, Yi, (57) 

2*1 “ Y , (Zs +2) 

r Y • * 

A more convenient form of the above equation i 


Z,\ — Zi 




(Za -t- Z) 


Zi-h 


Za + Z 


<58) 


T. a. /r-TN fna) chow that the air-core transformer, with 

Equations (57) an ( ) reducible to an equivalent series 

respect to its pnmary terminals, is ^ucioic 

circuit. 

Eumple 9 (hr Z - 0). It wiU be eesumed lh»l. in Fig. I6o; 
fi, . 3 3 ohme « - »•<»“ 

Li 0.094 henry Z ■» 0 

/?, * 0.775 ohm « - 377 radians per second 

Lj - 0.0108 henry Vi - 5O/0^ volts 

3.3 + j35.4 » 35.5 /84.7* ohms 
: 0.775 •f;4.07 » 4.14 /79.25* ohms 

0 + >9.65 » 9.65 /90* ohms 

Z.V* . 93.1/or 


Zi 

Za 


Zjvr 

Z.1 

Z.i 

Ii 

la 

la 


= Zi- 


(3.3 + >35.4) + 


4.14/79.25* 

7-' - ' ‘ 

(3.3 +>35.4) + (4.20 ->22.1) 

V. 50/0* 


7.50 +>13.3 - 15.27 /60.55* ohms 

V, ou.u' 

2^ ■ 15.27/60.55- ” » ""peree 

(3.28 /119.45* ) (9.65/90*) 

Za “ 4.14/ 79.25* . 

7.66 /130.2* amperes 


The total power dissipated jn the two circuits is: 

T' 

P m vj I COS - 50 X 5.28 X cos (-60.55*) - 80.8 watts 

F - /i*F, + /a*/2j - 3.28* X 3.3 + 7.66* X 0.775 - 81.0 watts 

The vector diagram of Vi, Ii, la. and -Zj/I| b shown In Fig. 166. In tbs 
ticular caj»e shown in Fig. 166, ihe voltage induced in circuit 2, -Zvli. bal#nf*^ 




















chVii counto ORCuirs 


„tii4y by tht inteiMl neondaty impedaiK* drop, oamely, Z«I|. K <*>« 

{lock'll*® direction around circuit 2 had been taken aa the positive circuit direction, 
Ij an<i 2.tfli would appear on the vector diagrain 180* from the poeitiona shoa'n in 
Fig 



Fio. 16. Voltage and current relations in an wr-core 
is short-circuited. Note the manner irt which 
rially to balance the applied voltage Vi. 


transformer the secondary of which 
f i, Rih, and Z.vh combine vccto- 


1 




(I 


Oscillogram 1 illustrates the instantaneous variations of vi, ii, and 12 for the 
above numerical case. The salient features of the numerical solution are clearly 
shown. The primary current lags the applied voltage by approximately 60\ and 
the secondary current lags the primary current by approximately 170 . Withm 
the Umits of oscillographic accuracy, the maximum magnitudes of ti and 12 apee 
with the results of the above numerical example. 

Example 9 (for Z = 14.5 + y21.2 ohms). It will be assumed that in Fig. I7a: 


Ri = 3.3 ohms 

M * 0.0256 henry 

Li = 0.094 henry 

Z »= 14.5 -+->21.2 ohms 

Ri « 0.775 ohm 

u “ 377 radians per second 

L 2 ” 0.0108 henry 

Vi “ 50/OJ volts 


Zi -= 3.3 -hi35.4 = 35.5 /84.7* ohms 
Z 2 =• 0.775 +i4.07 =* 4.14 /79.25* ohm.s 


Z.W * 0 + jO.flS - 9.65 /90° ohms 
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Z,i “ 33.0 /81.4** ohms 
Vt 80 / 0 ** 

^I,Zm (1.515 /98.d** k0.65/90^) . 

“ (Z, -h.Z) “ 20.6 /88.9** 




Ii « 0.494/129.7** «impejw.' 

Vj (tenninal voltafe) — IiZ . 

V, - (0.494 /l20.7^ )(25.7 /55.6*) = 12.7 /185.3.** volta 


The input power to the primary terminals b; 

Finput ” Vi/i cos “ 50 X 1.515 X coe 81.4** 

- 50 X 1.515 X 0.1495 - 11.^ watts 
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The power delivered to the luad in: 

. - Vtit cm * 12.7 X 0.494 co« 65.0® 

» 12.7 X 0.494 X 0.565 « 3.55 watU 

The’ efficiency of thU particular air-corc transformer working under the conditions 

stated above is 3.55/11.8 or 31,4 per cent. 



Fio. 17. Voltage and current relations in an air-core transformer the secondary of which 

is loaded as shown in (a). 

/ i . 

Figure 176 is a vector diagram of Vi, Ii, —ZatIi, Is, and Vj. Oscillogram 2 illus¬ 
trates the variations of vi, ii, and t 2 for the particular case under discussion. The 
phase positions of the primary and secondary currents with respect to the applied 
voltage are shown in rectangular-coordinate form and agree unth the calculated 


2.0 


1 . 0 - 


•i.’ 


- 1 . 0 - 


^ 2 . 0 ; 






•* 




‘I- f 



\ 


■ • a* "* 

m ‘ . 


1 > I« 

\ } i 



1 - - A / 

lL 



Y ! 


L'-- ■ 


U- 




I #. 4 








:»v. 


r\ o iii.wtrAtinff the time-phase relations of primary and secondary currwta 

Ok=,vloo^u 2. IllustroUni^lM^^P^ indurtiv.. 

^ an «r-^o »«:ondiuy terminals of tho trsnstormer. Sec Fig. I7o.) 

type load plaeod «ro« th^on^_^^^ 

roproeon a «Pg'“ ;_f„t (,ff,pti.a valua - 1.S amperos) 

i, the LiooiUry currant wave (e«ectiva value - 0.5 ampere) 
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values of theic quantities. Likewise the wave sha|>e ami maximum values of tke 
voltage and current waves are discernible. 

Problem 12. Let the load impedance in the above numerical c.xamplc be replanf 
with an impedance the value of which is 28.15 /0° ohms. 

(а) Show that, under this condition of operation, 

Z^i = 35.5 /79.5° ohms 

Ii = 1.409 /—79.5° amperes (Vj as reference) 

. I., = 0.465 /182.4° amperes 

(б) I'iud the power input, the power output, and the efTiciency of o|)oration. ‘ 

Ans.: Pin = 12.8 watts. Pout = 6.0S watt.s, efliciency = 47.5%- " 

(c) Draw a vector diagram of Vi, Ii, -IiZ.v, I;, IjPi, and Vj. 

(d) Compare the results obtained with those shown in Oscillogram 3. Osrill#’ 

gram 3 is a photographic record of the variations of ri, ti, and t* in the air-c®** i 
transformer arrangement considered in this particular pn.blem. ' 

Transferred Impedance. T)ne of the primary considerations 
fomnttinicalion eirctiits is that of transferring maximum power 
a low-power generalitig device to a receiver. It has l>ccn shown 
Chapter V that nniximum power is transferred (for a fixed genei#^®^ 
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It will be observed that R2 appears at the primary terminals in modified 
; form, namely, as: ' 

r 

• U 2 '" -f a,%'2j ^^2 - 
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volt®8®) the impe 'ance nf fkrk • 

conjugate of the impedance of th^^^ >*eceiver (m complex form) is the 
lines. That is, if Z„. = P 4. .*8®“®''*^“'’ and nasociated transmission 

lr“imum pow;r tran^r ftff' 

^flection losses. = z ^ 'mpcdance matches which will prevent 
At audio frequencies, iro^'coi ^ 

fronef^rTv, 1 tfansformers are generally used. In 

h and where f Coefficient of coupling is relatively 

darv mm/ ^ ^ ^2 , a resistance, R, placed across an iV2-turn 

/tr^^AT ^2/? appear at the terminals of an ATi-tum primary as 

^ \ ’ The term “ may appear " is used because 

several conditions must be fulfilled simultaneously before the 
factor can be used successfully, as will be shown presently. 

assica rne o s will be employed to show how an impedance 
p ace across le secondary terminals of an air-core transformer appears 
at the primary terminals in modified form.^ 

Reference to equation ( 58 ) will show that the equivalent impedance 
of an air-core transformer referred to the primary side is: 




Za/=^ 


= Zi - ^ = (i2i +jXi) -f 


Xm' 


{R2 +iX2') 


( 59 ) 


where Zi - (Z2 + Z), the total secondary impedance. 

Since Zat — — w A/ , and Z2 — R2 j(i>L2 (for a predominantly 
inductive secondary circuit), it follows that: 


Zai = {Rx +icoLi) + 


( 


,R2 ~h JwZ/2^/ 




( 60 ) 


Rationalizing equation ( 60 ) yields 

(PM^R2' 


■>el 


■[ 


Ri + 


R 2 “ “H (PL/2 


1 , . fr <PM^L2' 1 

^ J ( 61 ) 




R, 


* It should be recognized that classical methods are applicable only where A/zi =» 
I A /12 = a constant, ^^^lere iron-core transformers are involved, the (ATi/iVz)® 
factor is often used as an approximation, but since detailed analyses of iron-core 

I transformers arc usually considered in arC machinery courses they will not be given 
} here. 

t coRcoRAN-20 
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/ /^g' s» N 2 ^ 2 h 2 , that 

If R2 is very small compared with andif A/ 

it all of tj' is concentrated in the gs: 

then R 2 appears at the primary 

. (^)"r 2 ' approximately 

x^2/ . primary terminals 

Thus, if a high value of R,' 

an apparently above transfer fact transformc, 

be^tKSy wroached only « %ven with unity coupling; 
he c^fficient of coupHng of «hich .a undy.^^ 

R ' is not actually transferred by tn ■^„.core translormer the 

effectiv^irdullcert the P"/"™I"gtly ^amidf compared with' 
approaches zpro o.Jy when * ^d in the secondary winding. 

and when W is entirely “nee <.o„pling is equal to 

Under these conditions and if the cocme 

unity, 


[^‘ " J L 



0 


•as r.«rmpabilitv) transformer, in which 

unple 10. Given an air-core (or “ arrangement considered: 

«» and .V, - 5000. For the particular arrangem 

Ro = 10 o 


, »2 = 10 ohms 

Ri = 10 ohm 

. La = 3.0 henrys 

Li = 0.03 henry * 

3f = 0.275 henry 
Z = 90/0^ ohms 

266:5 cycles per second, a. = 1667 radians per second and 
Xm = X 0.275 = 458.4 ohms 

Xv* * 458.4’ = 210,000 

Zj' - (10 + i5000) -b (90 -h iO) - 100 + ;5000 ohms 

‘ 210,000 

Z,i » (1 +i 50 ) + 100 . ,- 50 , 


100 + i5000 
Z.1 - (1 +i60) + (0.84 -i42) 


» 

1.84 +i8.0 •- 8 . 2 / 77 ** ohms 
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It will be noted that Zj' « nnn j. i. 

ftfl (0.84 — j42) ohms. This ohnas appears at the primary terminals 

. exist between ideal transformc ^ ®;™phasize8 the wide discrepancy that may 
transformer the coefficient that actually obtained in an air-core 

Under ideal eondilbn, « ' 

the primary terminaU aa ^ ~ ohms, would appear at 


&:]■ 


X 90 


500* 


X 90 = 0.90 ohm 


The ideal conditions referred to n \ _r 

the transformer windings. ' ^ Perfect coupling, and (2) zero resistance in 

The reactive term in Z mav r 

in the primary circuit if a* low ^ neutralized with a series condenser 

is desired. * inipedance at the primary circuit terminals 

(e««tiv^at 265.5 eynes 

IKtohn, load reais.anoe ol the “«<l f «mrgir.'tho 

(a) Dii«tly. That ia with th« ® ‘*1® two following waya: 

of the 90.ohm load. KOnerator terminals directly across the terminals 

UierapaeTuve'’ maem“fTwhil‘uVth^'“'"'’‘' condenser 

Find the power deUvered to the 9(tohm lo«) in (o) and in (6). 

Ans.: (a) 1.063 watte; (6) 5.13 watts. 

Wmary Umty-Power-Factor Resonance. The inductive reactance 
of Zei caused by the introduction of a transformer may be neutralized 
m any one of several different ways. If, upon evaluation in a par¬ 
ticular case, Zei possesses an inductive reactive component, suitable 
neutralizing capacitors may be placed in either the primary or the 
secondary circuits, antf these capacitors may be arranged either in 
series or in parallel with the transformer windings. For the sake of 
analysis, let be written in the form given in equation ( 61 ). 

- r ++iodis'd(61) 

^2' is the total secondary circuit resistance. Lj' is the total secondary 
circuit self-inductance. ^ 


where 


Zgi = Rfi jXei 


( 62 ). 


^ r- 0,^1/%' 1 r Xu^xJ 

JT., -[»t. r/2 + - [a - (63) 

Senes Primary Capacit&r.' Primary unity power factor can be 
obtained by introducing a capacitor in series with the-primary, which 
a capacitive reactance equal in magnitude to the inductive reactance 
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represented in equation (63). , 

r 

XcUserio.) - 

itor placed in parallel with 
ParoM Primary Capacitor. roUiice primary unity powcf 

the primary terminals, can be ,^/the susccptance ( c) of the 

factor. It is simply necessary W ^ ^usceptance (ht) of Y„, 

parallel capacitor equal in magn 

y,. = —^ = + 

^ nensatecl transformer looking 

The inductive susccptance of the • component of the above 

into the primary 'terminals parallel primary capacitor 

equation. The capacitive susccptance 0 

must, therefore, be equal to. 


i2el^4'Xel^ 


( 66 ) 


ris that have been made 
Secondary Capacitors. U"dcr the inductive reactance. 

oncerning equations (61), ^ with the secondary circuit 

'he introduction of a capacitor secondary load 

,r the introduction of a ca.p^tor P ‘ ^ i„ductive reactance and 
erminals wUl tend to in m-agnitude. If k 

ause the net inductive X 2 , increases the magnitude of the 

,ot too great, the lower value Xa mcreas 

ubtractive term of equation (63), namely, 

r Xm^X 2 1 
\r7^Tx?\ 

> Tf '2 is sufficiently small in comparison with to permit 

u S in rerr the above ,expression, Xei may be made equal 

he requir adjustment of the secondary capacitance. The 

^ vllue of ^condary capacitance to employ in a particular case 
°nm diSt toTtermfue. However, the general algebraic expres- 
• ^fnr the oroper sizes of capacitors are of rather awkward algebraic 
In the^circuits where this type of tuning is employed the desired 
X'llt is very often accomplished by means of a variable condenser 
I • I rvan hP adjusted experimentally to the proper capacitance. 
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. c«p»cilive reactive con.p„„e„, which i, .t |„.t u. 


- r.v. - _ 

L «i'’ + X,'‘ J " 


XU 


fiMurf 


ff^) 


when the two windincs an* in . 

V ia mor^« 11 L . position of cluMst coopiinc If mm 

A A/ miwle srnnilcr by deersaximv iKa a ik * « _/ § ^ 

take on poeilive value, thlTn^ ,• ^ 

rn general the capacitive element employed would be adjiarted to 

niSl^wtlh *ts •» find the eondebaer of peoper oue to 

me e? '» P-"*-" P'hf'T -n-tr 

factor. Ine circuit parameters snri • a— « a 

considered• Z, - ^ 

consider^ Z, - 3.3 + ;35.4, Zji^ = O + j9.65, and Zj' - (Z, + Z) - 15 » + /»J7 
ohms at 60 cycled. Without the condenir: 


Z.i 

Y.i 


4.93 -}- jZ2.7 ohms 
4.93 ;32.7 

1094 1094 


(0.0045 - >0.0299) mho 


Neglecting the resistance of the capacitor which is to be used: 

. 1 
t>el(pM»ll«i) “ ~— — 2vfC 
Xci 


c - 


0.0299 

377 


- 79.3 X 10"^ farad - 79 3 xf 


d4fu 


Problem 14. Find the priraar>' series capacitance to employ in the above asampla 
to produce primary unity power factor. Amt: 81 | p|. 

Problem 16. Solve equation (63) for the value of A,' which will make A,| • 0. 

. w. y Xm‘ ~ 

• “ 2A, \vCt* ” • 

Problem 16. Can a secondary series capnctiaace be employed in example 11 to 
produce primary unity power factor? 

Ana.: No;is too large for the q;>ectficd values ol At and Xm. 

Partial Resonance. In the coupled circuita of the type abown in 
Fig. 18, the two chief <*oncems are usually: («) maximum value of 
h (and of Vc 2 ) for a given value of Vi; (6) sharply defined peak of 
h for variable Xq, Xjj, or w. 

In considering the salient features of these tuned coupled circuits, 
^ slight modification in nitation is desirable. Thus far we have dis- 
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tinguished between the impedance of the impedLL'if 

' imp^ance of the secondary winding preceding equations (52\ 

load (Z). It is plain from the imposed on the natur; 

and ( 53 ), page 293 , that no restnctioiw impedance of the 

of Zi. Zi is simply the equivalen ^ equivalent series-circuit 
primary circuit. Similarly Z2 -f equations in the remainder 

impedance of the secondary circui • rosier to grasp if Zi is under- 
of this chapter wUl be simpler to write and easier 




Fig. 18. A double-tuned circuit arrangement. 

stood to be the total series impedance of the primary circuit and B 
IXmderstoodto be the total series impedance of the secondary cucuit 

Thus: 

Zi = + J(Xli - Xci) = i2i + jXi (68) 

Z 2 = R 2 -\-jiXL2 - Xc2) = R 2 ■\-jX 2 

• ' Zjif = JXm = j<aM (as before) 

The equation for the secondary current I2 [as given in equation ( 53 ), 
page 293 ] becomes: ^ 

, -V,Z«_ -ViOXw) 

Is — 


( 69 ) 

( 70 ) 


Z,Z, - (R, + jXi ) (Rj + jX,) + X„» 


( 71 ) 


or 


. -V.XvKX.Rs + XjRi) + i(R,Rs - X,.Xs + X«’“)] 

Is = T> . V r> \S I /r. n I- 575 


(X,Rj + X,R,)* + (RiRs - X,Xj + X«’)* 

For simplicity in writing, let 

- a * X1R2 + X2R1 and 6 = R^R^ - X1X2 + Xju* 
Then: 

. ~ViXAf(a + .7b) 


( 73 ) 
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or 

/2 = 


(® + V1FTT‘ 
\ 

VxXm . 


(74) 


v^W+-S2"Ki*+/e,5R7:f^RjX„^+Xi2x/-2XiXjX.„*+x„* 


• (75) 

In solving for 1 2 , where numerical values are involved, it is often 
more convenient to use equation (71) than equation (75). This is 
particular y true where Xi or X 2 is equal to zero. Equation (75), 
'however, is useful in determining maximum values of 1 2 that can be 
obtained by varying any one of the parameters. 

Partial resonance in coupled circuits is obtained when any one param¬ 
eter is so varied as to cause maximum effective secondary current, 1 2 , 
under the condition of constant applied voltage, Fj. 

, From equation (75) it is evident that partial resonance can be obtained 
by adjusting any one of the five paraiheters: Ri, R 2 , A'l, A' 2 , or Xm. 
(For fixed values of Ri, h, Ci, M, R 2 , Lj, and Cq, partial resonance 
may be obtained by adjustment of the frequency.) Partial resonance 
vull obviously be produced by adjusting any parameter which appears 
culy in the positive terms of the denominator of equation (75) to zero. 
Hence partial resonance obtains, theoretically, when either Ri or R 2 
is equal to zero. Practically, neither Ri nor -/?2 can be zero and, as 
will be shown presently, the value of R 1 R 2 determines the optimum 
value of I 2 that can be obtained. 

The values of Xi, X 2 , or Xm which will produce partial resonance 
may, in general, be found by differentiating the expression for 1 2 [as 
given in equation (75)] with respect to the proper X and equating 
dhfdX equal to zero. For example, the value of Xx which will produce 
^partial resonance may be determined by equating dlildXx equal to 

I zero and solving for Xi in terms of the other parameters. Thus.. 

' £1 = 0 = - F, + AV) - 2X,A„2] (76) 

rf-Y, ■ ; 

The only useful relationship which can be derived from the above is: 

Y,(B2“ + Y,^) = Y,X„» (77) 

The value of Yi whuo will produce partial resonance is, therefore; 

XsY«» Y,Y„° 

X,(„.) - ^ ' ’ 
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n show that the above vaL* 
Reference to equation (G3), page 301, value of Xi. In rnakir, 

of Xi is also the unity-power-foctor-resonan equation (7g? 

this comparison it should be (03) because of the shift 

mean the same as R 2 ' and X 2 of ^jjjs section. In a simj^y 

notation which was made at i he beginm partial resonance ij. 

manner, it may be shown that the va ue ^ 

^ (79) 

■X’2(ree) ^2 ^ X\ 

,. Jg that X 2 nitist have the 
The interpretatiorf of the above ^ q, then X 2 should be 

value stated to produce maximum 2 ^ o^ed value of Xm> If the 

tuned to zero to produce maximum 2 ^ ^ secondary 

primary circuit is not tuned to ^* 2/72 Where sharpness of sec- 
must be detuned to the fjn'a„ optimum value of h, the 

ondary tuning is of more impor pronounced peak in the 

primary is often purposely detuned to effect a P 

h versus Xc 2 graph *^''^“*”0 fby virtue of Xli - Xc, = 0 

If X\ and X 2 are both equal to zero (oy 

and Xl 2 - Xc 2 = 0), equation (75) reduces to 

V,Xm 


/2(inax) 


(80) 


R1R2 + Xju* 

It, now, X„ is varied by changing the coefficient of coupling between 
the coils, the optimum value of I 2 is obtained when 

diet,...) + X,,^) - 2ViXm’‘ _ ^ 

dXn (^ 1^2 + Xu^f 

or when 

Xm ~ ~ ■%/ R 1 R 2 

Under these conditions: 

1^1 


(81) 


(called critical coupling) (82) 


**2 (opt) 


RiR2 + RiR2 2 VBiftj 


(83) 


are 


The relationships stated in equations (78), (79), (82), and (83) »iv 
of considerable importance in voltage amplification in radio circuits, t 
Some of the essential features involved are illustrated numerically in 1 
the following examples and in graphical form in Figs. 19 and 20. For | 
ixed values of the other parameters, there is a value of Xm or a coef* 
icient of coupling which wUl produce maximum as shown in the * 
graphs of Fig. 19. Frequency responses of coupled circuits for fixed , 
values of R\,Lu Cl, M, R 2 , L 2 , and C 2 are shown in Fig 20 Graphs | 
)f I 2 and Fca versus Xc 2 are reserved for student exercises. { 
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Fig. 19. Variation of secondary current with coefficient of coupling for different values 

of primary impedance. See example 12. 



Fig. 20. Frequency responses of double-tuned circuits. 


!>■ 
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Example 12. (o) Conaidcr the coupled clrcultu nhown lo I* th« 

ing conditions: ^ , 

. . , 4 ^ i 740 - 40) ohms X.\f variable 

Zi «= 1 -f jlOohins Zj » 4 + )(4o 

. j .».» oATondary is tuned, that ia v 

In this case the primary is not tuned and ollagc Vi. * ** 

Xlj « 40 ohms at the frequency of the various values of A’v 

Solutions of equation (71) for Ti * j® ^ ^f coupUng between the co?l 
show the manner in which /j vanes with . „ jn the lower curve of Fi- 

The results of a series of such calculations are ® attains a maximum vain# 

It wiU bo observed the., for Z, - >+^‘« 0,325. Clo«r or ^ 

Xm equal to 6.5 ohms or at a coefficient o couju g^^^^ ^ 

coupling thaq 0.325 results in lesser values of /i an 
Calculations will show that in this case 

Vc,<„„) - 1.063 X 40 - 42.52 TolU 

, r X uu Y.r when the primary is partially tuned k 

(6) The response of /, to vsirwele P expscitive rescUee, 

shown in the middle graph of Fig. 19. In tftis case, u ^-ace 

is employed in the primary circuit and 

Z,-l+y4ehtos Z, =4+i0ohnis Xj, varixble 

/, attains a maximum value at Xm = 4.3 ohms of 1.565 amperes. The maximon, 
value of the secondary condenser voltage is: 

Vc 2 (n.w) = 1-565 X 40 = 82.6 volts 

• (c) The upper graph of Fig. 19 shows the response of /2 to a variable Xm when 

both primarj" and secondary are tuned. 

• Zi = 1 + ;0 ohms Z 2 4 + jO ohms, Xm variable 

In accordance with equations (82) and (83), It attains its optimum value of 
Vi/2 VRiRt at Xm = Vr^ 2 . 


h(ovt) = 


Fi 


10 


o -v/pTfi^ 2X2 


= 2.5 amperes 


Fc 2 (opt) “ -f^scopt) Xc 2 — 2.5 X 40 = 100 volts 

The Q (or uL/R) of the coils in this case is equal to 10, and it will bo observed that 

Fc 2 (opt) is equal to the driving voltage (10 volts) times the Q of the coils. That is, 
Fc 2 (opt) = FiQ = 10 X 10 = 100 volts. This fact is generally true where 

Xl 2 •= 4Xli, provided that both primary' and secondary circuits are tuned to 

resonance and pr ovided that the coupling reactance is adjusted to its critical value, 
namely, VRiR 2 . Under these conditions, 

2VRiR 2 ViXuXit Xit 
Vca(ovt) " ^2(opt) Xct “ /t(opt) Xzi " FiQ 
Thu. H will bo «on that the voltage developed „„„ ^ 
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the coupled circuits shown in Fig. 18 may be equal to Q times the appUed voltage. 
If, luf example, the Q of the coils is 50, a voltage amplification of 50 can be obtained 
simply with the aid of the tuned coupled circuits. As indicated in Fig. 18, the 
volie8® developed across the secondary condenser may be applied between the 
control grid and cathode of a vacuum tube in order to obtain further voltage ampli' 
fiention. 


Exmnpl* IS. The response of a coupled circuit to a constant driving voltage of 
variable frequency is shown in Fig. 20 for three different values of Xu- Since 
the critical coupling at unit angular velocity is 2 ohms, the graphs shown in Fig. 20 
represent Couplings which are less than, equal to, and greater than critical coupling. 

In these graphs, unit angular velocity is called the angular velocity at which 
Xti ■" = 0 and at which Xu — Xct — 0. At unit angular velocity. 


Zi = 1 + i(10 - 10), Z 2 ^= 4 + i(4C - 40) Xu = 1,2, or 3 ohms 

At other values of w, the Xl’s and Xu vary directly as w, and the Ac’s vary in¬ 
versely as w. 

For coupling less than critical coupling the maximum value of the secondary 
current is less than for critical coupling, and for couplings greater than critical 
coupling the current response is generally similar to the double-peaked curve shown 
in Fig. 20. 

If a single pronounced peak of I 2 versus <•> is desired, the coupling should not be 
greater than critical coupling, and the Q of the coils should be as high as practicable. 
If the Q of the coils is made higher than that used in Fig. 20, the peaks of the curves 
will be sharper and more clearly defined. Sharpness of tuning is particularly im¬ 
portant in radio receiver circuits. 

Problem 17. In the coupled circuits shoVn m Fig. 18, page 304: 


Ri = 1.0 ohm 
Xli = 10 ohms 
Xci ~ 10 ohms 
Xu = 2 ohms 


* Ri = 4.0 ohms 
X Lt = 40 ohms 
Xci is variable 
Vi = 10 volts 


Graph h and' Vci versus Xa between the limits of Xct = 20 ohms and Xct - 
60 ohms. 

Arw..- ItiwMx) “ 2.5 amperes at Xct = 40 ohms. 

FcKmM) * 102 volts at Xct = 41.7 ohms, approximately. 


Note: The fact that circuits of thb kind tune more sharply but to lesser peak 
values when one member is partially detuned may be shown by repeating the above 
problem using Zr * 1 -|- y4 ohms rather than = 1 -f- jO. 

Double-Tuned Circuit .Analysis and Design in Terms of f/fo - U/f. 
The double-tuned circuit shown in Fig. 21o is widely used in radio 
engineering practice, and it is the purpose of this section to derive 
design equations which will specify the Q's of the circuits and the co¬ 
efficient of coupling in terms of the band width and the degree of irregu- 
fnrity which can be tolerated in the response characteristic. The current 


1 


I 
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generator (OmEg) in parallel with Rp is the plate circuit replantation 
of a vacuum tube, ^ Rp J 



in 


Whenever inductive and capaciUve reactance are combined aa shon 
Fig. 22 the analysis is simpUBed considerably by lettmg 

/ fo 


Cl) 


c»>o 


Cl) 


fo f 


= F 


(84) 


where co = = IIVL 22 C 22 under the assumption that the 

primary and secondary circuits will be tuned to the same frequency. 

It will be noted that F as 
defined above is the difference E, 
between two dimensionless quan- g, 
tities (///o and /o//) which in- 
dividually characterize the vari- 




•Rc 


-C|| gjL,, 



fj fo f, 

— Band wWth —►] 


>-rre<)UMqr 


Fig. 22. 


Fio. 23. Respons e cu rve of double-tuned 

circuit, /o = is the center fre¬ 

quency. 


B 


ations of inductive and capacitive reactances relative to variations in 
frequency. 

As shown in Fig. 23, /, -/j will be called the band width and it 
will be assumed that /j — /g is small compared with /q. I'or narrow- 
band responses of this kind, B 2 has a value of \vithm the pass 
band at 

/o = V^ 

where/, and/, arc the frequencies (other than/o) at which the response, 
B 2 , has values of F„,in. See Fig. 23. In this connection it will be 
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notcJ *'^*^*'' symbolizes the value of F where E 2 = say at 

j^/i, then 


F 


ml a 


= — — — =: (i ^ h 

/o 1 1 fo /o 


(85) 


since/o - ^S\h- If the band width is specified, is known. 
U if.we let a. = 1 /Qi, b = I/Q 2 , and k = M 

Zii(in Fig. 215) = i2n + j ~ o^oiLnia +iF,i 

» 

Z22 = ^02^^22(5+^^22) 

Z 12 = Z 21 = j<^M = jwfc \/LuL 22 f 

\Ve assume that Cn and C 22 will be so adjusted that 


[ 


) ( 86 ) 

(87) 

( 88 ) 


1 . 1 

Woi — — p--'-'. = tOo2 = 


where 


2 

<Oo = 


^ LnCii 

h 


y/ 7^22^722 


= «o 


y/ L11L22C11C22 

The problem is essentiallj"^ that of expressing a, b, and k in terms of 

^min nnd (Aniax /^inin)* 

Emplo^dng the loop current method of analysis in Fig. 216 and treating 
gn'Eg as a known value of current, say It, circulating in the left-hand 
loop, we have 


Ziili "h Z 12 I 2 ~ j 
Z21I1 “b 222I2 = 0 
The output voltage is 


QmFg If 


wC 


= J 


11 


(oC 


11 


(89) 


E 2 = —j 


UC 22 wo^//ii7/221 (a5 F^) + i(a + b)F] -1- A^LnL22 


£2 = 


—jTffc E11E22 

(aCiiC22 


[(afc + ^ 


(90) 


( 91 ) 


k 
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__ ^ Vii 

Since we are mter^ 

where any w is close to wo “ ^ ^ 

.2 /.. 2 _ 1 ^'on and obtain 


372 

Since 

where any w is close to bH) u . 

eet «’/«o’ " 1 in equation (91) and obtain 

At the center angular frequency Z' = 0 and 

- -Mi. 

E 20 ~ ®o 


( 92 ) 



,( 93 ) * 


^ 0 1 _L of Eq, ftD-^ Eq flJici let tlic 

Ck)nBider now the ratio of t e ma^ Under the^ conditions 
ratio «/u>o again be reckoned aa.unity. 

* A 


(S) 


( 94 ) 


or 


Eq 




“ F'-f (g^ + 

^ (Jk^ + 06 )* 


( 95 ) 


From equation (95) it is plain that the shape of the E 2 curve (reckoned 
in per unit values relative to Eq) will be determined by the relative 
magnitudes of u* “h 5^ and 2fc^. If -H 5 ^ then a single- 
peaked curve is obtained since, as F takes on values greater than 0 
(J different from /o), the E 2 IEq curve will decrease continuously from 
its wiftyiniiim value of imity, the value of E 2 /Eq when F = 0 or when 

f“/o. 

If, however, a* + h* < 21r, the denominator of equation (95) takes 
.on a minimum value or E^IEq takes on a maximum value where/(F*) ** 
F* -f- (o* h* 2 fc*)F* is a minimum. This minimum may be found 
from 

' '* df(¥^^ 

- 2(/^) - (2t* - a* - M) . 0 


or where 


F* 


2 _ 


2fc* - a* - 6> 


( 96 )^ 
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When plotted versus actual frequency, the response takes the form 
jjho'vn in Fig. 23 or, when plotted versus F, the form shown in Fig. 24. 

Wc may wrjte an expression for'(J? 2 /A’o),n.x = from equations 
( 95 ) and (9G), and, since Emin is taken as unity, we may write 

EjDax 1 

(97) 


E 


mm 


^ (2fe" - 


Let 


a* = 1- 


4 (*’ + ao,- 

r * 

(2ife2 - a* - 62)2 


^mm 

2 


miQ 


_____- (98) 

He + abf i{k^ + aby 

where Emin^ = (2k^-~ a* — 62). (See Fig. 24 and equation (95.)] 
It follows that 


Fr ^ 


and 


a = 

^ = 
Eq . 


mm 


2 (t* + at) 




ia^F^iF^ - Fmin^) 


(99) 


( 100 )^ 


min 


Fjnia = V 2 A:^ — ^ ~ (/i — /z)//© is the value of F at the edge^ 

of the pass band where_^ 2 /i 5 o =* 1 = ^min. 

Ej 



Fio. 24. A response curve, EtfEo versus the variable P for 
o» + 6* < 2**. (F = f/fo - h/f.) 

Equation (100) is a convenient working equation since it 
a, a measure of the response irregularity which can be tolerated yrithin. 
the pass band (/i *“/ 2 )> snd Fmin* a measure of the pass hand ^idth 
{fi — J 2 )- From a design point of view, a and F ^in wouTd normallyhe 
specified (at least indirectly), and k, a, and b would then be so chosen 

* These results we due to Dr. T. C. G. Wagner of the University of Maryland who 
developed design formulas for double-, triple*, and Quadruple-tuned circuits. 
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that the specified values of a and /i - /a ^4 for^anniL'?- 

Hnaldeelgn. See Problem 45. pa,e324, and example 14 for appl.cat..n, 

1 • „ /ir.iihlf-tnncd circuit wliich will hn.. 

E.«nple 14 Ut it bo roqi. .rd to ^ ^ ^ 

a per unit band width ((/i — fi)/fo\ o* o.ua a 

It we iruiko o = 6 «3. = Ot). wo may roaddy show that. 

# 


a* = 6* = 


Ftnia^U -i*) 


4a 


and k- = 


1- «) 


4a 


. o .. , r. 2 _ oiJ _ In the particular case 

Bince « = F„,.V2(t’ + ob) and = 2*- “ "* 

under discussion 


and 


Thus 


^ 0.05^ = 0.0025 [see equation (85)] 

^ _ j _ = 1 — or a — 0.6 


W * 25 


' ^ 9-0025(O^j ^ 0.000417 and Qi = Q 2 = 49 

“ 2.4 

_ 0 0025(1.^ _ 0.00167 and A: = 0.041 
2.4 

Component Fluxes and Voltages in the Air-Core Transformer. Fig¬ 
ure 25a shows diagrammatically the flux components in an air-core 
transformer. The current /2 in the secondary produces an minf which 
may be considered to cause two component fluxes: one the leakage fiu.\ 
</» 22 , which links the turns of winding 2 only, and <^ 21 , which links both 
windings 2 and 1. The same conditions regarding the flux linkages as 
explained on page 279 for Fig. 6 apply to the present discussion, namely, 
that 4>22 is a hypothetical component which, when linking all the turns of 
winding 2, produces the same total flu.x linkages as obtained from the 
true flux linkages in question. The current /i causes two component 
fluxes, 4 »i 2 i which links both windings, and 4>n, which links winding I 
only. Reference to example 9 on page 295 and application of Lenz’s law 
• will reveal in a general way the reason for the phase angle shown between 
Ii and I 2 in the vector diagram (Fig. 256). The component fluxes pro* 
duced by Ii and I 2 ar6 also shown. It is plain from Fig. 25a that the 
resultant mutual flux is <t>M = -f The total flux through 
winding 2 is 4>2R = 4>zr -f <^22 = <^2 + 4 . 12 - >Vlso the total flux through 
wbiding 1 IS <t„B - + i^i, = All these combinations are 

ahmvn or the vec or diagram, liquid numbers of turns on windings 1 
and 2 re 'ssumed. 

■Si. t . e == -I'W/dO, the induced voltage due to a flu.x lags the Hut 
by . jrecs. 1 bus, on the vector diagram, E,« ig caused by *«, Ei» 
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by ®22 by 022- The resultant induced emf in winding 2 is 

therefore £ 2 / 2 " Because of the resistance R 2 of winding 2 the terminal 
voltage must be le^ than l& 2 ii by the 13/^2 drop as shown. lienee V 2 is 
the secondary terminal voltage. It is seen to be ahead of I 2 by the 
secondary load power-factor angle. 


■ li 



Fig. 25. Vector diagram of the air-core transformer. 


The voltage drop impressed on winding 1 must be equal to the sum 
of all the drops through winding 1. Thus one component of the total 
drop must be the drop -Ei/?, which is equal and opposite to the induced 
voltage Eir (not shown) in winding 1 caused by all the flu.x linking that 
winding. The remaining component drop is the Hence Vi 

-j. ( — Eir). The components of —Eir are the voltage drops 
-Ell and —E^^l, which overcome the induced voltages due to the 
primary leakage and mutual fluxes, respecti\ el}^. 

The leakage flux <^22 is (even for all practical purposes in iron-core 
transformers) proportional to the current I 2 . E 22 is an induced voltage 

rise and is directly proportional to I 2 . The voltage — E 22 is opposite to 
E 22 and therefore leads the current by 90 degrees. It is thus in the 
direction of a reactance drop, and, since it is proportional to the current, 
a constant reactance may be multiplied by the current I 2 to represent 
correctly the drop —£ 22 - Such a reactance which may be used to 
replac'* <^he effect of the leakage flux is called a leakage reactance, and the 

CORCORAN-21 
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drop The vector diagram 
corresponding dron ft leakage reactance ^^e flux in Fig. 25 

which is commonly used is shown in t ig- ' by their correspond- 

is shown, and the drops -E 22 and -Eii are . 
ing leakage reactance drops I 2 X 2 and 1 i> 



• uakage Reactance. Leakage reactance may be defin^ as 2rf 
times the leakage inductance. This may be shown as follows. By 
referring to Fig. 25a, leakage inductance 


^ N 2 < f >22 • XT ^"^22 


^22 — 


d<f>22 
; dt 


( 101 ) 

( 102 ) 


Dividing equation (102) by equation (101) gives 

dia 


€22 ~^S2 


dt 


For sine wayw 
and 
Hence 



♦ T • j 

f Vi %2 — I nA Sin (Jit 

€22 “ ““■ifS2-^m2W COS <ai 

Em22 ~ dm2<^Es2 


(103) 

(1(H) 
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Xhe magnitude of the leakage reactance drop has been defined equal 
to E 22 " = 12^2 ' Therefore 

X2 = o)Ls2 : 

Since €22 equation (104) is a voltage rise, the drop is —€22 * Ls 2 <*>^m 2 
coswf* Because this voltage drop is 90 degrees ahead of the current 
(equation 103), the complex ex¬ 
pression for leakage reactance 
must be 

X 2 — ~{'j(tiLs2 (106) 

The Air-Core Autotransformer; 

Two inductance coils arranged as 
shown in Fig. 27 are called an 
autotransformer. If tlie driving 
voltage is applied to the terminals 
ab and the load connected across 
the terminals ac, the autotrans- 
forraer functions as a step-up volt¬ 
age device; whereas, if the driving 
voltage is applied to the terminals 
ac and the load connected to terminals ab or be, it functions as a step- 
down voltage device. The mathematical analysis of the air-core auto- 
transformer is reserved for student exercises. (See Problems 37, 38, 
and 39 at the end of this chapter.) 

AWv 



Fig. 27. Air-core autotransformer con¬ 
nected as a step-up voltage device. 



Xu-20/i Xt-^-^i 

Fio. 28. S«« Problem 18. 



PROBLEMS ‘ 

18. In Fig, 28, Ei «= 100volte and Ej » 100 /-t-120'* volte. 'Ihe phys^al 
meaning of the foregoing statement is that the Ei generator develops a maximum 
generated emf (V^ X 100 volte) in ite arrow direction f of a cycle or 120® before 


! 


1 


i 

I 

1 

j 
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ALTtHNATING-CUMeNT CIRCUITS Q.y,, 

, i«/l Pmf in its arrow dirccUon. . 
the El generator develops its maximum gcneraic ^ include the general 

suming that the resistances and reactances given i . or 


atifl 

ajv 


___ v..^ resistances and reactances given 

impedances, 6nd Ii, h, and I 12 . . that Ii - 1/22! ‘^"'Perc 

1». In Fig. 2, pngc 276. it i« . Jj) when E, (U.e voltage , 

Vj,. - 4 / 1 ° volts (wiUi ternunala 22 „! 6/0_" volts is applied 

plied to terminals 11 ') is 6/0^ volts. 0 t. = 1.8 /90° amperes a 

terminals 22' (with terminals ll' open-e.reu.ted), L- ■ 

Vi/ => 6/0^ volts. 

(c) Find Zti and Zn from the above dat^ circuits. 

(6) Find the coefficient of coupling betw^n .. within the ll'2'2 box 

(c) Draw a eireuit eonfiguration ttot >n.ght aetualiy 


to 

and 


and that 



equivalent circuit. 



21. Show that the coupling c oefficient between circuits 1 and 2 in Fig. 30 is equal 

to zero if Cl) “ l/y/RiRiCiCif Ra ** Rb> Ri ~ 2i2j[, and Cj,-*® 2 C 2 . 

22. Figures 31o, 316, and 3lc are the approximate equivalent circuits tlult are 
{loinctimcs used in ma^g voltage amplification calculations in resistance-couple<l 
audio amplifiers. • Show that the expressions given for Ez in terms of pEg are correct 
for each of the three configurations. 

23. Two air-coro inductance coils possess, individually, 60 and 30 millihenrj's 
igt lf inductance, respectively. Measurements show that, if the two coils are con¬ 
nected in additive scries as shown in Fig. 12, page 287^ the equivalent self-inductancc 
of the combination is 120 milUheniys. 
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Fio. 31. Approximate equivalent circuits of resistance-capacitance coupled ^plifiera. 
Sec Problem 22. (a) is for low-frequency range. (5) is for intermedia^f^wncy 

range, and (e) is for high-frequency raqge where the impedance of the blocking ^ 
denser Ct nnay be neglected. • 


(o) If the coils are connected in subtractive series, find the equivalent self-in¬ 
ductance of the combination. 

lb) Find the coefficient of coupling between the coUa. «« . • 

• 24. Two inductance coils are connected in additive series. For 100 volts im¬ 
pressed on the combination, the current is 5 ami^res and the power ^nsu^ ■ 
m watts. When the coils are reconnected in «.btracUve sene, sj^ 100 volts ^ 
impressed, 8 amperes flow. Calculate the mutual inductance if the frequ«icy for 

Uie^bove measurements is 69.5 cycles. . . w j 

. If the two coils in Problem 24 have equal remstancei and ^ 

Sari. aL t, and the dK.p .cn« «.« 2 tor Ud. ^ndiUon; (« ata, cakuhd. 

%^T*e'todWidL'’M5-inducUnce9 of U» tw winding in ^ ^ pa*. 

216 kro 0 100 and O.OSO henry, reeperl.vely. The coeffieient <d couplmg bet«e«> 
.K ’ A^' • A «»fi If the current in the 0.100-henry winding is a flO-cycle sinua- 

e wmdin^ is . ' . magnitude of which is 10 amperes, find the effective 

01 a varia^on, 0.050-hcnr>' winding as a result of the current varia- 

value of voltage induced m the u , „^tude of the rm. induced 


tion in the O.lOO-honry winffing. 
voltage in the 0.1-henry winding. 

V. 27 In Fig. 32. e,. - 141.4 ^n I13I< volu and 


Also find the magnitude of the nns induced 
70.7 sin (11311 - 90*) volta 
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AimNATINO-CUKItlHT CIKCUITS a», 

(o), Find It. .nd U a~u>ni^ th.1 
winding u weil as the phytical piacement of^ „Mli*ibl/ small, 
impedances of the generators may be assumed 

(6) Find the po«er generated.by each ««i,^R„ | 

(c) Draw a vector diagram of Ua, iho^u | 

and IssiX.)/. . ^ ^ resistanee of 2 ohms in - 

28 Branch 1 of two parallel branches ^ coositi* of • resistance of S 


- ... - , , ' consists of a resistance of 5 oh^ 

with an inductive reactance of 3 ohms. coefficient of eouplinf U 

in series with an inductive reactance o , wound so that the mmf « 




due to /. and /. taken in the same directmn fmm 

100 volts are impress^ on the two parallel branches, find i, J» • n j a 

eouductivel, to braneh 2, the power eupplied branch *''"'."’"’‘f “'ei 
wrr^lfs.srs» Arr^r^ fl/«rnee nnlv thp inductAfice of brsnch 2. W Hat K the pha?e ariflt 


conductively to branch 2, the power supplied branch 2 electrocnagn^ciu^ .no ^ 
voltage, drop across only the inductance of branch 2. ^ ha k p ^ ng 

between the latter drop and the current in branch 2? r- j k 

^ 29. The coefficient of coupling for the coils in Fig. 33 is 0.5. Find the cuimt 

in the resistance. 


the resistance. 

80. Calculate the phase and magnitude of the voltage drop 1with respect to 
the total drop from a to c in Fig. 34. Xu •* 5f?,‘ Xu * 5 0; .\.u 0. 


d • 


r 


6/7 


Isii 


100 volts 




i 


8/7 


M 


18/2 


i 


Fig. 33. See Problem 29. 

31. In the coupled circuits show n in Fig 18, page 304, 
/?i * 4.0 ohms 
X'u « 40 ohms ^ 

4 

wVci » 40 ohms 
Xjt/ ■ 50 ohms 

Find /} and I'ci. 



ff: • 10 ohms 
A'lj « 100 ohms 
Xci * 120 ohms 
Vi • 100 volts 
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Ch.VII COUPLED CiRCUnS 

^82. In the coupled circuitn shown in Fig. 18, page 304, 

/?! *'4 ohms Rt = IQ ohms 

= 40 ohms Xl’i ^ 100 ohms 

ft 

Xc\ = 40 ohms Xc% ~ 120 ohms 

^.v = 50 ohms Fi = 100 volts 
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Find the equivalent primary impedance, Z«i, of the coupled circuits and the ohmic 
value of the secondary-circuit impedance referred to the primary terminals. 
many ohms reactance does the secondary reflect into the primary, and is it'in¬ 
ductive or capacitive? 

33. Assume that an 83-pf capacitance is placed in series with the primary of 
Fig. 17a. Except for the in.‘<«Ttion of the 83-Mf capacitance into the primary circuit, 
the parameters are as given <mi 2951 Find the value of M which w'ill produce 

unity-power-factor reson.'^nc*- - 

34. Show that the partial resonance which can be obtained by adjustrnen o 
the secondary reactance, X j (in coupled circuits of the kind shown in Fig. 1 , pn8® 
304), occurs when Xt = X\Xj 4 ^/Zi^. (See equation 79, page 306.) 



«c T q*; R., = 10 Ln = 0.01 henry, L22 = 0.05 henry, M = 0.02 henry, 

D = 20 0 Mf' and « = 1000 radians per second, (a) Find the value 

of C " wUl n«,ke the whole eireuit. locking into the Unee eonneeUng to the source, 
of Cli tnat V resistance. 

a pure resistance, (b) , coupled. Circuit 1 consists of 2 ohms resists 

,6. Circuit, sod negligible r»isUnee. Circuit 

actance and a ca^itor ^ “ .”“'j j qS, what is the drop across the capacitor 

(а) If the coefficient of 

when 10 volts are applied t^ ggries with circuit 1 so as to tune circuit 1 to reso- 

(б) If a capMitw IS P ac ^ capacitor in circuit 2 for the 

nance iu>Li - 1/*^ ih before? 

same be adjusted in part (6), what will be the greatest voltage 

drop across the equations for voltage equilibrium in the two 

v- 87. Write the g^eml in terms of Ret, L«6, Rhc, Uc, M, R, and L, and 

circuits shown in rig- > Note that this is essentially two parallel branchea 

the branch currents .1 and M. 

which arc coupl^* 


* 




1 
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ALTERNATINO-CUR/tBNT CIRCUITS 


Oi.y„ 


38. Assuming that n varies sinusoidally, write the general voltage 

for Fig. 27, page 317, in terms of the efTcctive values of the branch curronlu, /j 
Ji. Solve the equations thus found for Ii and Iz. What circuit considered cadj,,^ 
in this chapter has similar equations for Ii and Iz? 

39. As.sume that, in Fig. 27, page 317, 


UcA = •l O ohms 
Lab = 0.07 henry 
Rbc = 0.5 ohm 
Lbc = 0.01 henry 


M = 0.02 henry 

R - 10 ohms 

L * 0.00 henry 

4 ,, =: 377 radians per second 


If V, - 100^’ volts, and I,. Is. nnd I, + h- Also calcuintc the total po^ 
supplied and that dissipated in e^b of cireuita 1 and 2. Dran- the complete v«ta 
diagram of the voltages and currents. 



(!) ■ la, I 


(o) 





Fig. 36. See Problem 40. 


40, Given the circuit arrangement shown in Fig. 36a, where thf ciirniil 

generator in parallel with Rp is the equivalent a-c circuit of a peutotle which li;i? 
a voltage of Eg volts applied to its control grid. 

(а) If 'Rp = 750,000 ohms, Ri, = 12 ohms, Ln = 382 microhenrys, and Cti is 
adjusted to resonate the LnCn parallel branches at 500 ke, find Rn of the equivalent 
circuit shown in Fig. 366. 

(б) What is the <? of the coil itself, namely, at 500 kc? 

(c) What is the Q of the Cu — RuLn parallel combination of Fig. 366 at 500 kc? 

(d) Can /i in Fig. 366 be evaluated from the relation Zuli = — (In) ( -j -) ’ 

/ 1 \ . V «C’n/ 

where Zn = Ru + ^( mLu — ^ j ? 

41. In Problem 40, it has been shown that the current generators of Fig. 366 ainl 
Fig. 35 can be replaced by equivalent voltage generators which have voltages of 

- do) 




Show that the equivalent primary impedance (including the reflected impcdai'C* 
from the secondary) which the equivalent voltage generator in Fig. 35 secs is: 

. lo 


ZlU'H 

where 

4>*ml 


wCil 


- Zii + 


*v/* 


Zzz 


[^(o +yF„) + 






J 


vLuCii 




^ LtjCtb 



Scanned by CamScanner 





















ckWi comtD a«fu»rs ,^5 ,. 


M 32$ 


1 


R 


II 




Pil - 


Qi 


(JL 



w > 

M 



Qz 


Ftz 


V*^ u 


_ ^8« 


\' LiiLii 


43, The reaulta of Problem 41 an* iw» ^ i 

(fl) Show that a voltmeter across Lu of FIk m exercises. 

Cii is adjusted to l/Luw* if loon 2 ir nn«« •*' • T* ® maximum value when 
' ^ and that this voltage 


' i-lima* 


K 


.teK " (- a./<x-„)i („i„). 

(i) IVith Cii left at the value found above f 1/7 a\ v' 

(which is across the Lii coil) will i^ori • • ^ ), show that the voltmeter 

ij \sni read minimum value of 




^iLi 


{•*t) 


dwi Cr is adjusted to 1/L22 <o„i2. • 

“ <“> “O ft) » foUowed. 

i = _ i) . 

’ Lumin / 

•iwh"nn',*/- ff'," T “"“''•^nrysi C„ - Cj, -2000 »rf; .W = gsfi 

17 Vr^”' 'j' ™''“" P*' milliampere of 

\V ii 7 i, ' ^ ^iiCii radians per second. 

^varied li- ® ^®und in part (a) be the maximum value of E<> if thp fro« 

*"“* Ashtly about the value specified above? frequency 

(“) Make a sketch of — versus F for the circuit sliown in Fur 

^P'oj-inirth • ■C’C22(«-««) m l-ig. 35 

*«h:h at ^ parameters specified in Problem 43. Calculate points for this 




(05), namely: 

^ Fcii _. 

^C22(«-w»,) 


w = l.OlOww 
« = 1.00707u>„ 

« = l.OOSoiitt 
" = Ww 


or F = 2X 10“* 

or F = V 2 X 10~* 

or F = 10"* 

or F - 0 


1 


7 + 


F^ + {a- + 6* - 2k^)F^ 
(4* + 06)2 




I 
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324 ALTERNATING-CUmNT CIRCUITS 

(6) Make a sketch of Ecm per milliatnpere of /o versus o>/ofm employing tj,, 
of part (a). It may be assumed that the response curve is symmetries! 

center frequency w»,. , xl * u 

46 . Design a current-fed double-tuned circuit like that shown m Fig. 

has a per unit band width of 0.02 centered at “ jO radians per scco^. ^ 
£, 1 , = » 500 microhenrys. The permissible variation in the rcs^nse ciiryf ^ 

the pass band is 1.2^6 decibels reckoned from as reference (a - 0.5) 
Nou: Where <?, =<?!. a design of this kind amounts amply to ^ 

appiopriat* value for the tj’e of the soils and then calculating the coeffi^i,^.^ 
p^ to employ between these coils to meet the conditions imposed. I, 
TZVa - 0,0004/0,5 . 2(h' + o6) - 2(*> + »’)■ 

the Camay be chosen almost arbitrarily. oT 

(2t‘ - o’ r- 6’) may be, solved sunultaneously for k and the other OUiiuet 
specihed values of Fmin and a. 
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VIII 


Bolonced Polyphase Circuits 


Genef&tion of Polyphase Voltages. Polyphase voltages are generated 
in the same way as single-phase voltages. A polyphase system is 
aimply several single-phase systems which are displaced in time phase 
from one another. The single-phase systems which form the polyphase 
systems are generally interconnected in some way. 

In Fig. 1 is shown a single coil aa' on the armature of a two-pole 
machine. When the poles are in the position shown, the of con¬ 
ductor a of coil oa is a m a x imum, and its direction is away from the 
reader. K a conductor is placed 120® from a at position 6, it would 




expenence maximum emf in a direction away from the reader when the 
north pole axis was at b, or 120® later than when the pole axis was at o. 
In like maimer, the maximum emf in the direction away from the reader 
jw a conductor at c would occur 120® later than that at 6, and 240® 
nter than that at a. The placement of such conductors and the coils 
which they are a part are shown in Fig. 2. Thus the coils oo' 66' 
cc' Would have emf's that are 120® out of time phase, as pictured in 
‘g. 3. This system is called three-phase because there are three waves 
® different time phase. In practice the space on the armature is 
®®apletely covered with coils (except in single phase). For instance 
^ ® conductor of another coil could be placed m the slot to the right of 
^^ductor a in Pig. 2, and another to the left. The one to the right 
^'ild have an emf which would lag that in a by the same angle that the 
f ® would lead. The sum of the three emf’s would give a 

'^^t emf of the same phase as that in a. Conductors for phase a 
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would cover the periphery from d to e and from ^ ^ ® • ^h® diSnJ 
from d to e is called a phase belt. The cmf of all the coils In scriay 
the whole phase would have the same pha.se relation as the emf otj, 
center conductor of the phase belt. For this reason on y the ca,|^ 
conductors of the phase belts will be considered It is apparent ll»j 
any number of phases could be developed through properly spacinsu, 

coils on the stator. 



In general, the electrical displacement between phases for a balance*! 
n-phase S3fstem is 360/n electrical degrees. Three-phase systems 
the most common, although for certain special applications a greatc* 
number of phases is used.' For instance, practically all mercury-^ft 
rectifiers for power purposes are either six- or twelve-phase. Mo®* 
rotary converters are six-phase. Practically all modem generators 
are three-phase. Three-phase is also invariably used for transmittin? 
large amounts of power. In general, three-phase apparatus is nr®'' 
efficient, uses less material for a given capacity, and costs less tb»o 
single-phase apparatus. It will be shown later that, for a fixed amou»‘ 
of power to be transmitted a fixed distance at a fixed line loss witb> 
fixed voltage between conductors, three-phase is more economical in ^ 
use of copper than any other number of phases. 

In the development of the three-phase voltages in Fig. 3, clock^^ 
rotation of the field structure of the alternator in Fig 2 was assuni«<^ 

This assumption made the emf of phase h lag that of a by 120®. 
the emf of phase c lagged that, of phase 6 by 120® In other words, 
order in which the emf’s of pha.ses a, h, and c came to their correspon*^^ 
maximum values was abc. This is called the phase order or seqw«”, 
abc. If the rotation of the field structure in Fig^ 2 is reversed, the 
in which the phases would attain their corresponding maximum 

J 
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^uld be reversed. The rhfl«« 

that the enif'of phase c would thenl^rtT 

of by 240® as in the finst case. I ^ ^ ® instead 

voltages applied to a load is hxed i sequence of the 

lines arc connected. Interchanm>, ^ three-phase 

sequence. For three-phase ind^tiormor^*^ reverses the phase 

sequence is to reverse the dir^ f the effect of reversing the 

unbalanced loads the effect is in ^ For three-phase 

set of values for line currents- ^ completely different 

essential that phase sequence be calculating such systems it is 

quence be specified or confusion may arise. 

E 

(a) 

Coils ha\’ing induced emf’s shown in part (5), 




^0* 6. Resultant emf shown in (6) for connection of coils shown in (a) 

2h i^orreation given it would be impossible to know 

3^. ^nninal a should be connected to terminal c or terminal d 
stated that the emf from o to 6 is 60® out of phase with that 
1 ^ ^ ^ shoi^Ti in-Fig. 46, the way to connect the coils would be 
^ ^ed. Under such conditions, double-subscript notation is 

^convenient. 

which the subscripts are written denotes the direction 
the circuit is being traced. Thus the emf from a to 6 in Fig. 4a 
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^ ^ 4 ^V nf frnm C to d Bl 8 ^ed* (^€6 Fig. 4ft/\ 

may be designated as Eofc and 1 1 c to 6 is determine^ 

If disconnected to a as shown m encountered as the circuit ^ 

by adding all the emf’s ^ as shown in Fig. 56. ni, 

traced from c to 6. Hence Ecb ,“eeding articles. 

procedure will be further illustrated in succeed. 

^ to terminau and compare the reaulUnt 

Problem 1 . In Fig. 4a, connect te^nal 

voltage Eoa with voltage E,* of Fig- 56. An$.: E^ = E^. 

^ ’nal 6 in Fig. 4a and find the voltegj 

Problem 2. (a) Connect terminal d to . j ge shown in Pig. 

Ej^1 = mV0lL. E^.120 /^v«1«, 

(I,) With i connected to tenmnnl 6 »s n^e, ^ 

r.f f^nrpsenting certmn electriol 
A vector diagram is simply a m vector diagram therefore 

quantities that are related by a ciromt A vec 8 

Lst always^ d-wn, but without, 

circuits may be visualized ms ^ ^ .^^g^tor diagram raeaiB 

definite picture of the jt should be clearly recof 

* -Tno^^^ relations of the cimut 

of t rTphase mlatious of the voltages or eurrente 



Fio. 6. See Problem 3. 


• tw ¥ 

Problem 3. Hnd the magnitude and vector position of voltage 
if E/jt and Eea are displaced from each other by 30® in time phase as shown in 

An,.; E,.= 51.76/lOS:"^ 

Xwo- and Four-Phase Systems. A two-phase system is an eledh' 
system in which the voltages of the phases are 90° out of time 
two-phase sj^tem is pictured by the dram and Gramme ring ^ 
in Figs. 7 and 8. From the position of the coils on the'fti^.^^jj^ 
Fig. 8 it can be seen that the emf’s of the four coils are relftf^ ^ 



Scanned by CamScanner 






















r 


,0 


BAIANCEO POLYPHASe CIRCUITS 


329 


^jUownmFig.g. If‘•>>c zero terminals of coir, nd . 

, , the emf from a to c is Eoo 4- Eo Ti • cO are con- 

ffl) Likewise, when the zeros of coils 5^^ “ 

and do are connected 




Elementary drum-type two-phaae Flo fi ri ^ 

generator. «• Elementary Gramme ring-type 

two-phase generator. 

Eii = Ejo ■}■ Ew* This is also shown in Fie 10 r> -r* 

ji«90® apart in time phase and tliA e ♦ ^ l 

system. A » institutes 

Kpmtemngle-phase systems that are f ®<l“ivalent of two 

systems that are separated 90® in time phase. . 


iE 






‘Ob 

8 of coils on generator ir: 
E»g. 8. 




' ®' Emf's ni Anils__ . __ 

Fio. 10. Resultant emFs of two coils in 
senes connected as shown in Pig. g, 

^ f^wo-phase system differ only in internal conneo 
^ system nr ^ between the two windings at n and rj 

'•Pl'ase or« 7 ^® four-phase system. The vector diagran’ 
^ coime f• is shown in Fig. 0. Since there now is an elec- 

Shase t>etween the two groups of coils that.constituted the 

there will be emf’s between terminals d and a and 
^ f ^ studying the diagrammatic 

shown in Fig. 11. This connection is called 
Site... star. The voltages Eda, Kb, Kc, and Ecd are called the 
1 , or voltages Eoa, Eob, Eoe, and Eod are called the phase 
Voltages to neutral. From the circuit it is evident that 
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Thus, in the ;< 

is the V2 times phase volta^^nd considS 

with the phase voltage, depending upon wn 

- Eod Eed 


i-iTJWWW 


y^umm 


JT^B 


s 


b 


DC _ 

iC * / 

IN. 

1 

/ 1 1 

1 

% 1 

^ X * 


\ 4 /y 1 

1 / 

90 

1 X 

1 X 

1 X 

1 X 

E \ 

X » 

\.l 


Eab 


Fio. 12. Voltages of the four-phase sta 
shown in Fig. H* 


Fio. 11. Diagrammatic representation of 
Fig. 8 when n and n' are connected to 
form point o. 

a*««Tr 4-Fi.4-Eft4- Eoj = 0, it would be possible to conned 

theTour coils shovra in Figs. 8 and 11 so that ‘heir volt^K^d in fc 
way and no current would flow in the senes circuit of the TOib. Tto 
connection, shown in Fig. 14, is called a mesh connection, and m to 
case it would be known as a four-phase mesh. The Ime connec 

Eod 


y 

/ 




\ 

4- N. 


\ 






■>E 


'U 




I 

o 
cK 


Eob 

Fio. 13. Alternative representation of 
Fig. 12. 



Fio. 14. Four-phase mesh. 


are made at points a, h, c, and d. The vector diagram of the eml* 
for this system is shown in Fig. 15. For balanced loads the currento ^ 
adjacent phases are 90® out of phase as shown m Fig. 16. The off 
current is W = ha + Iba, as ahovm in Fig. 16. Thus line current®* 

balanced four-phase mesh is the V2 times phase current and 
45® or 135® out of phase with the phase currents, according to whic ® 
being conadered. Note that what was true about line aa^ ^ 
voltages in the star is true about line and phase currents in the 
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Inspection of the star system shows that line and phase currents must bo 
identical, and the sarne thing b true regarding line and phase voltages in 
the mesh. 




Eoc“Ebc 




Icd“Ib^ 



1 

I 



/ 1 

c 


i 



Eob“Eib 

fiur-ph!2°meth fhowQ^L^Kg ®U k of cun-ents of the 

four-phase mesh shown in Fig.^ 14 under 
' conditions of balanced load. 

Sometunes a twe^phase system is used with only three wires. When 
this IS done, one we is common to both phases. The circuit diagram 
of Fig. 8 when connected for such use is shown in Fig. 17, and the 
vector diagram is shown in Fig. 18. It mil be noted that this is essen¬ 
tially half of the four-phase system shown in Fig. 11 when line wires 
are connected to pomts 0, d, and c. 

dr- 


O 

o 

o 


I 





Pia. 17. Two-phase three-wire system. Fio. 18. Vecto; diagram of voltages for 

I Fig. 17. 

Three-Phase, Four-Wire Systems of Generated Emf’s. The tren 
tion of three-phase wa.s explained at the beginning of this chapter ^^Tf 
SIX wires were connected to terminals a, a', b, b', c, and c' of Fie 2 tv 
system might be called a si.x-wire, three-phase system. Such a eeno ’ 
could be loaded with three independent single-phase loads Tho^ T 
such a system is not used, one that is widely used may be derived^fr ^ 
by making a common connection between terminals a', b' and*^^*^ 
Pour wires are all that would then be necessary, three for terr^als^ 

> and c, and one for the common connection a'6'c'. Such a system* 
^lled a four-wire, three-phase system, is shown diagrammatically hi 
*8- 19. This system is now extensively used for a-c netw'orks and ' 
^Pidly displacing the formerly much used d-c networks in the down- 

CORCORAN-22 
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ttt-neutral voltages. They are sometimes called the wye volt^ of 
IZ snd the connection of Fig. 19 is caUed a w^ connection. 

between terminals a. h, and c are called the hne o 
volta^. Under balanced conditions they are defimtely rela^ to tl» 

^ phase voltages, as the following shows: 

, Efco ~ *4“ ®no 

"tb# This combination is shown in Fig. 21 
where the magni^do^ of the phs# 




Fio. 22. Line and phase voltages of the 
wye connection (Fig. 19). 


Flo. 23. AlternatiTe repreeenUtion ol 

Fig. 22.. 


voltage is considered as E. Hence line voltage in the balanced tbr**’ 
phase star or wye connection is the Vi times the phase voltage ajj 
makes an angle with the component phase voltages of either 30® or 1^ 
depending upon which are twnsidered. The complete vector dia^ 
showing all line voltages is given in Fig. 22. Figure 23 shows the ^ 
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to tenra of a polar vector diagram of phase volte-es and a funicu- 
iirdiafS^*^ ® ^ ^Oscillogram 1 shows these relationships 


** jjtained from an actual load 

--- 




« - *^^*jy***~^v* •• ^ .4 

J- 30" angular displacement between the phase voltages 

ewmecterf^^^^rff ^line-to-hne voltages in a balanced, three-phase wyiv. 
ected bad- Effective value of each line-to-Iine voyage is 100 volts. ’ " ’ 

When the system is balanced, the currents in the three phases are 

hV by 120“ in time phase, as sh^t 

. 1 ! b> the wye voltages is 

tic 1 ^ circuit parameters in any par- 

thatr inspection of Fig. 19 shows 

phase currents are identical. The 
the ^ neutral ^Ire is obtained through 


application of Kirchhoff’s current law. 


If the 


In'a — Ina + Inb + Ii»e 


in ^ balanced, I«a, Inb, and Inc are 
®ther * *^^8aitude and displaced from one an- 
24 . phase by 120® as shown in Fig. Byswm. 

,!«w ^hese conditions it is apparent that the current in the neutral 


^ob 

24. CurroDts Lq a 
b^anc«d-wye syatom. 
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Problem 4 . (a) Draw a polar (or single-origin) vector diagram whicij 

represent the same phase voltages and the same lino voltages as shown in OsciHf^j^ 
1 using Vt; as reference. Specify the effective mapitude of the phase voltage,7 
sequence of the phase voltages, and the sequence of the line voltages. 

^ Ana.: V/phase = 57,7 volts. 

Phewe voltage sequence: 

Line voltage sequence: ab-bc-ca 

(6) D«w . poUr (or singl^rigm) vector diegrem which will represent 
phase voltages as shown in Oscillogram 1, namely Van, V^n, and Yen, together with ti, 
Une voltages Vba. ^cb, and Vac, using Ven as reference. Specify the sequence of 


line voltages. 


Ana.: Line voltage sequence: ba-ch-ac. 


Three-Phase, Three-Wire Systems. The usual three-phase syst«t 
consists of only three wires. In this event loads are not placed betweet 
the lines and neutral, and the neutral wire is therefore not brought out^ 
The balanced relations discussed in the previous article are obviously 
unaffected by omitting the neutral wire and therefore apply to tb 
three-phase, three-wire system. 

The Delta Connection. If only three wires are used, the three-phast 
S3^tem may be connected in mesh similar to the four-phase system 
previously considered. Since 


Eno + E„6 -f- Enc = 0 

for the three-phase system, the three coils shown in Fig, 19 can be 
connected as shown in Fig. 25, and no current of fundamental frequency 




Flo. 25. Delt* connection of the coils Fir Oft rtu . v 

shown in Fia. 19. currents for the bslsiKf' 

delta of Fig. 25. 


wdl flow around the senes circuit of the three coils. This three-ph»* 
mesh connection is caUed a delta connection. It wUl be noted that sUt 
and are general terms applicable to any number of phases, W 
wye and delta are s,^cial ca^ of the star and mesh when thLph«e i 
co^idered. Inspection of Fig. 25 shows that phase voltages and In* 

The v^tor d^trifl phase currents am dlffe-en' 

The ^tor diagram of phaw currents for a balanced load is shown»' 

F«. 26. Line currents are found through the application of Kirebbof’ 


M 
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• operation is_carried out in Fig. 27. For a balanced system, line 
^ j, j 3 the 3 times phase current in magnitude and is out of phase 
th® component-phase currents by either 30° or 150°, depending 


lee' 



Pb. 27. Combination of phase currents Pro. 28. Vector diagram of currents for 
gives line current for Fig. 25. a balanced delta is shown in Fig. 25. 

cpon which are considered. The complete vector diagram of currents 
for the three-phase balanced delta connection is shown in Fig. 28. 
ffscillogram 2 shows the relations discussed above as obtained from an 
wfual load labeled as in the accompanying circuit diagram. 
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It should be understood that all the vectors on a vector diapam fikc 
that shown in Fig. 28 may be reversed, that is, chang^ mdiv^i^fiy 
through 180°, and, if a reversal in the order of subscnpte accorop^ 
this change, the^sulting vector diagram will ^ 

as does Fig. 28. As appUed to the circurt ^ W 

example, it is immaterial whether U is consider^ ^ 
tion of or whether la, is considered to flow m 
Those who prefer to consider line voltages 06, ca, and >• 

voltages 6a oc, and c6 wUl label a circuit d.agrain like « 

Oscillogram 2, whereas those who prefer to insider hne voltages b«, 
ac, and cb wiU employ la., U and U as the delta-phase currents. 

Problem 6. Refer to OBcfflogram 2. Draw a complete vector 
Vte, Yea, lab, Ifcd, Ia'«. Aod IcU employing Yb< as refenmee. tb# mW 

oidinates given on Osciliogram 2, determine the effecti^ 9 values (or pbMi 

voltage, phase current, and line current. _ 

i4n«.; F - 100 volts; Ip - 3.5 amperes; /i - « ampsim 


The n-Miase Star and Mesh. The circuit and vector diagramf « 
two adjacent phases of an n-phase star system are shown in Fig^ » 



Fto. 20. Two adjacent phaaiw of an 
n>pbaM ■tar. 



Plo. SO. I.iD*>U>>oeutral voltaaM rf 
jaeaot phaaee of an a-phaM atar (Fig 91 


and 30, respectively. The line voltage E.* is Ea„ -f B**. Kemembwiaf 
that the angle of phase difference between voltages of adjacent pbsf** 
is 360°/n, and calling the magnitude of phase voltage the geo^ 

^ calculation of the line voh® 


- 


r E. ^iso* the 


age can be understood fni* 
vector relations sho** 
Hence the S*' 


f A 

Fio. 81. Combination of line-to^nsutral voitagM 
to give line-to>line voltagM in an a>phaae star. 


in Fig. 31. 
voltage is 


£i, * sin 


190* 


O' 


From the circuit of Fig. 20 it is evident that line current and 
ourrent are identical. Hence 


II - I, 

J 
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ch. Yin 


pfOin th6 circuit &nd vector diagrams shown for part of an ivphase roeeh 
system in Fig. 32, the use of previously outlined principles will show that 

*= Ep 

and /l = 2/p sin — (2) 

ft 



Fw. 82. Circuit diagram of adjacent phaaee and ooneeponding vector diaarama for 

n>phaae me<<h. 


Example 1. The line currenta imuing from a balanced four-phase, tneeh-oon- 
nected generator (Uke that shown in Fig. 14, page 267) are known to be 70.7 
in magnitude. Let it be required to 6nd the magnitude of the phase currents employ¬ 
ing the general rdationahip stated in equation (2). 



70.7 


2sin 


180" 


70.7 

2 sin 45* 


707 ^ 

- - 50 amperes 

1.414 


Problem 8. Find the magnitude of the line currents issuing from a balanced six- 

pbue, mMhHjoiinect*! gwierator U the ph-e eumnt. «e toowe to be 100 empene 

in magnitude. Illustrate solution by means of a i^tor diagram. 

An*.: /i, - /p - 100 amperm 


Piphlem 7. FlDd the TolUge betw<« 
rt.r««inected 

solution by means of a vector diagram. ^ ^ pohe. 

ft.M«n8. Ftod the volte®. bet-»to 

stamxmnected system if the pnase vo««*«» J 30 yohn 


Botanced Wy« Loads. When Ihte. jdenttcl « ooo. 

nected to » conimoo point. ». Rg- 33. they J?? 

load. U balanced tiuoe-phase voltag^ sin mpw»d on such • Joad. 
it would aeem thst *U impedance* should have equal voltage dmp. 
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Acrofl! them and Uiai the ratio and pHaae fd Imo and pbaat 
should be the same as those dmeussed tot the pye nuoneetrd 
Application of Kirchhoff’s laws m disou^ed in the nest rhapter 
that this is true. Hence the roltai^e drop Vp across 
in terms of the line voltSKe is 

The current, power, etc., nnaty then be found in accordanoe with 
phase circuit analysis. As a general rule, all balanced thrua-phaai 

suits are calculated on a pw 
basis in exactly the i 
as the oorreaponding 
are made for any 
ouit If this procedure ■ 
TgJpjTL-vvwi • ^ “ important that pw y 
▼ahies of V and / are not 
fused with line Tottages and 
currents even though line 
in a w>T connection are the mtm 
as the please currents, and the Ins 
voltages in a delta cunnsetien an 

Fta. 33. WT* kMd. ^ ^ eoHai^ 

As a general rule, aU bahnssd 
three-phase circuits arc calculated per pha.<w just as the nalculaiMBi 
were made for single-phase circuiU. 

Example 2. Given tha line vnitaawi V^, in a m 230 vnlte 
pbaac, and R and X of pmrh phasa S olmn leaainnea and a i 

Find the lina currant, 




9 PhaM 


1 





The example given could 
numbers. Since there was n 
and currents, it was liiiipler Ic 
saiy' to combine the line enircnt dnt la 
from another load, the vector cBq;>(eaH»B or 
To illustrate the vector method <d 
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120 . It would be possible to use any line voltage or any phZ voltage 
as a reference. The vector diagram of a similar set of voltages to those 
required here is shown in Fig. 22 where F is used instead of V. The 

^ ? phase na will be taken as the reference (sometimes 

called the standard phase). Thus: 

Vnfl ~ 127 ■^-jO volta 

Vnb = 127 « 127 (cos 120 “ - jsin 120“) = -63.5 -jl 10 volte 

Vne * 127 /120° = -63.5 + 7 IIO volta 


If the vector expressions for line voltages are desired, they noay be obtained by the 
following procedure. 

Vbc ~ + V„o = 63.5 +yil0 + 127 + jO *= 190.5 +/I10 volts, etc. 

Vna ^ 127 +i0 

^na 

Vn6 


Im.= 


6 +;■£ 

-63.5 -jllO 
6 + 

127/120- 

Afic *“ 


u = 


7.62 — yi0.16 = 12.7 /—53.13° amperes 
127/-120‘ 




10 /53.13“ 

= 12.7 /66.87° amperes 


= 12.7 /—173.13° amperes 


na 


or 


Z„c 10 /53.13‘ 

vi + v'i' *= 127 X 7.62 = 968 watts 

Pnb = 127 X 12.7 cos (120° - 173.13°) = 968 watts 

The vector diagram of the voltages and currents for this load as drawn from the 
vector solution is shown in Fig. 34. 



Fta. 34> Vector diagram of load b example 2. 

Balanced Delta Loads. Three identical impedances connected as 
shown in Fig. 35 constitute a balanced delta load. The voltage drop 
Across each imped.ince is known when the line voltage is given. Hence 

^^ 
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the phase currents may be determined directly ^ j'. .. . 
tud^ of the line currents are simply 'f; 

Ex.inp..3. Keconn.ct.h. im^danc« ^ («’- 6 otrS 

late phase current, line current, phase P<^ » 

X = S ohms per phase.) 

Vl * Vp 


220 volts 


220 

" Ve* +T* 


=» 22 amperes 


^ X 22 » 38.1 amperes 
Power per phase =» 22* X 6 = 2904 watts. 

Total power = 2904 X 3 = 8712 ^atts^ ^ ^ ^ 

Alternative vector solution using sequence Vba, c6» 

voltage. 

Vi^ = 220 volts 

Vefc = 220 /-120° volts ' 

Vac = 220 /120° volts 

_ 220 / 0^ ^ /_53.13* = 13.2 - il7.6 amperes 

^ ~ 10 /53.13° --- 

^ 22 /-173.13^ = - 21.85 ->2.63amperes 
^ 10 /53.13° - 

220 /120 




120 ” 

= = 22 /66.87“ = 8.65 + >20.2 amperes 
1.13" -- 


10 /53. 

Pfca = 220 X 22 cos 53.13° = 2904 watts 



Total power = 3 X 2904 = 8712'watt8. 


I«'« =* “ —30.5 — >22.8 = 38.1 / —143.13° amperes 

It'6 “ !*• “h “ *1"35.05 >15 = 38.1 / —23.13° a-m pfirea 

lo'o ■“ 4* Irw " —4.55 4“ >37.8 = 38.1 / 96.87° amperes 

The yector diagram of this delta load as drawn from the vector solution is sho^' 
Pig. 36. 


J 
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Ch. VIII 


I 


Xhrec-Origin Vector Diagram of a Balanced Three-Phase System. 
Figure 37 shows a polar vector diagram of a three-phase balanced 
unity-power-factor wye load. Figure 38 shows a vector diagram of a 



Fio. 37.^ Polar vector diagram of unity-power-factor, balanced wyeHxmnected load. 

balanced unity-power-factor delta load. A comparison of these two 
diagrams will show that the phase relation between line currents and line 
voltages is ^entical for both loads. Therefore a single vector diagram 
can be used to represent the relations between line currents and line 






38. Polar vector diagram of unity-power-factor, balanced delia-oonnected load. 

Voltages for a balanced three-phase load whether the load is wye- or 
<ielta-connected. In other words, it is not necessary to know w'hich 
connection is used in order to represent properly the phase relations of 
^^e Voltages and currents. This fact makes it convenient in many cases 
^ Use a three-origin vector diagram which is explained as follows. 

. W it is remembered that a vector can be translated without changing 
value, the line voltages for the above loads may be arranged to form 
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a closed triangle, as shown in Fig. 39. Also 
drawn from the comem of the triangle so 

three comers comprise the three 

power ffiictor, line current bisects 
the angle at origin a made by the line 
voltages at that point. A similar sit- 
nation obtains for the other Une cur¬ 
rents. The bisectors of these angles 
may therefore be caUed the unity- 
power-factor positions of the line 
currents for a balanced three-phase 
load regardless of delta or wye con¬ 
nection. If a load having a power- 
factor angle of 0 is to be represented, 
it is nece&sary only to let the three 
line currents swHIng from their unity- 
power-factor positions by the angle 
That this is true is evident from a 
study of the changes in Figs. 37 and 38 when a load having a power- 
factor angle 0 is represented. 

It should be recognized that the three-origin diagram is ^sentially 
the. equivalent wye diagram w'here the line voltages are drawn between 
extremities of the wye voltages to neutral, and these latter voltages, if 
shoAvn, would be drawn from the corners of the triangle to the geo¬ 
metrical neutral. Inspection of the diagrams. Fig. 406 and c, shows 
the power-factor angle is actually the angle between the line current 
and the equivalent wye voltage or voltage to neutral. To show' how the 

Unity-power-factor position of 



Fio. 39. Three-origin N-ector diagram 
of line voltages (ch-ac-ba) and line 
currents (/aa'. lec, /ooO* 



Fio. 40. Throe-origin vector diagrams for both sequences of line volta«ea. 
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atu^thf "oUon?^”xamX represent a three-phase load, 

Example 4. A baUnrsvi ♦k^ t_ 

volta. Show the vector 200 

The load is represented bT^ 

in Fig. 40. Assume as a labeled a, b, and c, as shown 

shown in (6) or (c) according tn complete the line voltage triangle as 

are shown dotted and are the un t desired. The bisectors of the angles 

leaving points a, 6. and c TK.a * > ■Po^^er-factor positions of the respective currents 

53.1*, and the currents are thr^f^ = 

lions by this angle, as shown HAH*Tk T" *I *’^**^*"* unity-power-factor posi- 
currents would have swuna ahead nf »k*^ operated at a leading power factor, the 
The above type of diaammtl . u positions by 53.1“. 

and currents for a balan^ three-nh ^ !i° ® visualization of line voltages 

in* «( operating eonS n^di^T w'' '» >>n<ior,Und- 

tions when supplying balanced load^ ‘ransformers for certain types of connec- 
«.n>bin.U„n oMi^e cu™ “u1r!m le ^'k T’’ '» «>» ProP'r 

of whether the loads thTrl^lS^eTu. ‘ independent 

nired from this discussion that as f.p a ^ n^®‘nonnectcd. It should be recog- 

L"dirj-h~r:£;i 

—n. thrdirectio^-;rc:::;= rn^^rr ;“tTeer.r.^ 

Power Calculations in Balanced Systems Tb*h a ^ • • 

angle between them I the pou“ ^^phaL t 


P COS dr 


(3) 


The power for all phases of an n-phase system is 

Pt = nPp = nVp/pCOsdp 

The universality of three-phase warrants the development of en,.af 
to give power in terms of line curmnt /, and the line voCeT 
nsider the wye connection. Then 


(4) 


Vr 

Pt ~ 3Kp/p cos.dp = 3 -=. /cos $, 

V3 


= y/ZVih COSd; 
the delta connection 


( 5 ) 


II 


Pt = 3Fp/pCosdp = 3TL'^^^cosdp 
“ VZVill cos Op 

j ' . 


-w . 

r I 


( 6 ) 
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The equation, for power in terms areXtiS 

balanced Ihree-phase loads whether a • i 

J I t,> 1 ros« In this expression, v3V Llieoae^, fd, 

and equal to V3Tt/i, cos»,. i" ^ered that 9, is the anrl, 

balanced three-phase ""“'^^and ml between line voltage and 

between phase voltage and phase cur 

line current. ' 

PeonW.. TK«e-ph« rS:nrof''C 

on a balanced wye^onnected load which consiaU or iw Jinrcurrl 

in series with 173.2 ohms Calculate P» as 3 , 

and the total power taken by the three*pnaae loau. ^ p p, ^ 

ZVpip cos $p, And as VzViJl cos ^P- » i«jooi 

Arts.: Jl^ Jp amperes, F< = 13.22 kw. 

Problem 10. Repeat Problem 9. assuming that the thrw impedances are con¬ 
nected in delU (rather than in wye) across the same line voltages. 

Am.: Il - 19.92 amperes, Pt - 39.66 kw. 

Volt-Amperes. The volt-amperes of a balanced three-phase system 
are defined as the sum of the volt-amperes of the separate phases or 
three times the number of volt-amperes per phase. Hence 

va^ — 3vap = 3V pip 

In terms of line voltage and line current, volt-amperes are 

.»wr ^ L 

For delta: 


For wye: 


3Ti = V'3Ft/t 

Vs 

3^/1 = V 3 Tt/i 
V3 


(7) 


( 8 ) 


For an n-phase system under balanced condition^ the total volt- 
amperes are n times the volt-amperes per phase. 

Reactive Volt-Amperes. The reactive volt-amperes for a balanced 
three-phase system are defined as the sum of the reactive volt-amperes 
for each phase, or three times the reactive volt-amperes per phase. 1® 
terms of line voltage and line current the reactive volt-amperes 
reactive power is 


or 


For wye: 


Px 3Fp/p sin p = 3 sin Bp 


For delta: 


Px = 37p/ 


sin e. 


pip sin $p — 3V’^ —^ gjjj 0 

^ . . 

VoFl/x, eSn 6 ^ 


(9) 


( 10 ) 


> .. 


Scanned by CamScanner 










a. VIII 


BMANCtD POiyPHASl CIKUITS 34i 

S,,,nmari«ng for either 6„,a„cc.f delto or wye, the toteU for the ,y,tem. 


^ ~ tjt, COM Qp 

v:i = Vlvj^ 
=;V3Vi/j,sin9. 


( 11 ) 

( 12 ) 

(13) 


IS called the reactive-farior of a balanced system. 

delta-connwL wT^c^on^rst^trs are impressed on a balanced 

live reactance per phase. ‘ ^ ^ ^ resistance in senes with 6 ohms indue- 

ter^dve L^rlVeXh.^:' 1-^ P'>«. -^l 

of U.e watem^ao^^h. r'’f “ "“‘I'' volt-.n.p«« 

01 tne system, and the reactive factor of the system. 

An$.: va< = 58,080, rvai *■ 34,848, r.f. = 0.6. 

Power Factor. The power factor of a balanced three-phase system, 
w en the wave forms of voltage and current are sinusoidal, is defined 
as the cosine of the angle between phase voltage and phase current inde- 
I^ndent of whether the connection is delta or wye. It should be noted 
that the volt-amperes of equation (12) are equal to -i- 

= V(v"3Fl/c cos«p)^ + (VzViIi sin 0j,)^ 

' = y/SVrJ lVcos^ $p + sin^ Op = V^3F/,/l 

From equation (11), 

% 

P 


(14) 


p.f. = a Op = 


From equation (13), 


r.f. = sin Op = —. 

/i 


V 3r,/L 
Px 



/ 

_From equations (15) and (14), 

p.f - 

• ' ✓ 

®rom equations fl6) and (1-t), 

r.f. = 




VWTF? 


IX 

v'PTpP 


(lo) 


(16) 


(17) 


(18) 
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Example 6. A S-horsepower, 220 -volt, three-phase motor has an efficiency o( 
85 per cent and operates at 8 G per cent power factor. Find t e me current,^ 


Viii 


per cent pow< 
Power input = \/3Vi/ip.f. 


5 X 74 6 
0.85 


= 4390 watts 


/l = 


4390 


\/^20 X 0.86 


= 13.4 amperes 


Balanced Three-Phase Loads in Parallel. The combination of a 
number of balanced loads which are in parallel may be effected through 
changing all loads to equivalent delta loads and then combining the 
impedances of corresponding phases according, to the la^^ goterning 
parallel circuits. Also all loads may be changed to equi\alent wye loads 
and the impedances of corresponding phases paralleled. In addition 
to these methods, the power of the several loads may be added arith¬ 
metically and the reactive volt-amperes may be added algebraically. 

The total volt-amperes will then be obtained as V + Px^- 

■ EiAmpld 6 . A 3-phase motor takes 10 kva at 0.6 power factor lagging from 
a source of 220 volts. It is in parallel with a balanced delta load having IG ohms 
resistance and 12 ohms capacitive reactance in series in each phase. Find the totsi 
volt-amperes, power, line current, and power factor of the combination. 

S<^uticn a. Assume motor to be Y-connected. 

. 10,000 „ 

Motor line current = phase current = — 7 =- = 26.25 amperes 


Vi 220 


Equivalent impedance per phase of motor = 


220 


Vi 26.25 
= 4.84 ohms 


R = 4.84 cos B = 4.84 X 0.6 = 2.904 ohms 
X = 4.84 sin B = 4.84 X 0.8 = 3.872 ohms 


Equivalent wye of delta load Zp = = 5.33 — ohms 

(5.33-i4) (2.904 -h >3.872) 

“ 5.33 - >4 + 2.904 + >3.872 ~ 

220 ^ 

/o =x —=- = 32.5 amperes 

V3 3.91 

va ® 3 220 X 32.5 — 12,370 volt-amperes 

p.f.o = cos 17.17" - 0.955 

P » 12,370 X 0.965 11,810 watts ’ 

Solution b. The motor may be assumed delta-oonnecUid and the deltA pl’®^. 
oedances combined after which delta phase currents and lijne currents can he 
The remaining pT’ocedikPe is similar to that in solution o. 


Scanned by CamScanner 













CMW// balanced polyphase circuits 347 

Solution c. Line currents for each load arc determined and shown on a diagram 
of the type * own in Fig. 39 where the equivalent voltage to neutral is drawn 



along the horizontal as shown in Fig. 41. Currents are then combined as indicated 
on Fig. 41. 

, 10,000 

Motor line current = — - = 26.25 amperes 

V 3 220 

220 

Delta-load line current = ■ z VS = 19.05 amperes 

V 16* -I- 12* 

= 26.25 7 - 53.1° = 15.75 - j21 


Wiuio.d = 19.05 /36.9° = 15.24-Fjl 1.43 

Taa' = Jaa'taouit "t* ^aa'dciu load “ 30.99 — j9.57 = 32.5 / —17.17° amperes 
va = \/z 220 X 32.5 = 12,370 volt-amperes 
p.f.o = cos 17.17° = 0.955 

i 

P = 12,370 X 0.995 = 11,810 watts. 

Solution d. For the delta load, phaM current is 220/\/l6* -F 12* =» 11 amperes. 
P = 11* X 16 X 3 * 5810 watts for all phases 
Px = 11* X 12 X 3 * 4350 vars for all phases (capacitive) 

^or the motor 

P = 10 X 0.6 ■» 6 kw 
Px “ 10 X 0.8 - 8 kilovars (inductive) , 

Summation of power * 5.81 -F 6 = 11.81 kw 
Summation of kilovars - 8 - 4.35 » 3.65 kilovars 
kvao - n/i 1.81* + 3.65*^- 12.37 


’^ORCORAN-23 


12,370 

Vi 220 
11.81 ^ 
12.37 " 


> 32.5 amperes 
0.956 
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0, .he fou, U-t wHd. U 

should be employed. . 

. « . ^ ThrM-PbAse Power. A companson of 

Single-Phase and Balanced instantaneous single-phase and 

the variation with respect to time fyndamental differences. As 
three-phase power brings out ^ double-frequency sine 

shown in Chapter II, single-phase po' _ instantaneous power for 

law with respect to time plus a cons an . waves, of a 

each of three phases, when curren s following general equations, 

balanced three-phase system is given by the foiiowi g g 

Pa = y^Jm sin sin M - 

- ) -/, sin («< - lao”) «“ - 120° - ») 

p. = sin («< - 240°) sin (urf - 240° - «) 

The total three-phase power is 

^ P, 4 - />, - r«/„ Isin «<sin M - fl) 

-h sin M - 120*0 sin (w< - 120® - S) 

sin (<t)t — 240®) sin (ut 240 ^)1 


P3 = 1.51 «/m cosd 

For single-phase, say phase a. 

Pi = 1 m/m sin w< sin (ut — 9) 

Vm^m , 1 /o j a\ 

s= —-— COS 9 -- cos (2w/ — 9) 


(19) 


( 20 ) 


Equation (19) shows the instantaneous value of three-phase power to 
be independent of time. In other words, balanced three-phase power 
under steady-state conditions Is constant from instant to in.stant. In 
contrast, equation (20) for single-phase power shows it to follow n 
double-frequency variation with respect to t'mie. This comparison is 
graphically illustrated in Fig. 42. 



F.O. «. Coi^rwH. o( P».«- 
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Ch.yin BALANCO) POLYPHASE CIPCUITS S49 

*i!* Syitems. A wattmeter givee a 

•?? product of the current through its current 

coil, the voltage across its potential coil, and the cosine of the angle 
betw^n this voltage and current. Since the total power in a three-phase 

ItIT ® separate phases, the total power 

*?®fy P acing a wattmeter in each phase, as shown in 

feasible to break into the phases of a delta- 
connected load. Therefore the method shown in part (a) of Fig. 43 



[ >8 not applicable. For the wy;e load shown in part (6), it is necessar>- 
jo connect to the neutral point. This point is not always accessible. 

I Hence another method making use of only two wattmeters is generally 
employed in making three-phase power measurements. This con- 
Jwtion is shown in Fig. 44. To show that two such wattmeters may 
be used to measure power, the readings of each will be established and 
meir sum compared with equation (II), which has been shown to be 



^' 44. Connwtioo of two wattmetors to raeaiuro three-phipe power. 
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350 ALTERNATING-CURRENT CIRCUITS Ch.Vin 

correct for balanced three-phase power. It is important to lake th® 
direction of the voltage through the circuit the same as that taken fof 
current when establishing wattmeter readings. Thus if the current coil 
of Wa, Fig. 44, is considered carrying current Ian, the potential acros, 
the voltage coil should be taken from a through the circuit, which in 
this particular case is Vac- Figure 45 shows the vector diagram of the 
voltages and currents for a balanced system like that o ig. 4. From 
this figure the power represented by the currents an vo tages o each 

wattmeter is 

Wa = Vac/an COS (S “ 30°) (2l) 

. Wi, = Vi^/bn COS (6 + 30°) (22) 

In equations (21) and (22) the subscripts serve only to assist in seeing 
which voltages and currents were used. Since the load is balanced, 

Vac = Vbc, Ian = hn and Only magnitudes are involved. • Dropping 
the subscripts gives 

Wa = VI COS (d - 30°) (23) 

■Wb = F/cos (d + 30°) (24) 

Wa + Wb= VI COS (d - 30°) + VI cos (d -f- 30°) 

= VI [cos e cos 30° + sin B sin 30° + cos B cos 30° - sin B sin 30°) 

= VzVIcosB (25) 

Hence Wa 4* Wb correctly measures the power in a balanced three- 
phase system of any power factor. As will be shown later, the algebraic 
sum of the readings of two wattmeters will give the correct value for 
power under any conditions of unbalance, wave form, or power factor. 

For each value of B (i.e., for each power factor) there is a definite 
ratio of Wa/Wb- If the ratio of the smaller to the larger reading is 
always taken and plotted against the corresponding cos B (i.e., power 
factor), a curve called the watt ratio curve results. T'his curve is shown 
in Fig. 46. Reference to the vector diagram of Fig. 45 and the curve 
of Fig. 46 shows that at 0.5 power factor one wattmeter reads tero. 

For the case under discussion 0.5 Ugging power factor makes Wb read 
•rero, while 0.5 leading power factor makes read xero When the 
power factor is zero, each wattmeter has the same deflection but the 
rend.ng,. are of opposite signs. The foregoing facts are easily deducible 

'ZT follow from equ.Uon» 

(23) nnd (24). It is essentuU m the two-wattmeter method that the 

proper sign be given the wattmeter readings and that the sum be taken 
algebraically. 

There are several ways to determine whether a wattmeter reading 

J 
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ways of drawing the vector diagrams for a power-factor $ qj 
the system shown in Fio. 44. 
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Fio. 46. 



Watt 


satio curve for 


two-wattmeter method of measuring power (epplic^i, 
only to balanced loads). 


should be taken positive or negative. One of the best methods f^ 
Refer to Fig. 44. Open line a. Then all power must transferred t, 
the load over Unes b and c. If wattmeter 6 is connect^ so that it resdi 
“ up -scale,” it will then be known to have this deflection when the 
power it reads is going to the load. Next reconnect line a and open 
line b. Then connect Wa so that it reads up scale. Now close line 4. 
If at any time after this either wattmeter needle goes backward against 
the down-scale stop, power through this wattmeter channel is beiof 
transferred to the generator and this power must be of opposite sign 
to that registered by the other. Either the potential or current coil 
will have to be reversed to secure an up-scale reading. The foregoim 
test is applicable under any conditions of loading, although it may Dd 
always be feasible because of the necessity for opening the lines. 

A second test applicable only when the load is practically balarud 
is to disconnect from the common potential point c of Fig. 44 the pot«- 
tial coil of the wattmeter which has the smaller reading and rono<f* 
it to the line containing the current coil of the other wattmeter. M 
the needle goes against the down-scale stop, the wattmeter readini 
was negative. The foregoing is best explained through a considcratio* 
of the circuit diagram of Fig. 44 and the corresponding vector diagra® 
of Fig. 45, As previously shown, IF* reads the power represented 
Vac and Ian while IF^ reads that due to Vt,e and Since the sn|l‘ 
{e + 30*) between and is larger than the angle {6 - 30®) beta^ 
Vat and Ian for the load represented by Fig. 45, wattmeter Il*» 
have the smaller deflection. If the potential coil of IF^ is now rcnio'^ 
from line c in Fig. 44 and connected to line a, the meter will ddl«^ 
because of the potential Ffc« and current The angle bet'‘^ 

Fbu and ha is seen to be (d - 30*) or the same ns that between the 
age and current for wattmeter IF^. IF* and Wf, will then rci\d 


M 
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(3,. VIII BALANCB) POLYFHASi CIRCUITS 353 

furthermore, since was connected to read up scale when the angle 
between its voltage and current was less than 90®, it will continue to 
pgad up scale when it receives the potential V(^. If, however, the 
power factor was below 0.5, the angle (d + 30®) on Fig. 45 would be 
nfiore than ^ . If the wattmeter were made to rciid up scale under 
such conditions, it would reverse its deflection when given the potential 
f sa as outlined above since it would then be subjected to a voltage and 
current of (d — 30®), which is less than 90® out of phase. When the 
potential coil connection of is moved from line c to a in Fig. 44, 
this wattmeter receives a potential of ^6., while that for Wa (taken 
similarly from the line containing ‘ the current coil) is Vac^ These 
potentials are in the same order or direction around the diagram. 
Hence the potential coils are said to be connected in the same cyclic 
order about the circuit, and under these conditions both wattmeters 
would be expected to show the same deflection. This was found to be 
true in the above analysis. 


Example 7. In a circuit like that shown in Fig. 44, reads 800 and Wb reads 
400 watts. When the potential coil of i.s disconnected at c and connected at 
fl, the needle goes again.st the down-scale stop. 

Solution. The test indicates that UV is reading -400 watts. Hence 

^ ~ a + II 6 = 800 -f- (—400) = 400 watts 


Watt ratio = — -- 

H'a 800 


-0.5 


From a watt ratio curve like that shown on page 352, the power factor may be 
determined directly as 0.19. 

The power factor, cos 6, could also have been calculated from a simultaneous 
solution of equations (23) and (24) since 

cos (tag- 

V H'. + tr, J 

*Fhis relation is made apparent in the ne.\t article. 

Reactive Volt-Amperes. The reactive volt-amperes in a balanced 
three-phase circuit may be expressed by 


(26) 


Px = Vs (Wa - ir,) 

^liis may be shown as follows: 

^ (ll'a - IFfc) = Vs[VI cos {B — 30®) — VI cos {B -f 30®)] 

= VSVI (cos B cos 30® -f sin B sin 30® - cos B cos 30® 
-f sin B sin 30®] 

- VSVI sin B 
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This is the same as equation (13) for reactive power given on page 345. 
Since the ratio of the reactive volt-amperes, ZVlTl s**' t e power, 
VzVlIl cos d, is the tan B, it follows from equations (25) and (26) that 


Va { Wa - 

wr~ 


(27) 


where B is the power-factor angle. 

Eiunple 8. The power factor in the p^eding exa^le ““Jd have been eanl, 
calculated by means of the relation stated in equation 

Px - Vl'iWa - = Vi (800 - (-400)1 - 2078 vars 

(P = + 1^6 = 800 - 400 * 400 watts) 

va = VP^ + Pjc* = V400* + 2078* = 2114 volt-amperes 


P 400 

p.f. = — =-= 0.19 

va 2114 


Three-Phase, Four-Wire Systems. If a three-phase, four-wire 
system is balanced, the fourth wire or neutral will carry no current. 
The system is the same as when the neutral is omitted, in which case it 
is the same as a balanced three-phase, three-wire system. It can there¬ 
fore be metered as previously shown for the three-wire system. An¬ 
other method is given later. Under any other conditions three meters 
or their equivalent Ire necessary. Unbalanced systems are considered 
in the next<i«h^pter. 

Delta Systems. The measurement of power in a three-phase system 
was discussed with reference to a wye-circuit diagram and the corre¬ 
sponding vector diagram.. When it is remembered that a delta system 
can always be replaced by an equivalent wye system, the preceding 
discussion will be seen to apply to the delta system. Furthermore only 
line voltages and line currents were involved in the discussion of the 
two-wattmeter method of measuring power' and there is no difference 
between these quantities for the delta and wye systems. 

Oscillograms 3 and 4, which were obtained from a delta system as 
shown and labeled in Fig. 47, may be profitably studied. 


Jh-oblepi 13. Refer to Oscillogram 3. (a) If the line-io-line voltages hove 

instantaneous maximum values of 155.5 volts and the delta-line currents hove 
instantaneous maximum values of 14.14 amperes, 6nd the average power reading* 
of the wattmeters VKab-d'a ®nd U' 

(6) Draw a vector diagram indicating all currents and voltages shown on Oscil' 
logram 3. Use V«* as reference, and include the delta-phase currents lafri h*' 


I 
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3. OtciDofraphic representation oi all \*oltafea aod cyrretitt ineol^ed ia iW 
l^o-aattmeter method of measuring balanced ihree-phate poa^er ai unity power fac^ 
In (a) the sequence of line-tp^line voltage^ u shown. rc« is the vcJtaga aoi weed. 

is a graph of the instantaneous driving torque of iIm wattmetet eWaatwl 
is operated by r «4 and In (c) w a graph of tW instantaneous driving 

^^Que of the wattmeter element which is operated by tgs end wv 


. 
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OBahLOOBAM 4. Oadllogrmphic reprMentatioQ of all v^i* 
the two-wattmetor method of measuring hnlsnr«irf «k **? currents involved in 
the condiUon under which one wattmeter reads ser^'T' 0.5 p.f. lag. 

s^uence of line-to-line voltagee is shown. The voltio-.”* upper oscillogram, the 
the twcHwattmeter method in this case. (In the oenfa!5^JJ!ni** '’oHage not ua^ » 
of the instantaneous driving torque of the wattmet*r is a grspk 

^ and In the lower oocillogram* it « granK^^fJ^^ which is operated by 
torque of the wattmeter el em ent whioh is and^ loatantaneous driviol 
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Fio. 47. Circuit arrangement for which Oscillograms 3 and 4 were taken. 

which are not shown on the oscillogram but w'hich combine to form the delta¬ 
line currents I*'® and 

^ns.: (a) = W*€*.«'e = 952.6 watts. 

( 6 ) ab-bc~ca sequence of line-to-line'voltages; lot in time phase with Vot; 
I®'® lags Vo* by 30“; Ie»e leads Web by 30“. 


General n-Wire Balanced System. The total power taken by a 
balanced n-phase system is n times the power per phase. A single 
wattmeter connected to measure the product of the current, potential, 
and the cosine of the angle between the current and potential may be 
used to obtain the power of a balanced n-ph*ase system. The wattmeter 
reading obtained is multiplied by n. If it is not possible to break into 
a phase of a mesh-connected load or to obtain the neutral of a star- 
connected one, power may still be measured with a single wattmeter. 
For the n-phase system, n equal resistances may be connected in star 
and then to the lines. A neutral is thus established, and power is 
measured as though the neutral wire of a star system were available. 
The method is shown in Fig. 48. If the number of phases is even, as, for 
example, in Fig. 48, only a single resistance is necessary provided that 
the potential coil of the wattmeter can be connected at the midpoint of 
this resistance. The resistance must be connected between two lines 
having the largest potential difference. The wattmeter reading must 



48. A method for inea-surin* power to an »-phase balanced load (load not shown). 
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358 ALTBRNATING-CURReNT CIRCUITS Ouvi,, 

be multiplied by n, the number of phases, to obta:n the total power, 
the number of phases is even, the potential coil 

the line containing the current coil to the line w ic yie a e jgi^^ 
potential difference/ The total power is then the wa rne er in ication 
multiplied by n/2. These connections may be use on y or a anced 

*^Coroer Required to Transmit Power under Fixed Conditions, 
systems will be compared on the basis of a fixed amount of power tran^ 
mitted a fixed distance with the same amount of loss and at the same 
maximum voltage between conductors. In a ca^ e o a neig t of 
copper will be directly proportional to the num r o wires, since the 
distance is fixed, and inversely proportional to the resistance of «ch 
wire. First, three-phase will be compared with singl^phase. Since 
the same voltage and power factor are to be assumed, the same respec¬ 
tive symbols for these quantities for single- and three-phase will suffice 

Pi = V/i cos e 
Pz = cos B 


VIi cos B — \^VIz cos B 

h = Vsiz 

X 2 = /3^/?3 X 3 

^ ^ 3^ ^ 3/3^ ^ 1 

27, 3 / 3 " X 2 2 

Copper three-phase _ No. of wirc.< thre e-phase /?, 3 13 

Copper single-phase No. of wires single-phase ^i?^*2^2*4 

The above shows that the same amount of power may be transmitted a 
fixed distance with a fix^ line loss with only three-fourths of the amount 
of copper that would be i^uired for single-pha.se. or one-third more 
copper IS required for single-phase than would be necessary for three- 

Compamon of Three-Phase irith Four-Phase. 

Pi = V3I7, cos « ' 

^4 = 1 — /, COS# 


Since 


Also 


or 


J 
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$59 


(SpU: y is voltai^ between any pair of wirei.) Therefora 

cos ® « 4 ^ /4 cos 

m 

V3/, = i/, 


I 


h 

h “ V3 


R 3 


3/,*/?3 

3V 

4 / 4 * 


Copper three-phase * 
Copper four-phase 


4 / 4»/?4 

4 3 

4^1 


3 

4 


This IS the Mme relation as shown for single-phase. If other systems 
are compared vith three-phase, in this manner,- it will be found that 

■">' “I- 

Vften » fixrf amount of power is transmitW a fixed distance with a 
W1^ for the same voltage to neutral, there is no difference ^tween 
y the systems. Consider three-phase aiid single-phase. The 

' Mini** ^ nfj the voltage between lines. This 

j Wnt IS called the neutral, since-the potential from either Une to it u 

I '41c s&in6. 

- ..3K«/3 costf’* 2l(^,/i cos.tf . . 






Si 

^3 


3 |/ 3*/?3 

% I 

3V 

“ 2 V 


2ii^R 


1 ^ 


2^9 3 


^SgP y three-phase 3 2 „ , 

- 3 X I - 1 (for same voltage to neuM) 
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Comparism of Three-Phase with n-Phose for the Same Voltage ^ 
Neutral. 

Pz^Pn 

Sr^/acos^ * nVJnCOse 

ll=.- 

h 3 

SIs^Rz * nln^Rn 
Rn 3/3" 3 n* 


n3* 


n 

3 


Copper three-phase _ 3 n ^ ^ ventage to neutral) 

Copper n-phase « 3 

There is no difference in the amount of copper ^uii^ between any 
if the voltage to neutral is and d the same amount d 

power is transmitted a fixed distance at a fixed hne Iok. 

‘^Two-phase transmission was not considered in the above company 
When it is recognised that two-phase U the same as two 
single-phase systems, it is evident that two-pha«, four-wire tm^ 
mission requires the same amount of copper as single-phase. U 
are twice as many wires, but each is oidy one-half of the cross section ol 
those necessary for single-phase. 



problem IS. Refer to Fig. 49. Find the ratio of the copper required 
phase, three-wire transmission to that required for three-phase, three-wire * 
mission under the following conditions, all imposed simultaneously. 


(o) A fixed amount of power transmitted. 

(b) The same distance. 

(e) With the some total line loss. 

(J) With the same higliest line voltage betu'cen any pair of lines in the two 
it) With the-same current density in the three tw'o-phase conductors. 


a}'< 





A 


Scanned by CamScanner 

















aV/W MAHCR) FOlYPHASi CfRCUiTS 

Hint- 

From condition (a); l**i - 2K » 

CO. » - ^ ^ 

From condition (rf); 


361 


V 2 


I 


F«m «»ditio„ (e): ^ 

F^n condition (.): A«. of v j x «. of «, wi„ 

From condition (6): J?j, « J?1 

V^2 • ’-6iw.: 1.94. 

Hannonics in the Wye Sv«fimi a f 
will be sinusoidal only whL To fit" “* a conductor 

according to a sine law In n o * cutting the conductor varies 

cnfely Lpossibfe! to obto an e^T “ ■>»» 

field Hux. The slots and teeth h “1.* <*'»‘nb“tion of the 

the flux and cause ripples in tht ft "T . ^ ^uctonce of the path for 
the field flux were sinusoidal at r n I * **’* distribution of 

n the load 00 “ ow no t„ th *>* 

curtent in theTrCiu- rt reaction of the 

..veibatissoniewhatdJwrtrfll^rt^^^^^^^^ 

machines this distortion is relatively small Thmnok . • " 

»en,s of the inductors on the anS^trL 
rougli certain ways of connecting them, 
wme of the harmonics in the wave are re- 
uced or are made to cancel entirely. When 
>fon-core transformers are connected in wye, 
other way for that matter, the exciting 
current cannot be sinusoidal even though the 
Impressed voltage is a perfect sine wave. This 
*•€ to the varying reluctance of the mag- 
»c circuit with the consequent requirement 

produce a given 
when the core opemtes at 
forii iwities. It therefore be- 

importance to consider the 
Voi(. ^ ®^/'®*‘hun harmonics of currents and 

phases of a three-plmse system in affecting the line 
the system. . 

induced in phase a of the wye-connected genera- 
‘•Knimmatically shown in Fig. 50 is 

** ^mi sin (at -b Em 3 sin (3w< -b « 5 ) + an {M -b 05 ) 

+ sin (7«f -b Or) (28) 
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.11 K. .mcd Hence the fundamental of enif 
The sequence e„e, e„b, "u* » . in phase nc will la» 

in phase nb will lag that in na by ’ degree for the fundamental 

phase na by 240». As usual, a shif of one deg tal 

will be a shift of n degrees for the nth ^ 

r * ^ / 120°) + ^m3 sio "i" 

= E„, sm M - 120 ) -^-3 

ry * f § ^ 9-in®) -f" Em2 sin (3u)t *4* ^ 3 ) 

e.. = s.n M - 2^0 ) + ^3 

+ £:„5 sin (W + 05 - 120 ) + *-3 » ' 

w ihAf all third harmonics are 

The equations of the phase vo ages harmonic is reversed 

in phase. Also the phsse “nhe seventh is the sa™ 

from that of the fundamental. The sequence oi 

table 1 

.aT,«a V.K.oa, H.e-ox.c. m raa Pa.^ss or F.=, 50 


Harmonic 

1 

3 

5 

7 

9 

11 

13 

Phase A 

0 

0 

0 

0 

0 

0 

0 

phase B 

120 

0 

240 

120 

0 

240 

120 

Phase C 

240 

0 

120 

240 

0 

120 

240 


as that for the fundamental. In general it will be found that the fund • 
mental and all harmonics obtained by adding a multiple of 6 to tlie 

fundamental will have the same 
quence. These are first, seven!, 
thirteenth, nineteenth, twenty-fif!' 
and so on. In like manner, the lift Si 
elevenths,* seventeenths, twent) 
thirds, etc., have like sequences 
opposite to that of the fundaments '• • 
Also the third, ninth, and all m« ‘ 
pies of the third will be found to 
in phase. These results.are tabu a 
m Table 1. The. relation 
the fundamentals and is 

monies in each phase for 03 = 0 in equations (28), (29),^' 
shown in Fig. 51. 



0m 3> *nb3* 0nc3 


Fio. 51. Fundamental and third 
I harmonic voltages. 
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The line voltage of the wye may be found by summing up the poten¬ 
tials encounter^ in passing through the circuit between the line ter¬ 
minals in question. With reference to Fig. 50, 

^ba ^bn ” 1 ” 

► 

Each harmonic must be handled separately. The combination of 
eiffi and Cno is shown by vector diagrams in Fig. 52. For the funda¬ 



mental, eta is 30° ahead of e„a- -Since= E„i sin a>t, C6o, = 
sin {ut -b 30°). For the third harmonic, = 0. For the fifth, 

•ags Cnoj by 30°. Hence €(,«» = V3£^m5 sin (5<ai + 05-30°). The 
seventh-harmonic vector diagram is similar to that for the fundame ital. 
The complete equation for the line voltage is 

C60 = y/ZEm\ sin (wf + 30°) 4* y/ZE^^ sin (5wf + 05 — 30°) 

+ \/3£:,«7 sin (7a,f + ar + 30°) . • 

Similarly, 

«ae = VZE,ni Sin (wf + 150°) + >/3F,«5 siu (5wi + 08 ^ 150°) 

+ y^ZEmi sin (7w/ 4- a? + 150®) (32) 

^ch == y/ZEn,x sin (wf - 90°) 4- sin (5«f 4- aj + 90°) 

+ sin (7«« +' ai - 90°) ' ( 33 ) 


I 


'^ORcoraN-24 
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364 ALTERNATING-CURRENT CIRCUITS Ch.Vm 

The vector diagram of the third-harmonic voltages shows that the third 
harmonics in the two phases between any pair of termina s are in oppo. 
sition and cancel. The third harmonies cannot ® »n> thing 

to line voltage, although they do contribute towar e o a vo tag(. 
between one terminal and neutral. The rms magnitude of the voltag,. 
to neutral in the example just considered is 




E 


na 




2 


The rms magnitude of the volt age between termina 

= V3^;- 

The ratio of line and phase voltage of a wye connection 

only when there is no third harmonic or its multiples m the vave of 

’’“rnext the harmonics in the -rrent waves for the wj. 
Kirchhoff’s current law applied to the ^^Te connection ^Mthout 
wire connected states that 

ina "h *«»<? ” ^ 

Under balanced conditions this equation can be fulfilled only "h™ 
three currents are equal in n' ,iiitude and 120° apart in tune pa , 
when the magnitudes of each current are equal to zero. ‘'’'™ 

harmonics and their multiples are the only ones that are not 1^ apart, 
each of them must be zero to fulfil the conditions imposed by Ivirchnofl s 
current law. The vector diagrams for the harmonics of current appear 
exactly as those for phase voltages in Fig. 52. If, in each phase, e is 
replaced by t, the diagrams will represent currents. If the third har¬ 
monics of current do exist, there must be a neutral connection. This 
neutral or fourth wire furnishes the return path for the third harmonics 
of each phase. Since all third harmonics, in accordance with the 
diagram iii Fig. 52, woutd have to be in phase, their arithmetic sum 
would flow in the neutral. A third-harmonic pressure or voltage may 
exist in each phase, but, unless a path through the neutral is provided, 
(he three voltages do not have a closed circuit upon which they can 
•ict and, therefore, no third-harmonic current can flow. In a balanced 
wye-connected circuit without neutral connection, therefore, all har* 
jnonies except the third and its multiples can exist. In a four-wire, 


4 

I 
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MANCED polyphase circuits 365 

’" ‘'’® 

^®ita System. If thror roils having iiuinrcil 
' , ^1 • I i^. ^’»‘ tlu; provions articlo are cori- 

' .„ ^ ullages that <lo not add to zero around the loop 

,1 * )•., ,.<• ' -V if Under any circumstances, in 

''" •M; '• 1 ^ 3 , tho sum of the three 

tcrnuna. voltages taken in the same di- 
redion .around the delta must be zero 
Expressed algebraically, 


^ca + Vab + ttSc = 6 


( 34 ) 



Because the sum of the generated emf's, 

Pno + Cnft + e„c, is ecjual to zero for all 
except triple-frequency voltages and its 
multiples, no circulator}^ current of other 
than triple frequency and its multiples can 
exist. Hence there will be no impedance 

drops at no load; and the generated voltages for all except the third 
armomi and its multiples will appear across the terminals. For the 
hird harmonic and its multiples the situation is different. Since the 
•nird-harmonic generated voltages of all phases of a three-phase system 
were shown to be equal and in phase, • ^ 

^naj “b ®nfc| “b C^ci ~ 3 Er „2 sill ( 3 wt -}- 0^3) 

Will cause a current to circulate in' the delta. This current multiplied 
the impedance of the loop will be equal to the re.sultant third- 
'"‘••i-'i'i* v-.li.iKo 3/;,„3sin ( 3 u,'/ 4-0:3). Since the terminal voltage is 
wi'ial 10 the gemaated voltage mirais the internal drop, there will be no 
•^•i harmonic voltage between terminals in the delta if the phase emf' 
Hnu impedances are balanced. In this way equation ( 34 ) is fulfilled fol 
le tJiird-harmonic voltages. 

'PI . " 

. mere is no third harmonic in the terminal voltage of the xx-ye; neither 
j>‘^i ie wye connection subject to a thinl-harmonic circulating curreir 
a.s Ir voltages between terminals do not appear 

le re.sult of their being in opposition betxxTen two terminals and 
^^raliziiig. In the delta, the third-harmonic voltage does not appear 
^'^‘‘•ninal voltage because it is short-circuited by the me.sh connec- 
^o>»sumed in the form of internal impedance drop. The 
'^hoiis of the terminal voltages of the delta generator or transformer 
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cHicwrs a v„, 

^ voltages of each phase with the 
at no load are the same omitted- Thus 

third-hunnonic \i*lt.‘ge an* H'' •’ , ., i? _ qhi ( 7 a>t d" a?) ( 3 oi 

« = Emi sin 0)/ ^ . o to®) 

(5a;« + a.-» " ’ 




sin (U - I'-il'”' + 

Vab ^"*1 _ _ 

+ E„, sin (7a)( + «’ - , _ 120 ‘) 

vu = «-i sin 240“^'"'" 

+ sin (7i->* + “’ , HI, equations (28), (29), 

Oo.,™. 

"li!ta™»te •! •■■""; •'• 'So “■ 

it is simply a closed senes oop. . ) + /^g sin (5wf + "s) 

= iml sin + Im 3 sin (3a,i + « 3 ; “T ^ 33 ^ 

+ I ml sin (7w^ + « 7 ) o currents in the 

If the sequence is such - “g thffundamentals by the usual*l2(r 

other phases are found by Thus 

and the nth harmonic by • ,( + 03 - 360°) 

• _ / sin M - 120°) + sin (3 >( + “s 

; fl sin (W + os - 600°) + sin (7« + or - 
= /I. sin (U - 120 °) + 7^3 sin (30,1 + 03 ) 

+ /.3sin(5o,t + os-2dO°) + /.rS.n(7o,l + «7 

• - / . sin ( 0,1 - 240°) + /mS sin (3o,l + 03 ) 

*" ; f lZ (W + os - 120°) + /s.7 sin (7.1 + «7 - 240 ) ( « 

The Une eurrents are obtained in terms of phase current os md.ca 
below. • r V 

ta'a — ^ac •“ ^ab 
ib'h ~ '^ba ^bc 

ic*c ~ ^ca “H ^cb * 

These operations are performed, similarly to those illustrated 

vwtor digrams of Fig. 52 for voltages. The results arc 

js y/ZIfn\ sin “ 150®) + “s/ZImb sin (5«i + org + 1^ ^ 

‘'‘ + V3/.7sin(7«< + a7-150®) 

_ y/zi^\ sin (w< + 90®) + ^'^7m5 sin (Swi -f «6 ~ ^ 

+ Vilml fl**' + 07 + 90®) 

* Vs/mi sin (wf - 30®) + V3/„g sin (5co< + og + 30 ) . 

+ V3/m7«i*' + 07 — 30®) 


(13) 
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Ch. Vlll 


balanced polyphase circuits 


Equations u,nd (43) show that no third-harmonic currents 

can exis in c ines of a delta. The third-harmonic current in one 
p lase coming o a me connection exactly equals the third-harmonic 
curren m e ot er phase leaving the junction. This leaves no third- 
harmonic current to flow In the line connection 
The magnitude of the phase current is 




+ / 


m5 


^ M r 2 


The magnitude of the line current is 
II 




i)" + + ( V3/^7)* 


= V3 


ml^ + Im5^ + 


o 


The ratio of line to phase current can be Vs only when no third- 
harmonic currents exist. 


Example 9. Only fundamentals and third harmonics are assumed to exist in 
the voltages of a wye connection like that shown in Fig. 50. Voltmeter readings 
as follows are obtained: Vna = 150, = 220. Calculate the magnitude of the 

third-harmonic voltage. 

Solution, Since Vba contains only fundamental voltage, the fundamental to 
neutral is 220/\/3 » 127. 


Vna * + V'a* or Vt - VlSO* - 127* - 79.9 

I 

The possibility of a third-harmonic circulating current in a delta 
nialtes this connection for a-c generators somewhat less desirable than 
the wye, although there are several other more important factors that 
make wye connection for generators predominate. Although the third- 
tiarmonic current is undesirable in the della generator it u desirable in 
transformers, since rtiere it acts as a component of the magnetiting 
current lor the core which is essential if a sine wave of flux ar.d induced 
Voltage is to be obtained. Some high-voltage transformers which arc 
connected wye on both primary and secondary have a third winding 
'''iiich is delta-connected to allow a third-harmonic circulating cur¬ 
rent to flow, thus supplying the transformers with the necessary triple- 
'fequency component of magnetising current. A delta-connected 
'binding of this kind is called a tertiary windbg. 
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ALTERNATING-CURRBHT circuits 


V/II 


problems 


J I ^ fhp voltage between adjacent lincA of 
*14. What is the phase voltage and al. , -- „„„ 

a six-phase star connection 
volts? 


g'^trvouage betwoon any pair o, li„„ i,,, 

» r oof a twelve-phase star is 100 volts. Find 

16. The voltage between adjacent lines jj gg and the greatest voltage 

the voltage to neutral, the voltage between alternate 

between any pair of lines. . ijne current is 10 amperes; 

16. Find the phase current in a Mx-pha^ 

also tor a twelve-phase mesh for the eame in gj 5 .,,,118. Adjacent ml 

17. Given six coils each having an indue connect these coils to form a 

voltages arc 60“ apart. In how .. .j ^^jja must be used for each system 

balanced three-phase wye system of yoltag gygtem must be different? What 

and if the magnitude of the line voltages^of eacb sy 

are the line voltages for Ugi^g displaced 30 electrical degrees. 

18. A generator has si.x cods, them and calculate the l« 

If each cod voltage IS in volts, s ow jj j for three-phase mesh. Repeal 

or terminal voltage for three-phase sta . P voltage. 

for two-phase, where line voltage displaced 30 electrical degrees. 

19. A generator has six coils, adjac ^^11 

If all coils are used to form a t iree-p a ^ ^ connected 

;o7St“:Th;rmrt^^^^^^ .0 give an emf he.wcenlinu 

vector diagrams which represent the currents and voltes sh«n i. 
ollogrTins 3 and 4, pages 355 and 356, and label them m accordance with * 

labeling on the oscillogram. . j „ Kolanrpd wve load 

21. Three-phase line voltages of 230 volts are impressed on a balanc^ J 
havuig 16 ohms resistance and 12 ohms reactance in senes in each Pha^®; 
the. line current and total power. If the three impedances 

and placed across the same line voltages, what are the line and phase curren 

the total power? u^«nnpctfd 

22. A current of 10 amperes flows in the lines to a twelve-phase mesh-conn 

load having 5 ohms resistance and 8 ohms capacitive reactance in series m e 
phase, \t hat is the voltage between alternate lines on the load? Draw the 
diagram of the voltages and phase currents of two adjacent phases, and also s 
the line current from the junction of these two phases. .. ^ 

23. A balanced wye load consists of 3 ohms resistance and 4 ohms 
re.ictance in scries per phase. Balanced three-phase voltages of 100 volts e 
are impressed across the lines at the load. If the load is connected to a 
through three lines ot equal impedance, each line containing a resistance of ° 
and an inductive reactance of 4 ohms, find the voltage at the generator 

24. A balanced wye load having 8 ohms resistance and 6 ohms inductive reac ^ ^ 

in series in each phase is supplied through lines each having 1 ohm resistan^ 
ohms inductive reactance. If the sending-end voltage between lines is ^50 * 
what will be the voltage between lines at the load? . • e 

26. A balanced delta load contains a resistance of 12 ohms and a 
actance of 16 ohms in series in each phase. If the balanced impressed li*^® 
on the load are 116 volts each, calculate the line and phase currenta. 
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O-VIII mmiASi OKUnS $t9 

M. A balaneed delu loftd h^vl 

re»ct4nce In tenet In each Dha» 11^ t"** **■*•*•"<» *nd 24 ohma eapadthre 

and 2 ohmt inductive reacuTcT u u • ”*^V'**** ***** ***^*"« ' ®**“ 

250 volta, find the line-to-Iine voha#^ 'i^tu-line vQitage at the tending end la 
power consumed by the load **** ^ ^***** terminals. Also find the total 

27. A balanced aye inductive load ♦.i- r . . 

voltage of 200 volta. It it in na li i power factor at a line 

5 kw. Find the resultant linp a.. * **“ • P“*‘* resistive balanced wye load taking 

28. The toUl power supplied combination. 

at 0.8 power factor lagging. Oim*'' r three-phase loads in parallel is 12 kw 

The second load is a della-conr>*J!»^ t takes 10 kvaatO.8 power-factor lead, 
actance per phase of the delu load if stance and re¬ 
known load were wye^jonnected “ ^30 volU. If the un- 

phase? onnected. what would be the resistance and r^Unce per 

29. Each phase of a delu load h« a • 

acUnce in series. Each phase of a w ohms resisUnce and 9 ohms capacitive re¬ 
ductive reactance in wries. The t • a ® resistance and 6 ohms in- 
phase line voluges of 100 volts ‘f® ®°o“®oted in parallel across three- 

power consumed, and the power factor nf /o«ojtant line current, the toUl 

SO. A three-phase S-hn • i ^ combination. 

ficiency of 86 per cent and operates Tt'^Re (balanced load) has an ef- 

paralleled with a three-phase resisUnee f *®«g>ng power factor. It ia 

connected in delu. Find the kUwolt-aili!!^* resisUnces 

power factor, and the line current ^ demanded by the combination, the 

O' ^ i. 

•t the geoemtor temiinal. i. 0.8 leading caJcuineX v 

» connected through lince each havini’l oh™ ^ ***' “ “ t*"* loa; 

. c. eacn navmg 1 ohm reetstance and 5 ohma inducUve n 

FiM tk three-phaae load requires 10 kva at OS laa ■ 

d the kva size of a condenser bank which mav Ka n power facto 

hrmg ^e power factor of the combination to 0 86«^,^Mdo '"’ '°»d l 

J. If the line volUge for Problem 

capaciUnce in microfarads of capacitors reauired • cydei 

«P.cttor bank if they are delU.connecled »' tk 

wye-connected ? paciUnce is required if the 

^ Three 15/^K)hm load impedances are connected in dpltj» a 

lne“;„T'' • “km reaiatanee and 1 ohm inductive ,^1’“”'’“'^ 

power In^ * impedances. Also 

35. If th'" *^® diaripAted by the load itself ^*'® 

the reQ^*^'^I!i^" ^ through each of the load ipipedances in Problem 34 « 20 
35 A 1 ? voltage on the supply side of the line impedances ^ “"'Perea, 

^onneetJ^^*^^®®® capacitors, each having a reacUnoA r ooo 

^*'® ‘'"®® ®‘ ^® “milar^nacko^ 

has "**0 the lines at the load. Between these two seu of a 

kva at*nT '"ductive reacUnce of 10 ohms. If a balanced three-nK^'^^* ®*®^ 
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37. The motor 3/ in Fig. 54 hoa 2300 volU balanced 

pressed at its tcrmin.als and takes 120 kva at 0.6 leading power factor. CaIcuU„ 

the lino volts, power input, and the power factor At a, > • ^ i . 

38. If the motor m Kig.^l io removoJ from the oireutt and balanced three-ph.. 


a 0 - 


1000/2 


CO- 


0.5+j 2il 
—— 

looon 

- 250/2 

0.5+j 2/2 ^ 

--VVVTnP- r- 

1000/2 

0.5-l-j2/2 

— - 


0.5+j2A 


KO/2 lOOOA 
0.5+j2A 


0.5-rjf^ ^ 


250A 


0.5+j2/2 

Jvvv^lW>- 



1000/2 


Fin- .54. See Problems 37 and 38. 


line voltages of 2300 volts each are impressed at^a, b, and c, how many volts will 

* appear between lines at the motor end of the line? oonn i* r i 

39. A three-phase resonant shunt is connected to three-phase, 2300-volt lines to 
furnish a low impedance for a certain frequency so as to reduce the inductive inter¬ 
ference witli a telephone line. The shunt consists of three 10-kya, 60-cycle, 2300- 
volt capacitors connected in delta. In series with each line terminal from the delts 
is an inductance of 2.5 millihenrj's. At what frequency does this three-phase com¬ 
bination resonate, that is, offer minimum impedance? Assume that resistances of 
capacitors and inductances are negligible. 

40. (a) Three coils each having 36 ohms resistance and 100 millihenrys inductance 
are connected in delta. Find the microfarad capacitance of each capacitor which 
may be placed in each of the three lines from the delta to produce resonance (unity p f ) 
of the system as a whole for a frequency of 800 cycles. This is a type of resonant 
shunt sometimes connected to power lines to reduce inductive interference with 
telephone circuits. 

(h) Assume th the capacitors calculated for each line in (a) are removed and 
connected in delta. Find how many henrys of inductance would be required in 
each line from this delta to bring the power factor of the combination to unity at 
800 cycles. ^ 

41. Find the readings of IFa and ll'j, in Fig. 55 for the sequence Fnai 
Find the power dissipated in each phase. 

42. A balmcod three-phase lerad takes 5 kw and 20 reactive kva Find the reading® 
of two wattmeters properly connected to mo.asure the total power 

. 43. In Fig. M hnd the reading of ir,. Also enlculntc the total reactive volt- 

amperes aken by the load^ What is the ratio of the total reacUve volt-«mpe«> 
taken to the reading of U /j? 


44. Prove that ratio of the reading of IP* of Fig. 55 to the total reactive voH- 
amperes obtained in Problom 43 will oblnin for all balanced loads when the impre««' 
voltages arc sinu.soidal balanced three-phase 

. 46. (a) Calculate analylWly the powWaelor angle for a bnlnnced throe-ph*'*' 
circuit in which two wattmeters nroneriv a i oaiancea i y 

read +1000 and +800 walla, ^^et 

J) Also caleulale Uie angle if the metere read +1000 and -800 waW, 
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Fig.' 55. See Problems 41, 43, and 44. 


y.46. Two wattmeters rricasuring power to a balanced three-phase load read 1200 
and —400 watts, respectively. How many volt-amperes does the load take? At 
what power factor? 

i7. The power to a balanced three-phase leading-power-factor load is measured 
by two wattmeters. The wattmeter having its current coil in line A and its po¬ 
tential coil from line A to line C indicates -flOOO watts. The other wattmeter with 
its current coil in line B and its potential coil from l#ne B to line C indicates -1-400 
watts. What is the voltage sequence? What is the power factor of the load? 

48. Lach phase of a balanced twelve-phase star-connected load consists of 3 ohms 
resistance and 4 ohms inductive reactance in scries. Balanced twelve-phase line 
voltages of 51.76 volts between adjacent lines are applied to the load. Calculate 
the line current, power factor, and total power consumed by the load. 

49. The voltage induced in phase na of a three-phase wye-connected generator is 

= 127 sin -b 50 sin {Zut — 30°) -1- 30 sin {Sod -1- 40°) 

If the sequence is Cnn, CnS* ®nc> equation with respect to time of the line 

voltage Cab. ^'ote: Phase voltages of polyphase generators differ only in phase 
angle. 

60. If the phases of the generator in Problem 49 are reconnected in delta, what 
''ill be the equation w ith respect to time of the line volt¬ 
age across phase na? 

61. A wye-connectod generator has a generated voltage 
par phase which contains only the fundamental, third, 
fifth, and seventh harmonics. The line voltage as meas¬ 
ured by a voltmeter is 230 volts; the voltage to neutral is 
160 volts. Calculate the magnitude of the third har- 
U'onic in the generated voltage. 

62. The induced emf of a delta generator with one 
corner of the delta open as shown in Fig. 56 contains 
only odd harmonics up to the seventh. A voltmeter 
^rosa ac reads 2500 volts, and, across 66 when negligible 
«'*rreiit flows, 1800 volts. Find the reading of a voltmeter connected from o to 6'. 



Fio. 56. Sec Problems 
52 and 53. 


\ 
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M- The induced phase voltUKc of a delta generator with one corner open aa 
in Fig.^ 6G contains odd harmonics up to the seventh. A voltmeter connected fr^*' 
a to h' reads 2500 volts, and from a to c it reads 2200 volts when negligible c? 
rent flows. What should it read from b to !/'( 

64. Figure 57 shows a generator connected to a balanced pure resistance loajj 
An ammeter in the neutral roads 15 amperes, and the wattmeter show’n.reads ooq 



watts. A voltmeter shows a balanced line voltage of 230 volts. Find the line 
currents to the load and the voltage from line to neutral at the load, assuming that the 
generated voltage contains only fundamental and third-harmonic components. 



I 
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chapter 


IX 


Unbalanced Polyphase Circuits 


Unbalanced Loads. The previous chapter developed the method of 
calculating the currents in the various branches of balanced polyphase 
loads -when the impedances and impressed voltages are known. In the 
present chapter, methods of calculating the various branch currents will 
be developed when known voltages are impressed upon unbalanced 
loads. Any polyphase load in which the impedance in one or more 
phases differs from those of other phases is said to be unbalanced. Even 
though the load impedances of the various phases are identical, one of 
the methods of calculating unbalanced loads must be employed if the 
voltages impressed on the load are unequal and differ in phase by angles 
which are not equal. Some of the simpler tjqjes of mibalanced loads 
which are solvable by rather simple direct methods will be considered 
first. 

Unbalanced Delta Loads. If the three-phase line voltages across the 
terminals of an unbalanced delta load are fixed, the voltage drop across 
each phase impedance is known. The currents in each phase can there¬ 
fore be determined directly. The line 
currents can be found by adding vectori- 
ally the two component currents coming 
toward or flowing away from the line 



Unbalanced delta load. 
See ex.ample 1. 


terminal in question as w'as done in series- joo woits 
parallel circuit analysis. The following 
example will illustrate the procedure. 

Example 1. Given the unbalanced delta load 
shown in Fig. 1. Calculate all currents for the p,G 
three-phase balanced voltages shown on the 

figure, if the voltage sequence is oh-ca-6c. . , . ^ , . 

Since the voltages shown are assumed to be mainUined at the temanals a, 6. and c. 
the complex expressions for the phase voltages may be esUblished. Take aome phase 
voltage as a reference, say Vo for this example. Therefore, 

V « fc « 100+>0 

V6* » 100 /120” » -50 + ;'86.6 

Vea ^ 100 /-120* - -50 ->86.6 volU 
373 
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Ya6 _ g — 

Zab 

6 -|-;8 

V6C ^ 

—oO -bj86.6 _ 

Zbe 

4 - >3 

Vea 

—— SB 

-50 - >86.6 _ 


^ca 


The line currents are: 

V. - u +1.. - « - >» + »•* +>* “ " *® “ 

g 9.26 /-23.4^ amperes 

I... = Ita + - -6+>8 - *»•*» 

= -24.39 + J15.8S6 - 29 /146.9* tmperw 

I,-, = U + U - -2.5 - i4.33 + 18.39 - j7.8S6 
= 1S.89 -J12.18® - 20 /-37.3‘ «iiipere9 

Unbalanced Wye Loads. If the load voltages at the terminals a, li, 
and c of an unbalanced wye load like that shown in Fig. 2 can be assume 
to remain constant at their specified values, then the phase currents of 
an equivalent delta which replaces the wye can be found directly as 
shown in example 1. The line currents to this equivalent delta are 
obviously the currents in the phases of the wye load^ 



Fig. 2. Conversion from a wye-connected load to an equivalent 
delta-connected load. 

Example 2. A balanced set of three-phase voltages is connected to an unbalance*! 
set of wye-connected impedances as shown in Fig. 2. The following values are 
assumed to be known: 

Va* = 212 /90” volta 
= 212 /-150" volta 
^ 212 7-30° volts 


Zbn 

2e.* 


10 -b jO ohms 
10 -f jlO ohms 
0 — j20 ohms 


The line currents la'a. h'b, and are to be determined by the wye to 
version method. (See Chapter V, page 210, for the general theory involved 
making wye to delta conversions.) 
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In Tig. 2 the ^uivalent ddU impedances may be expressed in terms of the wyc 
Impedances as follows: 

Zofc » -^*"^** + Z^Zn ^) S 

I--- ss — 


“ ^T" and 2«. » — 


* ■ Zh, 

Numerically, the equivalent delta impedances are: 


Za 


300 ~i300 

0 — j20 * *« 21.2 /45* ohms 


- 300 --j3 00 ’ 

^ ^ 10 -.jQ ■* (30 — j30) =» 42.4 /—45* * ohms 

- 300 ~j300 

*• 10 -f-ylO " ^ ~ " 30.0 / —90” ohms 

The load currents in the equivalent delta are: 

V,* 212 /90” 

^ “ Zos "* ^.2 /45” " 10/4^ amperes 

, 212 /--150” 

~ ^ “ 5.0 / —105” amperes 


^ 42.4 /--45” 


212/-30“ __ 

Ifo = — =-; - = 7.07 /60” amperes 

Zca 30 /-90” - 


8'-.. 


The actual line and load currents are: 

Io'« “ loS — I«i 

= 10 /^” - 7.07 = 3.66 /^amperes 

Lvh ^ he-U ‘ ^ 

- 5 / -105” - 10 /45” * 14.56 / -125.1 ” amperes . ^ 

» ^' 

h*» “ !«• ““ Ifte 

» 7.07 /60” - 5 /-105” » 11.98 /66.2” amperes 

» » 

As a single check on the above arithmetic let the calculated value of [Ia/a2«„ — 
be compared with the originally specified value of VoS, which was 212 /90” 
volts. . 

lIa'«Z«» - ivM - (35.4 +i9.48) - (35.35 -j202.6) 

- (0.05 + J212.1) volts (C^edb) 

<*' • » 

The conversion of a wye to its equivalent delta along with the solution 
of the delta as illustrated in the above example will usually require 
^ equal or greater amount of work than the direct solution of the wye 
Employing two simultaneous equations obtained by the application of 
Kirchhofl’s laws. 
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Vector diagrams of the voltages and currents involved in the fopg. 
going example are ^ven in Fig. 3. 



Problem L Determioe the valuee of V.*, and Yen in example 2. 

An$.: - 36.6 /l^; Vu - 205.6 /-80.1° ; V«» - 239.6 /-23.8° volte. 


Problem 2. Determine the power diaaipated in each of the three phases {an, bn, 
and cn) of example 2. 

An$.: - 134; - 2120; Pen0 watts. 

Problem S. Find the magnitudes of la'a, U% &nd le>e in Fig. 2 if Yob ^ 212 /90^ 

Vk, - 212 7-30" , and V«. - 212 /-150^ volts. As in example 2, - (10 + fi), 

Zht — (10 + /lO), and Zen " (0 — j20) ohms. 

Ant:: I„fa — 13.65; » 6.20; /«/« — 7.54 amperes. 


% 

Combined Delta and Wye Loads. Delta-connected loads are some¬ 
times operated in conjunction with wye-connected loads as shown in 
Fig. 4. If the thre^phase, line-to-line voltages Voi, V^e, and Vea remain 
sensibly constant irrespective of load conditional a relatively simple 
solution may be eflfected by first converting the wye load to an equivalent 
delta load. The two parallel deltas may then be combined to form a 
single equivalent deltarconnected load and the equivalent delta currents 
calculated directly as 


I«S(«l) 


Va> 


^(•Q) 


. Vse 



ea 
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-rhe above currents may be combined in 
{lie usual manner to find the line currents 
la'at ^b'b> and Ic'c- details are reserved 
for student analysis. (See Problem 15, ‘ 
page 404.) 

Network Solutions. The solutions of 
unbalanced polyphase circuits are simply 
applications of Kirchhoff’s laws. iSomc of 
the details are illustrated in the following 
example which refers to Fig. 5. 



Fio. 4. Delta and wye loads on 
the same system of voltages. 



Fig. 5. 


Example 3. The generated voltages and impedances for Fig. 5 are given as 

Hows I 

E„a = 1000 + jO = 1000/0^ 

E„6 = -500 -;866 =,1000 /-120° 


E„c = -500 +;86G = 1000/-240^ 

K *= 2 +i8, Zaa' = 1 + A Z„>n> = 19 + ;18 = 26.2 /43.45° . 2„s - 2 + yg, 
^ 1 +;2, Zb'„> = 49 ;-2 = 49.04 /-2.34° , Z„, = 2 -f j8, Z,,. = i ^ j2^ 

^c'n' = 29 4-;50 = 57.8/59.9°. 


^*^''balanced polyphiist; cirouitis specification of the sequence employed is important 


different solutions result from the two po.ssible voltage sequences. For this 
the sequence abc is assumed. This means that voltage of phase h lags that 
of ^ a by 120°. All impedances in series are additive. Therefore the impedance 
n' is Za = 2 -H';8 + 1 + ;‘2 + 19 +;18 - 22 4-j28 * 35.6 /51.8° ohms. 


i 
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378 . ALTERNATING-CURRBf^ CIRCUtTS 

Likewise Zt - 62 +;'8 - 62.6 /8.8* and Z* - 32 + JGO - ®8.0/6^ The 
current soluUon wiU be illustr^first and for this solution the Ubehng of ^ 
currents is shown in Fig. 5. Tfe equations are 

(Z. + Z6)Il - Z6l2 - = En. - 

(Zk + Ze)Ij - Z6ll • E"‘ ' 

Inserting-tbe numerical values in the above two equati gi 

(74 + ;*36)Ii - (52 +j8)l2 = +i866 

— fKo j_ VRITi 4- (84 4-i68)Ij “ —yi732 


( 1 ) 
( 2 ) 

(3) 


(1500 4- ;866) - (52 4- i8) 

t 

-il732 

(84 4-;68) 

. - 16 0/-34.9* amperes = 

C74 4-i36) 

- (52 4- ;8) 


-(52 4-i8) 

(84 4- i68) 


(74 4-j36) 

(1500 4- ;866) 

» 

(52 4-j8)“ 

-;1732 

= 20.7 / —109.2* amperes = le'e 

(74 4- i36) 

-(52 +jl) 


(52 4-j8) 

(84 4-;68) 



, _i, + I, = -16 /-34.9* + 20.7 109j! = 22.5^^!^ 


The voltage drops at the load may novy be determined as 

Ya'n- = I-'Zc',' = 16 /-34.9* 26.2 /43.45! = 419/8^ volts 

= 22.5 /-152.5° 49.04 /-2.34* = il05/-15i84! volts 

= Icc'Zc.,^ = 20.7 /-109.2* 57.8 /59.9* » 1197/-49j! volts 


The line-to-line voltages at the load are obtained by adding the 
countered in tracing through the load circuit from one line to the other as lo 


Vrt- = V.... + V.v = V,... - Vv.. . 419 /8.55° - 1105/.-1M 


.84” 


» 1512 /20.6* volts 

Vyc’ » + V».c' * 1835 /166.2° volte 

Yc'a’ » = 1039 /-69. 3* volte 


I 


The above line voltages could be calculated from the generated voltage and line dn)p 
Thus the application of Kirchhoff’s voltage law gives < 

Ekn 4* Efia “ Ia«'(Z|ia 4“. Zaa') 4* Va'k' 4“ Ifc'6 (Zkk* 4" Z^k) 


Va'k' “ (ESii + Eno^ ~ Iaa'(Z„a 4" Zaa') — Ik'kCZkk' 4" Znfc) .|Q) 

- 1500 4-i866 - 16.0 /-34.9* (3 4-ilO) 4- 22.5 /-152j ! (^ ^^) 

■■ 1413.2 4“ j531.6 • 1512 /20.6^ volts 

« . ' 

j 
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Ch.lX WBALANCB) POLYPHASE CIPCUITS 379 

generator drops can be sabtiaeted from the 
»« flu. ^*** voltage* but the oomputatioa must be made 

^th ^ proper j^iase of all quantities. Power in any branch is 

^tctined uj ^ny from the voltage and current in the particular branch. 

The phaeor diagnune of aU voltages and cunents may be obtained 
by plotting the complex quantities calculated for this example. 

f 





An alternative method of solving problem is to label the circuit 
88 shown in Fig. 6 and set up equations as follows: 

» 

~ 2*^8 ~ + ®i»« = Ena — E,^ (5) 

2e(Ia "1" I*) = Ecn +.E„fc = B,,* — B„e 

H" (E* + Zc)I^ = E„5 — a^) 

^^tions (5) and (6a) may be solved for the currente. This method 
J? ®<l«ivalent to the loop-current method, previously demonstrated 
^ a matter of fact if the current loa' in Fig. 6 were labeled Ii the Cur- 
Vg labeled I,, and labeled (^i - I 2 ), aquations identical with (1) 
(2) would result if the same loops are employed. 

Circuit Directions. A great deal of needless confusion exists 
ne minds of many students relative to the correct positive circuit 
of the quantities involved in polyphase circuit analysis. The 
5 P^ciples concerning circuit direction have been presented in 
^lier chapters. (See pages 95-^, 284^ 285, and 327.) Thciye pri 

-^CORAN-25 


the 
prkici- 
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pie, are, of cour«!, entirely applicable to polyphM* 
single-phase circuits. . i__ avstems have specified 


piCO lilCj UI J K-tr 

single-phase circuits. nolyphase systems have specified 

' In general, all generated emf s ^ re.spect to one another. 

relative polarities and angular or indirectly if the circuit 

This information must be known either dir J ^ ^j^^^,phase alternator 

investigation is to proceed. the individual pha^ are 

is connected in wye it may be assum ^ ^hown m Fig. 7. 

.nnn..t.d subtractivcly at a common jun 



Fio. 7. A three-wire three-phase network. (See page. 380-382.) 


It is only by means of subtractive polarities that a three-phase, wye- 
connected machine can give balanced line-to-line voltages, unless 
otherwise specified, the individual phase generated emf’s of a three' 
phase machine may be assumed to be 120° apart in time phase. The 
foregoing facts are sufficient for a specification of the positive circuit 
directions in the network shown in Fig. 7. 

A positive circuit direction may be arbitrarily a.ssigncd to any one 
generated emf. For example, if the a phase generated emf in Fig. 7 
is considered, either E„»a' or £«»„» may be taken as positive. One of 
these having been selected as positive, the positive circuit directions 
of the other systematically labeled emf’s are fixed because of the rela¬ 
tively fixed polarities that the generated emf’s bear toward one another. 
If En'a' ia taken as positive, then £^'6' and £, 1 '^' are also taken as the 
positive circuit directions because only when all phase voltages are con- 
sidered away from the neutral or when all are considered toward the 
neutral does the usual 120° phase angle between adjacent phase voltage 
in a three-phase system exist. Thus either of the two foUowing systen-' 

of generated voltages may be employed in analysing the network sho«n 
in Fig. 7. 
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(1) 

En'a', En»6*, E^v 


or 

/ 


(2) 

Ea'n'i Eft'n'h E^»„» 

A 


V llvin. th^ established the solution is effected 

by employing-tne samp methods « i . . 

which were illustrated in example 3 ^ °f 

phSmriLt?[:TK*‘*'’ N*“‘^«f Connection. Four-wire, three- 
in the transmission and distXitiorof 

tion of the point ji' of the wvp-- ^ ^^^trical energy. The connec- 

bank) to the point n of the wv (or transformer 

from the three wire IrL llTrT^ distinguishes Fig. 8 
’ ^^ree-phase system shown in Fig. 7. 



of p- details involved in solving for I . Ti. T j 

Fig. 8 are similar to those which have beernri^l '"i 
system without neutral connection. If th^ ^ 

'ow. straightforw'ardly by the determinanrmethod^^lh 

of hh andaconsidemKl ’ 

onol ^vplved in efTerting a complete solution in a perf^UvT^^*''i 
ccause of the inherent svmmefrv rtf i— i. ^ Sonera! 


Case n ^ ^ complete solution in a Derfp/'fiw» 

however ‘'’® inherent symmetry of the basic volUee 

‘'’ff's emfT'”^' '««y be made. If, for eLLir\-‘°?’ 

fcin that *' ‘““P" m>d n'cW, it t 

— I„„.Z. 

(2> + Zi + z,„): 


I«ra = - jfili:, "’ / __ 

■ (Z, + Z, -f Zan) * “ 


Icc = 


^nn’Z„ 


(Zp + z, -f- 
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Since 


MTONAriNG-CUW®^ C«CU/TS 


I... + 

it follows that _ — _ J 

+ z; 

—z: 

where, for simpUcity in ^»Titmg. _ 

+ 2/ + Zan - « 

z, + z, + z*"*2‘ 

Z, + Z| + Z.» = 


a I, 

P: 

(«) 

(9) 

( 10 ) 
( 11 ) 


^ !llr Indent analysis. (See Problem! 

The remaining detaUsa^ ,^pter.) 

below and Problem . , » r , and state in words how to Gul 

.. 1 Solve «lu.Uon (8) expUcitly for I-. “ 

ProMemt. Solve equo . evaluated. 

I.,,. V., and I,.. .f<« E,...ZoZ£jL5!2:?£?i±^^- 

. .V,. above answer are divided bj 

Vale. If the numerator and and aU of the taped.nee.otU. 

NoU. ftf the eauation miiltiplied by Z», ^_„5ta o simple formula fot 

Z,ZeZ., hotb '■'1“ „{ admittance., there resuta _ ^ 

right .’trne^f^^h.f- “ M 

the voltage ^^‘^a^nbemd equations on page 381 wiu y. 

tion of the rceult m the three onnom 

I™ rTSSriss 



urrenta in all branches may be effected by appUcation 
,1 Kirchhoff’s laws wjiich would require establiahme^ eos 
‘ions and three current equaaong. Another rnethoo 
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then 8olvW*^hv^ <le|ta to an equivalent wye-connected load 
lount of two equations. However the least 

or the Kirchhoff-e law Tqu 1““ '<7^“^^"^ 

hStquS® ™» «>h-«on requires only 

w.”® by determinants. 

induction motors” de^^den^Ln^T^T Polyphase 

voltaees Also fho ♦ ^ phase sequence of the applied 

rithm^^^ wattmeters in the two-wattmeter methc^ of 

to a reversal of ohas interchange their readings when subjected 

balanced systems are not “** component voltages in 

In an unbakLI^ not alfeted by a reversal of phase sequence. 

sequence will, in general^L^ reversal of voltage phase 

magnitude as wchTL “ 

and vars generic “‘‘bough the total watts 

Ph^ ^uenr*"It 1 IH K* " «f“rs voltage 

S.e ^rcur^L an? nhl '“T?* 

wMchmay oratttX—trvS::;et“® — 

For the oh-co-hc voltage sequence of example 2, page 374, 

fa'a = 3.66, /yf, = 14.56, and = n.gg amperes 
For the ab~bc-ca voltage sequence of Problem 3, page 376, 

h'a - 13.65, /W = 6.20, and /*.« = 7.54 amperes 

ti.?!‘?°'‘“ Checking Voltage Phase Sequence. Someti,«. • 

* becomes desirable and even necessary to know the nha'a.* *" 
a particular polyphase system. Them are ^0 ^27^ 

“on ttd* °"® on direction of ro*)^ 

Phonomew " ““bab”®®-! Polyphase circ^; 

Viol^f^ ®'"““ polyphase induction motors which h„ 

*0 Jf th^'k“ '“®"" ‘’’'“e sequence can be etnDlo'”i!i 
^stpnv sequence of a given system. In two- and tb ^ 

^Uenti different phase sequences are possible n 

& ““O d*'®®"®" » which the Itor rotal'^t’ u^ ““®®- 
■'“or of phase sequence. The principle of ^Uo^^ “ “ 
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ALTERNATtNG-CURRBNT CIRCUITS 


Ck. 1 ,/ 


rotating magnetic field theory which rightfully belongs in the dou^^ 
of a-c machinery. 

Method Two. In general, any unbalanced set o oad impedau^^ 
can be employed as a voltage phase sequence chec er. he diffe^j^^ 
effects produced by changes in phase sequence can ^ctermiu^ij 
theoretically, and when an effect peculiar to one sequence is noted io 
the actual installation, that effect can be used to designate the • 


sequence of the system. , ,. . 

One of the most common devices for checking phase sequence it 

three-phase systems is the unbalanced circuit arrangement shown« 

Fig. 10. The three line wires, tl^e 
voltage phase sequence of which b 
to be tested, are arbitrarily labeled 
The free end of one lamp is connected 
to the line marked o. The other lamp 
is connected to line c, and the induct¬ 
ance coil is connected to line h u 
shown in Fig. 10. If hmp ‘o'u 
brighter than lamp ‘ c,’ the phase 
quence of the line-to-line voltages ti 
ab-bc-ea. If lamp ‘ c ’ is brighter 
lamp ‘ a,’ the phase sequence is sir 
ca-bc. 

The foregoing statements'are based upon the results of theoretical 
analyses, the details of which are outlined below. Assuming that tlir 
lamps are similar, their brightnesses will depend upon the voltage 
'-Z'anhn ZeJen^ Thesc voltagcs may be determined by thp Kirchhoff 
equation method as shown below: 



Fig. 10. A two-lamp method for 
checking phase sequence in three- 
phase systems. Lamp 'a' is brighter 
for ab-bc-ca sequence, lamp ‘c’ is 
brighter for ab-ca-be sequence. 


Ion + Ifcn + Icn = 0 

^onlon ”” 2bnl6n “ ^ab 

^bnh>n ^cnlcn ~ ^be 

Upon the elimination of Icn from equation (14), there results 

Zenlan + -j- Zf.n)lbH = V^c 

Equations (13) and (15) can now be solved by inspection for 
the result multiplied by Zan* 'The voltage across the a lamp 


(12) 

(13' 

(ii; 

(15) 


Zonlon •“ Z, 


an 


r Va>(Z^,> -f -f V^eZfcn 

Lz 


«an(Z5^ -f Zen) + ZgnZbn 


d 


(ifi 


J 
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^l,c voltage across the c lamp is 

2enhn = Vca + Zanlan 


385 


(17) 


E;«inple 6. For the wke of illustrating the effect of reversal of 

ohsis magnitude. will be assumed equal to «^««»tances each or 100 

thetically pure inductance. The magnitude of the ttlihlp t.h 
as 100 volts each and will first be assigned theUo^Lg^^^^^ 

Vo* = 100 /o** volts 

Vt, = 100 /-120° volts 

Vco = loo/— 240° volts 


Under these conditions 

Zan 


Jan = 100 /o: f (141.4/45°) + (100/-120°-) flOO/on°^-| 

. L . 22,380 /63.45° ’ ~J 


86.4/—48.46® volts 

(18) 

Z(«Ic, = (100/-240°) 4- (86.3/-48.45°) 

= 23.2/71.55° volts 

(19) 


thfefore brighter than the c lamp for phase sequence aW>c-ca. 

‘fevenaUf K voltage.^ be assigned vector positions which represent 

of phase sequence, namely, 

Vo* = 100/O^ volts 
Vbe = lOO /—240° volts 
Vca = 100 /-120° volts 

phase sequence 

* inn/n-f^^^ (Ml.1/45*) 4- (100 /-240° ) (lOO/QG*)-! 

^ L 22,380 /63.45° J 

^3-2 /11.55° volts 

“^ loo /-120° + 23.2 /11.55° 

^ 5 , ®®-4Z::J08^° volts 

VN^theref L 

^ Col ^cal f ^ brighter than the a lamp for phase sequence oh-co-hc. The 
S7 ^ bee*'** ^ 1>® somewhat different if the resistance of the induct- 

^‘‘•tbediS However, if the ratio (Xl/H) of the coU is 

®reuce between the lamp voltages is easily discernible. 




(20 < 

( 21 ) 

The 

iuct- 

rela- 
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Another eoDymiwt fom ^ J‘ ^ J‘Sr1Liyrdru^ 
Tig. llo. It coomU d n oondeiuer (Xc). » 



The voltmeter (wboee current consumption is negligibly am al l compared wilb the 
current through Xc aud R) is connect^ between the line labeled b and the junc¬ 
tion between Xc and R. Xc and R are connected in seriM across the volt^e Vm 
( or Vea) with the condenser connected to the a line and the resistor to the c line. If 
Xc * 100 ohms, R = 100 ohms, and Vab = V^c =* Vca —'141.4 volts. 


.j 141.4/-60* 

^ “ o -o ^ / ' l e^ “ 1 / —15* amperes 


for sequence' ab-bc-ca as shown 
in Fig. llh. 


141.4 /-45‘ 

Vfca - Vm -H or Vm « V6e - UeR 

Vm (141.4 /-120* ) - (1 /-15* ) (100/O*) 

« -167.3 -i96.6 - 193 /-ISO* volts 

The above result shows that the voltmeter (Vm) reads above the line voltage 0° 
the ratio of 193 to 141 in this case) for voltage sequence ab-bc-ea. The same gen¬ 
eral result is obtained with any combination of Xc.and R provided Xc is roughly 
equal in ohmic value to A or greater in ohmic value than R. 

ProblhiD 6. Show by means of a qualitative vector diagram that the voltmeter 
(Vm) of Fig. 11a reads below line voltage for voltage sequence oh-ca-be. 

Problem 6. What is the magnitude .of the voltmeter reading in Fig. 11a if Xc *. 
100 ohms, R - 100 ohms, and V«6 “ Vs* ■■ V*. — 141.4 volts if the voltage se* 
quince is ab-ca-bcl 

Afu.: 61.8 volts., 
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Fio. 12. The three-wnttmeter method of mensurinR four-wire, three-phase power. 

The Three-Wattmeter Method of Measuring Three-Phase Power. 

The total power delivered to a three-phase, wye-connected load with 
neutral connection can ob\'iovisly be measured with‘ three wattmeters 
connected as shown in Fig. 12. Wa measures the an phase power, Wi 
measures the bn phase power, 
and Wc measures the cn phase 
power. The sum of the three 
wattmeter readings therefore 
equals the total power consumed 
by the load. It is plain that if 
each' individual phase of the 
wye-connected load is dissipa¬ 
tive in character all the watt¬ 
meters shown in Fig. 12 will 
indicate positive power. 

The total power absorbed by 
an unbalanced delta-connected 
load can be measured with the 
aid of three wattmeters as shoDVTi 
in Fig. 13. Individual phase 
powers are measured by the wattmeters. This method of measuring , 
power would not, in general, be used unless the individual phase powers 
^ere desired. 

The Two-Wattmeter Method of Measuring Three-Wire, Three-Phase 
Power. Except for inherent meter losses and errors, the three watt- •' 
j *oeters connected as. shown in Fig. 14 will measure accurately the 
i power consumed by the three-phase load abc. A general proof of the 
foregoing statement will be given, and then certain important deduc- 
^ons will be made therefrom. 



Fio. 13. The three-wattmeter method of 
measuring individual phase powers in a 
delta-connected load. 




L 


I 


■j 

■ a I 


! 
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OI.IX 



Fio. 14. A three>wattmeter method of measuring three-phase power which is independent 
of the potential and hence of the physical position of the point O. 


The total average power delivered to the three-phase load shoivn in 
Fig. 14 over a time interval T is 


1 nT 

Pabc y iVania^a “ 1 “ ^hnih'h “ 1 “ VcrSc'c) 


dt 


( 22 ) 


The total average power measured by the three wattmeters shown 
Fig. 14 is 


in 



1 

Fmeters ~ ^ O'ooVo + 4* VcO^c'c) dl- 

Under any condition it is plain that 

*^o0 = ^an ~ t^On 
= Vbn - Von 

I 

*'c0 = Vc„ - Vq^ 

Equation (23) may therefore be written as 

^meters ^ ji i^anta'a + 


(23) 


(24) 

(25) 

(26) 


'6 4* Vcnte'e) dt 

_ i ' 

T Jo + *Ve) dt 

Since (ta'n 4- tVt 4- tVc) = 0, it follows that 

Pa.ut. “ y (Wa-. + + tl„V.) dt 


(27) 


(28) 
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^IX UNBALANCED POLYPHASE aUCUITS 369 

jj ii thus shown that the three wattmeters in Fig. 14 measure the load 
poorer irrespective of voltage or current balance, of wave form, and of 
^)e potential of the p>oint 0. The last fact is highly significant. It 
indicates that the wattmeter potential coils need not have equal resist- 
^ces when employed as shown in Fig. 14. It also indicates that the 
point 0 can be placed on any one of the thre6 lines, thereby reducing 
one wattmeter reading to zero. Although the proof was based on a 
vrye-connected load, the entire proof holds equally well for delta-con¬ 
nected loads. A simple way of extending the proof to cover delta 
loads is to recognize the fact that any delta load can be reduced to an 
equivalent wye-connected load. (See Chapter V, pages 206-209.) 

The practical mgnificance of placing point 0 on one of the three lines 
is that only two wattmeters are required to measure the total three- 
phase power. This expedient is widely utilized in measuring three-wire, 
three-phase power because it possesses no inherent Umitatious as regards 
balance or wave form. 

The two wattmeters used to measure three-phase power may be 
placed in the cucuit as shown in Fig 15o, 6, or c. The three combina- 





a. 


b' 

c' 

± — r 

b 

c 

TTk reads VimJh% cos $ I 

Jlk% 

W, reads . ooa fl 

i 

! 


4- ^ 

"(a) 



a' 

± 


a 

r 

b' 



b 

Wm reads FetT*'* oosS 1 

Jl«'« 

e' 



c 

W» reads Fcaf«'« ooa B | 

Jl«r« 


(6) 



t 

a' 



a 

IV 

b’ 



b 

Fe reads F*J.', ooa 9 I 

Jia'a 

c' 

w,cS^- 


c 

Wh reads cos 

JUa 


(C) 



• 


14. Different circuit poeitions that the two wattmeters employed to measure 

three-phase power can take. 


^ons are obtained by placing the point 0 of Fig. 14 on lines a, 6, and c, 

^®*Pectively. . 

the relative polarities of the wattmeter coils shown in Figs. 14 
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and 15 the instruments wiU read 

metered. Under the condition of sinuwi a wa , , 

and voltage, positive power is indicated ^ ® with 

rent coil in the =t direction is less than 90^ out of phase with the vo tage 

which is across the potential circuit in the d= 

meters reads down-scale when connected as shown in ig. , e rela¬ 
tive polarity of the coils is changed to obtain up-scale readmg and this 
' reading is reckoned as negative power 

in finding the algebraic sum of the watt¬ 
meter readings. 



Fig. 16. 


A particular unbalanced 
three-phase load. 


Example 7. In Fig. 16, abc represents a 
balanced three-phase system of voltages. The 
magnitude of each voltage is 200 volts, and the 
phase sequence is ah—ca—hc. 

A balanced, 0.8-power-factor, induction mo> 
tor load of 6 kw is connected across abc and a 
4-kw, unity-power-factor load, is connected 
across ab as shown in the diagram. 

Let it be required to find the individual 
readings of the wattmeters, Wa^'a and 
IFeb—<'e, which are connected to measure the total load pow'er. The subscripts 
designate the voltage and current which are operative in a given meter in producing 
p^witive up-scale deflection. Obviously, the meter will read down-scale, thus in¬ 
dicating negative power if the operative voltage and current are separated by more 
than 90“ in time phase. 

Let Vab be selected as reference. Then 

JVa6 = 200/0^, Vbc = 200/-240° and Vc« = 200 /-120“ volts 
The current in each phase of the induction motor is 


= 


2000 


* 200 X 0.8 “ “niperes 

and these phase currents lag the applied ohase u i 

»nity.power-f„tor lo«i current oou^^n 


ab‘ Therefore 


_ 4000 , 

, ^ = ^Z!L“ + 12.5 /-36.90 


7 (20 + ;0) -f (10 - y7.5) 

= (30 - >7.5)^ amperes 

= 12.5/-24Q° - 36.9“ = 12.5/83.1° ' 

“ (1.5 -1-^12.4) amperes 

.. ■ ■ 

I--: 12.5/-120»-36.9- - 12.5/-15U.9. 

*“ j 4.90) amperes » 

j 
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ChJX UNBALANCED POLYPHASE CIRCUITS 391 

line current* are 

Io'« - (30 - i7.6) - (-11.6 - j4.90) 

“ — i2.60 « 41.6 /—3.58 amperes 

l6'6 = (1.5 +yi2.4) - (30 - j7.5) 

” “28.5 + jl9.9 ** 34.7 /145° amperes 
U'e = (-11.6 -;4.90) - (1.5 +>12.4) 

= —13.0 — jl7.3 = 21.7 / — 127° amperes 


A vector diagram of the voltages and currents is shown in Fig. 17. Since the mag¬ 
nitudes and relative time-pliase positions the line-to-line voltages and the line 
currents are known, the wattmeter readings can be determined. 



Fic. 17. Vector or phasor diagram of voltages and currento in a particular unbalanced 

three-phase circuit. (Sec Fig. 16.) 


’T“ 

J14'. 


^ ^ a'a COS 0 

= 200 X 41.6 cos 3.58® * 8300 watta 

e'e “ ^ c' 


T- 

'cCO6 0 I 

Jlc'* 


= 200 X 21.7 COS or » 1700 watts 

"^6 other wattmeter combination.s which will correctly measure the three-nhaM 
power arc 

together with 

^^6a-6'6 together with iVea-c'c' 
the present example 

Wac-a'a'^ VaJa'aCOeel 

JU'm 

• 200 X 41.6 X cos 63.58* = 3705 watta 

W^e-i’b =* VbeTb'b COS 0 1 

* Jh'» 

— 200 X 34.7 X cos 25* * 6295 watta 


I 
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C«lcul*t« th« rtHulinipi of W$»-^'k •fwl Win Um >bo»» 
load*^™***^ *'*'*» of the eettmetcr reAdinff* Ihu# found wifh the toUJ « 



An $.: • 4315 

The Use of n — 1 Wattmeters to Measure n-Wire Power. In . 
~ 1 wattmeter elements can be employed to measure fi<wire 
le wattmeter elements may take the form of individual watunav^ 
in Arhich case the total power is equal to the algebraic sum of iha 
roe ter readings; or all movable members may be connected to a cuaaiaa 
8 aft in which case the total power is indicated directly on one 
^ latter type of instrument is called a pobTihase wattmeter 
Reactive Volt-Amperes in Unbalanced Four-Wire. Thren-P^ 
ystems. "Hie reactive volt-amperes of each individual phase of (|» 
o shown in Fig. 18 can be measured with three reactiv'e voltr^mpd^ 


Fio. 18. 



thre* nmeUr* rolt-^p,„. 




-pni 


iTicters- Sinusoidiil wave forme; f\f __ a , 

sinco thr term " reacUve volt-am^mi " ^ weTl **“"1 

that quantity are ambiguous other Th "'•‘^remeoU ^ 

arc encountered. ‘'inuw>«h.| wave furm 

In Fig. 18 


Meter a reads K^/., 

Ji*. 

Meter 6 reads P.,/., „„ 

Meter * n.,ds V../„ ^in gT" 
The algebrmc sum of the above readings is of 


vam 


van 


van 


practical unpof 
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UNBAlANCiD'TOlYPHASB CIRCUITS 393 

Assume the phase angle to be positive if the current lags the voltage and 
jjggalivc if the current leads the voltage. Thc.se conventions are merely 
piatters of definition. (See page 97.) A meter properly connected to 
give up-scale readings for lagging-current reactive volt-amperes will 
j.gacl down-scale when subjected to leading-current reactive volt- 
gmperes. If then in a particular case a meter reads down-scale, the 
relative polarities of the current an<l potential circuits of the meter are 
reversed. The resulting up-sc.ale reading is considered as negative reac¬ 
tive volt-amperes in finding the total reactive volt-amperes of the sys¬ 
tem. ^^ith negative reactive volt-amperes defined as it is, the total 
vars of a system may, of course, be negative. 


Example 8. In Fig. 18 let , 
V„„ = 100/0^ volts 
Vu = 100 /-120° volts 
Vf, = 100/—240° volts 


2an = 25 /45° ohms 
Zfcn =* 50 /0° ohms 
Ze„ = 20/—60° ohms 


-ot volt.amp.ra metara and the algebraic 

100 / 0 ° 

~ 25 /45° ~ 'l-0 /~^5° amperes 
100 /- 12 0 ° 

^ 50 /o° ~ 2v0 /—120° amperes 

100 /-240° - 

20/ —60° ~ 5.0/180^ ampci^s 


I., = 


e relative vector positions of the 
and phase current.s 
in r- meters are shown 

hve volt-ampere meter a reads - 
OOO X 4 X 0.707) = 2S3 vars 
®hve volt-ainpcre meter 6 reads 
(100 X 2 X 0.0) = 0 var 
^^hve volt-ampere meter c reads 
^ ^ X —0.866) = —43.3 vans 

"‘8s 1^® meter read- 

''150 ” numlw'r of vars 


doo 

The 



I-io. 19. Phaser diagram of the phase voltages 
and phase, currents of the four-wire, three- 
phase load shown in Fig. 18 for a particular 
861^1 load impedances. 
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UNBALANCED fOlYPHASS CWCUITS 395 

,bich fa under inveetiptioD. EF/abB ig the algebraic sum of the 
individual phase reactive volt-amperes. In evaluating in 

particular case due regard must be given to the sign of each com- 

pODfiOt. 

It is evident that the denominator of equation (29) can be evaluated 
as if it were the magnitude of a resultant vector, the right-angle com¬ 
ponents of which are (L^^/cos^) and (ZVIsmO). This fact is 
iUustrated graphiCaUy in Fig. 20 for the particular tlu-ee-phaae system 


:-Jr 

- 



-433 

vais 


Fia. 20. Dlustrating the concept of vector vol^amperee in a particular 


case* 


discussed on pages 392 394. Considering watts and vars as the right- 
a^le components which go to form » vector volt-amperes " it is plain 

~ sin 0)* -f- (]CF/cos0)^^ (32) 

or 

XVI = VJal^ + Vai,lh + (33) 

Power factor, as defined by equation (29), can now be written in anv 

one of several difipprpnt. wnva 


or 


several different ways. 

Vi. c A -1 sin d) 

Vector p.f. = cos tan - -- = cos /3 

{ 2 ^VI cosd) ^ 

J^VI cos 6 


Vector p.f. = 


magnitude of ]CVI 


(34) 


(35) 


The “ average ” power factor of the unbalanced load described on 
302-394 is to be compared with the power factor as defined by equations (29), 

% 

^ORCORaN-26 

L ■ ■ 
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ALTERNATING-CURRENT CIRCUITS 


Ch./X 


(34), or (36); The circuit arrangement ia ahown in Fig. 18, and the previoyjjy 
determined values are indicated below. 


Von “ 100 /0° volts 
V6n = lOO / —120° volts 
Ven = 100 7-240° volts 
a-phase vara = 283 

a 

6-phase vara = 000 
c-phase vars = —433 


Ion = 4.0 / —45° amperes 
'= 2.0 / —120° amperes 
= 5.0 /180° amperes 
a-phase w'atts = 283 
6-phase w'atts = 200 
c-phase watts = 250 
'^VI cos d = 733 watts 


I sine = —150 vars 
The individual phase power factors arc 

P.f.o = 0.707 (result of lagging current) 

P.f.6 = 1.000 (result of in-phase current) 

P.f.c = 0.500 (result of leading current) 

The arithmetical average of the above phase power factors is 

2.207 

P.f.av = - 5 - = 0.736 

* <5 

The pow'er factor of the unbalanced load as defined by equation (29) is 

733 733 


Vector p.f. = 


\/(-150)2 + (733)2 748 


= 0.98 


Inasmuch as the latter determination of power factor recognizes the compensat¬ 
ing effect of “ leading ” and “ lagging ” reactive volt-amperes it is somewhat more 
significant than the " average ” power factor.. 

Measurement of '^Vl sin d in a Three-Wire, Three-Phase Circuit. 

Power factors in three-wire, three- 
phase systems are very often meas¬ 
ured in terms of I cos 6 and 
sin 6. '^VI cos 0 can be 
measured with the aid of either 
two or three w’attmeters as shown 
in previous articles. It may be 
shown that '^VI sin$ can also be 
measured in a three-wire, three- 
phase system with either two o*" 
three reactive volt-ampere meters- 
Only the two-meter method 0 
measuring '^VI sind will be con¬ 
sidered. 



Fio. 21 . The two reactive volt-ampere 
meter method of measuring Z V7 sin 0 in 
a three-wire, three-phase system. 


The two meters shown in Fig. 21 are assumed to be reactive volt- 


I 

J 
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Ch. /X UNBALANCED POLYPHASE CIRCUITS 397' 

ampere meters which are capable of reading VI sin These meters 

are connected into the circuit in a. manner which is exactly like two 
wattmeters in the two-wattmeter, method of measuring three-phase 
power. It will be shown presently that, when they are connected in 
this fashion, the algebraic sum of the two reactive volt-ampere meter 
readings is equal to 2IF/ sin 0 of the three-phase circuit. ^VI sin 0 
for a polyphase system has been defined in equation (31) of the present 
chapter. 

Connected as shown in Fig. 21 

Reactive volt-ampere meter a reads Vatla'a sin | 

Reactive volt-ampere meter c reads • Vchlc'e 

For the sake of analysis, the above readings will be expressed temporarily 
in terms of the complex components of the voltages and currents. In 

Chapter IV it was shown that under the conditions of sinusoidal wave 
form 


where 


VI sin sT = v'i - vi' 


V = V + jv' and I = i + ji' 


(36) 


Reference to Fig. 21 will show that I.., = I,, and that I,.^ = L 
Also V.J = V„ - Vs, and V.s = - Vj.. 


Vabla'a sin 0 = ValJan sin 0 

JIa'a Jlan 


(v ab'^an ^ an) 

~ ip an^an ^ bniaji on “h 

= iv anian ~ on) d" iVbtS an ~ ^'bn^an) (37) 


Vcfc/e'c sin 0 = Fcfc/cn sin 0 


= (v cb^cn “ ^cb'^ cn) 

^ en^cn ^ bn^cn en cn) 

cfJ'cn ^cn'^* cn) ipbvS cn ^ bn^en) (38) 
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alternating-current circuits 

noticed that - v'bnUn) of equation (37) 

«» V 6ntcn) of equation (38) can be added so as to yield 


and 


^bnit'an + t'c„) -- v\n(tan + »c«) = (v'bJbn - Vbnt'bn) (39^ 
Therefore the sum of equations (37) and (38) reduces to 

on’jn ~ Poni^on) + (v'^n^bn ~ Hni'bn) + (v^nien Vcnt^^) 


which in turn is easily recognized as the total reactive Vclt-ampereR 
of the three-phase load or 2 sin 6. 

No restrictions as to the balance of either voltage or current have been 
imposed upon the foregoing derivation. Two reactive volt-ampere 
meters connected into a three-wire, three-phase circuit as shown in 
Fig. 21 will, therefore, measure '^VI smd regardless of the condition of 
balance. Although the generality is rather difficult to incorporate 
mto the derivation, the algebraic sum of the readings will be equal to 
^Vlsmd v/henever the reactive volt-amperes are restricted to those 
cases where both voltages and current wave forms are sinusoidal, pro¬ 
vided the reactive volt-ami>ere meters are connected into the three- 
wire, three-phase line in a manner similar to .the wattmeters shown in 
Fig. 15a, 6, or c. 



Fio. 22. A particular unbalanced three-phase load. . 


Example 1C. In Fig. 22, abc represents an unbalanced thw^phase system of volt¬ 
ages, the phase sequence of which is ab-bc-ca. In magnitude 

Vab =* 200, Vbe — 141.4 and Vca ~ 141.4 volts 


If Vab 1* assumed to occupy the reference axis position, then 

= 200^, Vbc = 141.4 /-135» . V^o = 141.4 /-225° volts 

It will be assumed that the load impedances have the values shown on the circuit 
diagram, namely, 

Zab “ lO /—60° ohms 
Zbe - 14.14/^ ohms 
Zc - 14.14/^ ohms 
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ChJX UNBALANCED POLYPHASE CIRCUtTS 399 

that the lin<yto-line voltages remain fixed at the values given above, tbs 

delta-phase currents are 

200 / 0 " 

^ “ ro /-60" " amperes 

^ _ 141.4 /-136** 

^ 14.14 /45" " ^0 /180” amperes 

, 141.4 /-225° 

“ “ 14.14/45" “ amperes 

From which 

li'a = I06 -- leo = 10 -f j7.32 = 12.4 /36.2" amperes 
^6 l6e = —20 — jl7.32 = 26.45 /—139.1° amperes 
le'e = lea - l6e = 10 + jlO = 14.14/^ amperes 

The voltages and currents are represented graphically in Fig. 23 . 



Flo. 23. Phaaor voltages and currents in the three-phase circuit shown in Fig. 22. 

The meters shown in Fig. 22 are assumed to be reactive volt-ampere mete™ 
the present example concerns itself with the predetermination of their teaduu™! ” 
Iteactive volt-ampere meter a reads 

Vg^a'a sin I » 141.4 X 12.4 X sin —81.2° » —1732 vara 

Jia'* 

Reactive volt-ampere meter b reads 

Vtfch’h sin 9 > 141.4 X 26.45 mn 4.1" * 268 vara 

Jb'k 

*^0 algebraic sum of the meter readings is 

-1732 -b 268 -1464 vara 
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^ ALTERNATING-CURRENT CIRCUITS Ch. ix ' 

The actual value of ^VI rin 9 as determined from the individual phase voltages and j 
currents is 

LV/ sin 0 « - (200 X 20 X 0 866) + (141 4 X 10 X 0.707) 

+ (141.4 X 10 X 0.707) » -1464 vars ^ 

Problem 8 . If the reactive volt-ampere meters shown in Fig. 22 are placed so that 
the current coils carry /a'o and /e'e, what will be the individual meter readings in vars? 

It is assumed that the potential circuits of the meters a re^ onnected in such a manner 
that the algebraic sum.of the readings will be equal to ^VI sin 6. 

Ana.: Meter o reads —1464 vars; meter c reads zero. 


Problem 9 . What is the power factor of the unbalanced load shown in Fig, 22 
as determined from ^VI sin 6 and ^VI cos $? 


Ana. 


0.9SQ 


Pbasor Relations as Found from Experimentally Determined Magni¬ 
tudes of Cturent and Voltage. Phaser diagrams of the voltages of 
polyphase loads may be formed from measurements of the voltages by 
forming in a closed polygon those line voltages which according to 
Kirchhoff’s laws add to zero when tracing from one line in a continuous 
direction to each adjacent line in sequence until the starting point is 
reached. Line-to-neutral voltages in a star connection may then be 
inscribed in the polygon so that they combine according to Kirchhoff’s 
laws to form the line voltages. The principle of duality indicates a 
similar procedure may be followed to establish phasor diagrams of line 
and phase currents in a mesh connection. The phase relations may 
then be found by solving the diagrams either graphically or analytically 
and the solutions adapted to any desired sequence. See Problems 31 
and 32. 



B.-.. - B..V - ^ E.V - 67.7/90! 


volts 


f 
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Since only two loop current* are required to traverse all the branches, 

Zuli ” Zulj “ El “ -|- E„»a» “ lOO /O* volts 

-Znh + Ziih - E 2 “ E^.,/ -f E,;.^ - 100 /~ 120" volt* 

^herc the minus sign* account for the opposite direction* of I| and Ij through 
If the generator impedances of Fig. 24 are neglected, 

Zii » 100/0^ + 100/902 “ 141.4/^ ohm* 

Zji = 100 / 90 ^ + 100 / 0 ^ « 141.4/^ ohm* 

Without regard for sign, which has been taken care, of in the above voltage equations 

Z12 = Z21 = 100 /90" ohms 

The voltage equations may be solved directly for Ii and I 2 as shown below; 


II “ Ion — 


I2 = Inc = 


100 / 0 ^ 

-100 /90" 


100 /- 120 " 

141.4/45" 

19,320/15" 

141.4/45" 

-100/90" 

-100 /90" 
141.4/45° 

22,380 /63.45" 

141.4/45" 

-100/90" 

100 / 0 ° 
100 /- 120 " 

5185/-45" 

22,380 /63.45" 

~ 22,380 /63.45" 


= 0.864 /-48.45" 
ampere 


ampere 


Icn = -Inc = 0.232 /71.55", and I<„ = I2 - Ii 

Example 12 . In Fig. 25 are shown three load mpedances Z„„ Z^, and which 
are energized by (and, of course, V„). The an coil is assumed to be coupled 

magnetically to the cn coil and, as shown in Fig. 25, the coefficient of coupling between 



melh^* horned to be VS/ 6. If the network is to be analyaed by the loop.«urreat 
employing Ii and It in the directions shown, 

v/3 /- v/3 /- 

•*•5/ea “ — V X ^ Nr 1X3“ 0.5 ohoD 


«A/, 


6 


in of A/ is used here because the coil* magnetise along a common axis 

(§1 direction if wound as shown and if positive values of I| and I| are present- 
284.) Assume Vo* “ 100/O^ volt* and V*, “ 100 /-120* volu. 
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For the network shown in Fig. 26, the basic voltage equatio me 

/n" vnitii 



Zii 


NoU 
to Ii and 
same direction 


Z.ii. + Z.* - V- - 
Z..I. + Z..I. - V., - 

„.e+,l,,Z..-e+j3), Z..-Z..-(-*+iOZ)olu.. 

: The mimis eign in Z„ ncoounle for the f«t 

.d +/).5 in Z^TLou^t. for the f«t d«>P «U „ u, 

irection in loop 1 m the {J^aLli) voltage drop. 


ij = 


(100 -l-iO) 

(-50 -y86.6) . 

(-2 -l->0.6) 

(2 +jS) 

(2+;l) 

(—2 -4->0.5) 

(-2 -t-iO.5) 

(2+i3) 

(2+yi) 

(100 -1->0)| 

(-2-fj0.5) (-50->86.6)1 

(-2.75 -f>10) 


(JtaLli) voltage drop. 

12.68 - i9.16 
15 . 6 /-35.8” amperea 


56.7 4-/132 
-2.75+yio 


186.6 ^ -30.15 -yiO.36 

-2.75 +yio 

31.8 /-16r amperes 


The branch currents foUow direcUy from Ii and It as shown in example 11. 

Example 13. The network shown in Fig. 26 represents two generators operating 



in parallel. An accidental ground on the line leading out from terminal c is assusoc^l 
to e^t as shown and the problem is that of determining the short-circuit curreot 
or loop current la in Fig. 26. 

A stu(ly of Fig. 26 will show tlipt the self-impedances of lo<^ 1, 2, and 3 
respectively, 


Zii- 

Zm- 

Zii — 


(7.28-fil8) - 19.4/6S” ohms 
(7.28+il8) - 19.4/dy ohms 
(4.04 +/r.O) - 8.08/eO* ohms 
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mutual impedancea will be obtained from . • 

be affixed to those mutual impedances thTt^’''*'" ^ 


i the mutual impcaancea will be obtained fmrr. 

git^ directions. ^rry loop currenu of 

z„ - Zii - -(3.64 +;9.0) . -9.7/6r ohm. 

Z.. - Z.. = -(0.50 +J3.0) . -3.04/6W” ohm. 

Z.. - Z,. - 0 (Sioc. loop. , .od 3 ^ 

the generated phase voltages are 

K'a> * E„a = 4000/0^ volts 

= 4000 /-1200 volts 
En'c' * E„c = 4000 /- 240 ° volts 
The resultant voltages which exist in the three loops of Fig. 26 are 
El = E„.„. - E„„ + E„i, - = 0 

E2 = E„.fc, - E„i, + Enc - E„.,, = 0 
^3 = -E„, 

= -4000^^0 ^ 4000/^ volts 

n..,u.«„„„or oolmge e<,umhrium m the three meshe. o( Fi*. 36 me 

( 19 . 4 /^)Ij - (9.7/^)l2 4 . 0 ^ Q 

~(9.7/^)Ii + (19.4/^'>)I, - (3.04/^)!, = o 

^ “ ^3-04Z80:£)l2 + (8.08/^)!, = 4000 /-60» 

2 elementarrSrU'nLt\w,^^ simultaneously for I,, Ij, and I, with the aid 
is theory. The common denominator of each current 


D = 


Thf 


(19.4/^) - (9.7/^) 0 

-(9.7/^) (19.4/^») -(3.04 /80.5° ) 

^ ® - (3.04 /80.5° ) (8.08/60°) 

(^2920 -jSS?) - [(-117.8 ->135.4) -f (-733 - j210)l 
_ ~ (-2068 ->492) = 2122 /193.4° ohms* 

^'^rrent m the present instance is I„pe or I|. 

' (19.4/68°) -(9.7/^) 0 

-(9-7/68°) (19.4/^) 0 

0 -(3,04/80.5°) (4000/-60°) 


l8» 


2122 /193.4° 

I, ^ ^»13l,000/76° 

'21227193 4° “ 533 /-117.4° amperes 


^obUK. ^‘■-i’-i/i 93 . 4 ° — ^ —•t'— 

1.1 lO. |e. -- 

magnitudes of h'h, and !«'« :a Fig. 26 utUiiing the 
0 13 in so far as they are helpful. 

4ns..- = 55.6^ 4,^ . 65.6; and Ic>c - 1112 amperes. 
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problems 


°>.lx 


. 1 I j ^/i/- ttf the corners consists of 7 ■ 

10 /-(»" Z’’“'“r/O- lnd'‘z’’”-To^'ohmi.. If = 100/2! aod the vel,.; 
10 / 6 £, Zbc 5/0_, a cti ";7i , for the currents entering the terminal, 
sequence is cb-ba-ac, find the vector exp ‘ . balanced. Also solve for the 

a, 6, and c. The three-phase supply voltages u 

opposite sequence. -t the corners consists of Zat = 5 Ao* 

12. An unbalanced load labeled abc a . Koianced line voltavM^ 

7 -in/-30»andZ =8/45“ ohms. Three-phase balanced line volti^es of 

Zt,e — 10/_and ea I _ rh-ac-ba calculate the complex ex- 

115 volts each are applied. If the ^ for V.s - 115/0! volh, 

pressions for the hnc currents caving , balanced two-phase system ol 

13. Refer to Fig. 27. Vab and Vea P voltage phase sequente 

voltage drops, the magnitude of each being 115 volts. 



F'lu. 27. See Problem 13. 

is -4S-CB. VabJb to be used as reference. Kind I.ia, Ica, IpB' and draw a vector 

diagram oUhe voltages and currents ' /o» Zfc„ = 5/60“, 

14. A wye-connected set of impedances consists of Za» - o^, bn 
and Zrn = 5 /—60° ohms. Find the equivalent delta-connected impedances ait 

Zs.. and Z„ which can be used to replace the WTC-connected set of 

16 Refer to Fig. 28. The terminals abc represent a balanced three-p 
system of voltages the -sequence of which is bV^'hVo'. The magnitude of esob 






•Af 
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UNBALANCED POLYPHASE CIRCUITS 

I'pe voltage is 230 volts. Find the readings of ammeters placed in in 

IfIS'andc'cl'ne*- 

pig. 7 , page 380, it will be assumed that the generated voltages are 

J . * 100 / 0 “. E«' 6 ' - 100 /- 120 ’, - 100/-240^ volts and that 

Zn'a'an = (2 - jl) ohmS 
T>n'b'bn — (1 “ 73 ) ohms 
Z„»c'en = (3 + ;4) ohms ^ 

(j the line currents la'a, Ift'b, and Ic'e- Draw a vector diagram of the line-to-line 
luges and the line currents. 

17. Refer to Fig. 8 , page 381. Let it be assumed that the following quantities 
ye known: 

E,<a' = 1000 + jO = 1000 /O^ volts 

= -500 - j866 = 1000 /-120° volts 
E„»e' = -500 +j866 = 1000 /120° volts 
Zan = 20 - 720 = 28.28 /-45° ohms 
Zfrn = 50 +70 = 50 . 0/22 ehms 
Zen = 30 +752 = 60.0/602 
Zff = 2 + 78 = 8.25/762 ohms 
Zi = 1 +71 = 1.41 /45° ohms 
Z„ = 2.5 +71 = 2.70 /21.8° ohms 

Write the expressions for Ioo'» Iws and lee', employing determinants and the 
Qumerical values of the E’s and Z’s specified above. Use loop currents Ii = la'o, I 2 — 
Ivt, and I 3 = le'e all returning through line nn\ (Results may be left in the form of 
the ratio of two matrices.) 

18. A delta-connected set of impedances consists of Zo^ = 5 /0 , Z^c = 5 /60° , 
and Zea = 5 /-60° ohms. Find the equivalent v'ye-connected impedances Zan, 
Zi,, and Zen which can be employed to replace the above delta-connected impedances. 

W. Refer to Fig. 9, page 382. Assume that the generator is capable of main- 
taining a balanced three-phase system of voltages En'o', Ea'e', Ee'n«, the sequence of 
which is b'a'-a'c'-c'b'. The magnitude of each line voltage is 100 volts. Za'a = 
* Ze'e = 0.5 -|-^.5 ohm. Za* = 10 / 22 , ~ I-Q /50” . and Zca = 10 / —60° 

“I'ms. Find la'a. I 6 ' 6 , U, he, and ha with respect to Va' 6 ' as a reference. 

30. E.xplain, by means of qualitative vector diagrams, the operation of a three- 
Phase-sequence indicator that employs an inductance coil in place of the condenser 
*hown in Fig. lla, page 386. Does the voltmeter read above or below line voltage 
sequence ab-ca-bc? 

31- Devise some scheme for checking the phase sequence of two-phase voltages. 

^3. Find the reading of a wattmeter which has its current coil in the A'A line 
ita potential coil across the voltage Vac in Problem 13 and Fig. 27. 

.^3. Refer to Fig. 13, page 387. Vo* - 200, Wu - 141.4, and Wca - 141.4 volts. 
^‘l'»ence oW>c-ca. Zo* - Zfca - Z*. - (8 - 76) ohms. Find the reading of each 
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Oi. 


»)[ 


, with it* current coil in im, „ 

of the wattmeters. Find reading of a wattm ^ potential coii 

potential coil from a to b; also one with current coil co,| 

c to 6. jj ijine a and its potential coil i. 

24. (a) If a wattmeter Wa has its ^ sequence S 

line a to c of Fig. 1, page 373, what wil i ^ potential coil conne,^ 

other wattmeter W, has its current coil m line & nnec^ 

from line b to c, what will it read? read? 

(6) If IFa and Wi, were varmeters w ® ^ their current coila in 

«. (a) Find readings <>fU if the potentUl eciu ;; 

a and b, respectively, supplymg the g^dings will give the total power coj. 

properly connected so that the sum of the reaoing ® wn. 

Burned by the load. 

ib) Find readings if Fa and in are varme rs. ^^ ^^^^^ ^ balanced three^hu. 

J 26. Refer to Fig. 29. “ of "each ^being 200 volts. The voiu! 

system of voltage drops, the magnitude of eacn oeuig 



sequence is a'b'-b^c^~c^o^. Two balanced three-phase loads indicated by the circla 
are connected to the terminals abc as shown in Fig. 29. In addition to the two 
balanced loads, a single-phase, 4-kw, unity-power-factor load is placed across th« 
be terminals as indicated. 

(o) Find the reading ol iVa'a-ab and We'e-cb- 

db) If reactive volt-ampere meters replaced Wa'a-ab and We>e-cb, find their re¬ 
spective readings. 

(c) Find the combined vector power factor of the composite load. 

27. In Fig. 21, page 396, it will be assumed that Vo'6', Vye', and Ve/«* repreeMt 
a balanced three-phase system of voltnges the sequence of which is 
2an — 10 /0° i 2bn lO /—60° , and Zen = 10 / 90 ° ohms. Assume line-to-li®* 

voltage of 100 volts. 

(o) Find the readings of the two reactive volt-ampere meters shown in Fig. ?i- 
(6) Find the rowings of wattmeters placed at similar positions in the circuit 
namely, at the a'a-ab and the c'c-cb positions. 

(c) Find the vector power factor of the unbalanced load as recognized by ^ * 
A.I.E.E. 

28. In Fig. 30, Vc® are balanced three-phase voltages each having 

magnitude of 200 volts and a phase sequence of ab-bc-ca. Determine the readinJ* 
of the two wattmeters shown in the figure. 

26* In Fig. 31, En'a'Fn'trFu'e' are balanced three^hase voltages with magnih*^^ 
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t-M 


f 

a 

^2on 

Balanced 

load 

b' 



A# bJfc 

p.f.-0.5 

lagging 

® Wc'c-cb 

c 




Fio. 30. See Problem 28. 


o( 115.4 volts and a phase sequence of Find the following quantities 

and express all complex quantities with reference to Vah* 

(fl) Va^, Vbct Vca- 

(b) loi) Ica. . • 

(c) la'ay ^'6) ^c^c* ^ 

(d) The sum of the readings of the wattmeters Wa, Wb^ Wc when they are con¬ 
nected as shown. 

(e) The individual readings of wattmeters Wa, W,,, Wc if the common point 0 
b connected to line 6 6. 



Fio. 31. See Problem 29. 


an^ l>De-to-line voltages of a three-phase system are Fob = 200, Vi,c = 150 
Jv^eo = volts. Write the polar expressions for V^b, Vbc, and Vco’with respect 
oi as reference for both phase sequences. 

120 ^ ^*8- 2. In a particular case measurements yield Vai, = 140, Fbe «= 

*‘liv K* 

tiij ^ P^^or diagram of the voltages for sequence abc, and determine analytically 
e.xpressions for each of the voltages with respect to Fob as a reference. 
» 1 particular case measurements yield Ia>a - 20, = 14, 

?’ V amperes. For the line-current sequence 

^ ^ qualitative phasor diagram analytically, and determine the 

5 j r ®^Pressions for each of the currents with respect to /ob as a reference. 

5 ^ I>^ ®*^late the line currents in Problem 16 by the loop-current method. 

example 13, pages 402-403, inclCiding Fig. 20. Solve for Ii, Ij, and 
® loop-current method, neglecting the resistive components of cUl branch im- 
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pcdanccs for a voltage sequence ^nir ^ 

the ratio of two matrices.) ' coefficient of coupling 

36. In Fig. 32, L^h - Ea “ O.Oi' resistances or inductance* e, 

as indicat'd on the figure. The^ sequer^^ 
the balanced driving voltages is n a ~n'b\\ 
and = 67.7/90: volts. For « . 

radians per second calculate the line 
phase currents for the load. Use Maxwell, j 

cyclic-current method. . 

36. Set up the determinant form of the a 
lution for /»«' in Problem 35 if 3 ohms - 

• • _A.^.J J%A/Vr\ ItrWA 



_---- lution for /oa' *n rruuictu .. « uums ^ 

_ ,, 'rft' rpsifltAnce is inserted in each line to the )(w 

Fio. 32. Sec Problems 3o and .Jty ^ resistance i» j r 

'* and the same sequence and reference » 

. _ •« • a .- *_ I.. 


' and the same sequence auu rcicrence » 
specified in Problem 35 are employed. For uniformity in checking results, u* loq 
currents as follows: 

Loop current Ii = la'c 


'aec' 
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Transmission Line 'Calculations 


Line Constituents. A transmission line consists of the equivalent of 
two or more electrical conductors for the purpose of transmitting 
electric energy. For single-phase transmission the line may consist 
of a single conductor with a ground return or of two ordinary wires. 
For three-phase transmission, three wires are generally used although 
in some installations a neutral wire or its equivalent is employed. The 
wires of a transmission line are separated by .some dielectric as air for 
overhead transmission, or by other insulating materials as in cables. 
Since the two conductors are separated by a dielectric, they form a 
condenser, the capacitance of which is uniformly distributed along the 
wires. When a difference of potential is applied between the wres, 
charging current flows. This effect could be simulated by a large 
number of condensers connected between the two wires as shown in 
Fig-1. 15 denotes the sending-end voltage, and represents reedver- 
end voltage. A representation of this kindds appro.ximate because it 
shows the shunted capacitance lumped at certain points instead of being 

uniformly distributed. With¬ 
in reasonable limits of accu- 


T] 

J 

b ( 





—r 

Jb 

r 

b' ( 





Ll 


linecalculationson the basis of 

fW" 1. Distributed shunted capacitance of a ku^^pcd Capacitance. Under 

the'oomlitions of relatively 
. low voltage and relatively 

wort distances the shunted capacitance can even be neglected without 
seriously affecting the accuracy. 

, In addition to shunted capacitance the line has series resistance and 
■nductance or inductive reactance. Thus the sections between con 


t 





■~r 

jLj 





iL 


— i^iuuiiicauon oi rig. i w huluuuo ana inductance of r 

transmission line. * ® 

J^nsers, like ab and a'b\ be and b'e, etc., form loops through which flu.x 
set up by the mmf of the current flowing in the wires. These sec- 
also have resistance. Hence, to account for these parameters 
‘8* 1 should be modified to appear as shown in Fig. 2. Strictly speak* 

409 
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ing, each condenser should be shunted by a non-in'luctive 
account for any leakage of current from conductor to conductor *'* 
of imperfect insulation, moisture content of the air, and other 
On a clear dry day the leakage is so small that it may usually ^ 
glected. The greater the number of sections, like those shown in 
into which the line is divided, the more nearly it will simulate the 


—.•ww - ----- — , 

line which has uniformly distributed parameters. If more than 


tW0( 


three shunted condensers are used, it is just about as simple to calcuijj^ 
the line by assuming uniformly distributed parameters instead of 
centrated quantities. Three of the usual arrangements of concentrated 
parameters will be considered. 

The T Line. The T representation of a line is shown in Fig. 3. Whee 
all the shunted capacitance, C, of the line is concentrated in one con. 
denser and half of the total series impedance, Z, is placed in each arm 
as indicated in Fig. 3, the circuit is known as the no.minal T line. Ite 
called nominal because the representation is only approximately correct. 
When the circuit parameters | I h 

indicated in Fig. 3 are multi- . 

plied by certain hyperbolic t __q |i 

correction factors,^ the T _ | 

thus formed represents the b 

line exactly between termi- Fia. 3. T repreuentation of a transmiBsion lint 

nals {V, and Vr) and it then 


becomes the exact equivalent T. Calling Y the admittance due to the 
shunted capacitance C and using the quantities as labeled in Fig. 3, the 
determination of V, in terms of the receiver voltage and current is * 

as follows. 


V.6 = V, + 1,2 


1.1 = V„6Y 

I. = l, + I.b = I, + Yfv, 
7. 

V. = V.b 


+ I 


■f) 


( 1 ) 


r Z 






“ bj) + [l, + V(v, + >.3)]5 


(J) 


2/ ■ A" ' 4 

I .1 Hyperbolic Functions Applied to Electrical Engineering,” by A- E- 
or “ Electric Circuits Theory and AppUcations,” by O. G. C. Dahl. 



Scanned by CamScanner 

















C/I.^ 

from 


TRANSMISSION LINE CALCULATIONS 


^ufttion (l)i 


i. = i.(.i+y) + yv. 
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(3) 



FW. 4. 


Vector diagram of T representation in 
Fia. 3. 


fxjufttions (2) and^ (3) give the sending-end voltage and current in 
comply* indicated, all quantities in the equations must be ex- 

^ pressed in vector form. The 
^ * receiver current must be prop¬ 
erly related in complex form 
to the receiver voltage. The 
power factor of the load deter¬ 
mines the angle between Vr 
and Ir. V, and I, being in 
complex form, power input 
may be determined in the usual 
The vector diagram of 
the T circuit of Fig. 3 is shown in Fig. 4. This diagram follows the 
above equations for calculating V, and I,. 

Problem L A 60-cycle, 3-phase line 200 miles long has a shunted capacitance to 
neutral per mile of 146 X 10 * /if, an inductive reactance of 0.78 ohm per wire per 
mfle, and a resistance of 0.42 ohm per wire per mile. The receiver voltage is 100 000 
volts between Ones. Use the nominal 1 line, and find the sending voltage and 
(urtent for an 0.8 power-factor lagging load requiring 75 amperes per line at the 

Am. 64,600 /7A^ volts. 62.3 ^ amperes. " 

The T Line. If one-half of the total line capacitance is concentrated 
each end of the line and all the ’series resistance and reactance are 
^eeutiated at the center as 


in Fig 5 ^ resultant 
^figuration portrays the nomi- 
. y ^presentation of a trans- 
^onUne. Like the T line it 
possible to alter the param- 


I, 


^ c 


Ir 


T 

J- 


Y. 

2 


'^AAA-^ismr 


1 


Cl 


Y 

2 


C 

Z 


T 

V, 

i. 


Fio. 5. T representation of a transmiasion line. 


y applying hyperbolic 

factors to obtain a tt circuit which yields the correct relations 
terminals. A ir circuit thus corrected is called an exact equiva- 


The 


9 i*‘cuit is easily solved through a procedure similar to that 

for the T circuit. 


COrc 


U-V.| 

^ - Ir + U - Ir + V,| 


ORAN-27’ 
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V,+ I„Z - V, + ^t + V,|jz 




I. 

led 

h = I 


V.(^1 -i- 

lea “i" 


.i,(i+f) + v,y(i + ?) 


a. X 


( 1 ) 


(5) 


Equations (4) and (5) are the solution of the t representation of a traM- 
mission line. The vector diagram of the t circuit is shown in Fig. 6, 
and the above calculations follow this diagram. 



Fio. 0. V'cetor dtagrao of w line in Fig. 6. 


Problem 2. Use the nominal x-line representation and solve Problctn 1. 

Ant.: 65,300 /7.4^ volts, 59.75 722.2** amperes. 


The Steinmetz Representation of the Transmission Line. Another 
repre.'jontation of the transmi-ssion line suggested by C. P. Steinmet* 
which yields ajiproximately correct results b shown in Fig. 7. In the 


I.. 


m 


V. 

i 


^Ic3 
C 
6 


Z Z 

2 5 

^■ 1*1 


I 2 


I. 





Fio. 7. Steinmet* representation of a trsnsmuMion line. 


figure, Z repre.sent.s the total scries impedance and C the total shunted 
capacitance. The student can work out the details of the solution by 
following the methods employed for the T and ir lines. Thb circuit and 
the solution are slightly more cumbersome^ but the results are generally 
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somewhat cloeer to the theoretically correct values than those obUined 
from the use of the nominal T or r sections. The calculations must 
follow the vector diagram shown in Fig. 8. 



" 0 + T + ^) »' + Z (, + f) It 
Ptt-btani 8olv«l>robleml««rttogUtlKSt™n«urepi«e„t.ii«„ol.l„,li„,. 

Am$,: 64,900 /7.y volte, 00.9 /22.9* ampeim. 

fa tk hne shown in Fig. 9 let the series impeifance per milo be Z. the 
unted admittance per mileT, and the length of the line considered I, 







Flo. 9. Circuit uwd Ibr dniviot Um cuct aoluikm ol m 


The elementary voltage drop in the element dl is the current I in the el 
ment times the impedance Z <fl of the element. Considcrine onlw «t 
space variation of V and I, R oiuy u 

dV = IZtfl 
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a.x 


The current leaving the line over the length dl is the voltage V times the 
shunted admittance Y dl for the element. Thus 


(7) 

( 8 ) 
( 9 ) 


( 10 ) 


dl = ridi 

Equations (6) and (7) are solved for V and I as follows: 

Differentiating equation (8) with respect to I gives 

dP M 

Substituting equation (9) in equation (10), 

This is a linear differential equation of the second order, the solution of 
which can be shown* to be of the form ^ 

V = 

where Ci and Cj are constants of integration and mi and ma are roots of 
the auxiliary equation, namely. 


( 11 ) 


m* = ZY 

m = or — Vzf 


( 12 ) 

The two roots mi and mj are respectively +VZY and —VZY. There- 
fore 


V “ C,/“' -I- 

= + CtT'^ 


From equation (8), 


Z dl 


(13) 


(14) 


* See any book on differential equations, such as “ Differential Equations,’ ' by 
D. A. Murray, p. 63. 
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j^erentiating equation (13) and substituting the result in (14) gives 

X = Ci eVzYi _ C2VZY -y/zii 
Z Z 

= c.VyTz - CjN/y/z (15) 

Xhe constants of integration Ci and C 2 in equations (13) and (15) can 
be evaluated from known boundary conditions. In this case the bound¬ 
ary conditions at the receiver are assumed to be known. Thus in Fig. 9 
when 

1 = 0 (16) 

I = Ir (17) 

and ‘ V = V, (18) 


Substituting equations (16), (17), and (18) in equations (13) and (15), 

V. = Ci-l-C2 ' (19) 

I,. = Cl Vy/Z - C2 ( 20 ) 

Equations (19) and (20) are now solved simultaneously for Ci and C 2 . 
Multiplying equation (19) by VY/Z gives 

VrV^Tz = Cl Vy/Z -f C 2 (21) 


Adding equations (20) and (21), 

Ir + >/xfZ Vr = 2Ci 
^ V. -b 

2 

^ Subtracting equation (20) from equation (21), 

V,. Vy/Z - Ir = 2C2 VyTz 

, V/-IrV^ 


( 22 ) 


(23) 


III 


It is apparent that Ci and Cj in the above equations are complex 
coefficients and nught have been written in bold-faoe type. The ex- 
presrions for voltage and current at any dis t an ce Z from the receiver are 
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OuX 


obtiuned by substituting equations (22) and (23) in equations (13) and 
(15). Then 

(24) 


, . (h±l^ .va.+ 


(25) 


Equations (24) and (25) may be used as the working equations for the 
solution of long lines. Under certain condiUons it « 
to have equations (24) and (25) expressed in terms of hyperbolic 

functions. This is done as follows. 

From equation (24), 




I r g 

2 2 

gVZYI /tVZTI — 


V = ^*v^i+ 2 




-) 


Since the analytic definition of 


and 


sinh 6 = 

cosh 0 = 


€* - r 
2 


V = Vr cosh VHl + Ip V^sinh VctI (26) 

Similarly 

I = Ip cosh V^l + Vp Vy/Z sinh VZYl (27) 

Equations (26) and (27) are particularly convenient to use if tables of 
complex hyperbolic functions are available; otherwise, equations (2-1) 
and (25) may be more convenient.* 

Physical Interpretation of Equations for Exact Solution. Equatioi^ 
(24) and (25) may be modified somewhat to make their phj'sical 
significance more apparent. Since VZY is a complex expression, 
we may substitute an expresdon such as (o + jfi) for it. Also, letting 

• See “ Tables ” or ** Charts of Complex Hyperbolic Functions.'* by A. E. Eeo* 
nelly. Harvard University Press. 
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ts VZ/Y and Yq =* VYfZ, equations (24) and (25) may bo written; 
V s 4- IfZp ^ ^ Vr - IrZp ^ 

^ ^L_Z_X:X2^ 

Recognizing that and that 


.(tis) 


( 28 ) 

( 29 ) 


we may write equations (28) and (29) as follows: 


-m 




(30) 

(31) 


The quantity VZY = (a + j/3) is called the propagation constant. 
It determines how the wave is propagated with reference to change in 
magnitude and phase along the line. Equation (30) consists of t\^■o 


parts. The first, ^ai ^}$i^ represents a quantity that 


in¬ 


creases in magnitude (c®* increases) as we go from the receiver to tho 
sending end or it becomes smaller as we proceed from the sending to the 
receiver end. This term must therefore represent a voltage wav e which 
is being propagated from the sending to the receiver end. Hence it i.s 
called the direct wave or direct component. The direct component i> 
analogous to a wave started in a body of water. As the wave h ave-t 
the source it becomes smaller and smaller. The second part of equal ion 


(30) is 






As we proceed from the load to the 


generator this component becomes smaller, since I increaiie<t aiul «’ ** 
decreases. Hence this wave must be originating at the receivi-r, and it 
is therefore called the reflected wave. It is analogous to the phenonu'nn 
in a body of water as a wave strikes a bank. .\ retU^ctn.n occ wf-, an«l a 
wave is then seen traveling away from the bank uith giadually diiiuiii.>>h- 
ing magnitude. Since, for a given distance of travel, a di tt rnuni** the 
magnitude of the wave, it is a measure of how nui'!i the wave U in¬ 
creased or dccrea.sed in magnitude, or, in other words, attenuated. For 
this reason it is called the attenuation constant- or factor. The at¬ 
tenuation factor is the real part of the pro|>agatii»n constant. The 
factors and will be recognized as opi rators which producf 
opposite rotations. The operator causes the direct component to 
advance in phase from its position at the load as we proceed from the 
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receiving to the sending end, while causes the reflected wave to fall 
behind its phase position at the receiver. Since /9 determines the 
change in phase for a given distance I along the line, it is called the 
phase constant. It is sometimes called the wave length constant be¬ 
cause it determines the distance along the line over which a complete 
wave is subtended. This will be explained in more detail later. The 
loci of the variation of the direct and reflected waves can be represented 
as spirals, as shown in Fig. 10. The sum od of the direct and reflected 
waves of voltage at any point along the line such as at /3Z gives the re¬ 
sultant voltage at that point. When is OO**, the direct component 
of voltage oa is opposite to the • ^ 

reflected component ob. The 
resultant oc, which is the volt¬ 
age of the line at this 90° or 
quarter-wave-length point, may 
be very small because of the 
cancellation effect of the two 
waves. A generator producing 
a low voltage, if connected at 
this point, could subtend a com¬ 
paratively high voltage at the 
receiver. This is essentially a 
resonance phenomenon and is 
called quarter-wave resonance. 

■ As fit increases from this 90° 
point the voltage of the line in¬ 
creases until becomes 180°. 

Here the direct and reflected waves add. This phenomenon is called 
half-wave resonance. As fit increases to 270° the direct and reflected 
waves are again opposite (as at quarter-wave) and we then have three- 
quarter-wave resonance. 

Surge Impedance. Inspection of equation (28) makes it apparent 
that dimensionally hZo must be a voltage. Hence Z© must be an 
impedance. Further evidence of this fact is obtained when it is re¬ 
membered that Zo = ^Z/Y. The reciprocal of Y is di mensionally 
an impedance, and the ZjY then becomes impp Han n^^ which is an 
impedance. Hence the quantity Zq = VZ/F is called the surge im¬ 
pedance of the line. The reciprocal, VF/Z, is called surge admittance. 
The surge impedance is the impedance offered to the propagation of a 
wave along a line. In effect it is the impedance an advancing wave of 
voltage or current encounters as it travels along the line. 


/ / ^ 

'a 

✓ \ -i---— 

1 ( 0 

\ 

N 

\ ' 





Fio. 10. VanatioD of direct and reflected waves 
of voltage with respect to the line angle for 
a particular case. 
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Terminal Reflections. The receiver voltage Vr is IrZ, where Zr is 
the impedance of the load. If Zr is made equal to Zq the receiver volt¬ 
age Vr would equal IrZo. Then the reflected wave in equation (30) 
is zero and the equation of the voltage along the line becomes 




(32) 


This variation is exponential in character, and no terminal reflections 
exist. The voltage, V, increases exponentially in magnitude as we 
proceed from the receiving end to the sending end. Simultaneously 
with the increase in magnitude there is a uniform advance in phase of 
V with respect to the load voltage V^. The wave encounters the same 
impedance (surge impedance) at the load as it did while a,dvancing 
along the line. This termination makes the line behave as if it were 
infini tely long. Hence a line terminated in its surge impedance is 
sometimes called an infinite line. In communication work, terminating 
a line in an impedance equal to the surge impedance is sometimes called 

matching. . ^ x* 

If a long line is short-circuited at the receiver 7, = 0 and equation 

(30) becomes 


V = Ir?® - 

2 , 


I,Zo 




(33) 


Where lisO, 




^ IrZo 
2 . 2 
= direct wave — reflected wave 


Thus it may be said that the voltage is reflected with a change m s.gn. 
Srclrwtrunder the same conditrons becomes 

_Ir , Ir 

Iw) - 2 2 

= direct wave d* reflected wave 

U vrrpnt wave is reflected with the same si^ 

It follows, then, that the c current add arithmetically at the 

or the direct and reflected wave 

• ifed at the receiver, I. = 0. Impoang thu 

If the line is open-circmtea voltage wave to be 

condition on equations (30) ^ change in sign, 

teflected with the same sign ana equations, (hstance along 

Velocity of Propagation. the independent variable. The 

tt>eline,Lmelyl,haabeenconsrdereat 
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other independent variable, time, has been tacitly taken into account 
by the use of vector quantities. In the evaluation of the velocity of 
propagation the interrelation of time-phase and space-phase effects 

must be recognized. - . *k«f 

It is evident from the use of /3 in the foregoing equations that thi^ 

quantity determines the phase shift of V or I per unit lengt o me, an 
as such it represents a number of radians per unit length of line. Ihe 
length of line required to effect a complete cycle or 2r radians of phase 

shift is 


X = 


2r 

— umts 

0 


(34) 


where X and 0 are expressed in any consistent set of units. To simplify 
visualizing the phenomenon, consider only the voltage wave. 

Since X is the distance for a phase shift of 2r radians, it is the distance 
along the line (see Fig. 11) from one zero value say at a on the voltage 
wave to a corresponding zero value at b, radians or 360 from the first 
zero point. The distance X thus represents the length of line over w hich 
a complete space wave or cycle of voltage is subtended, and in conse¬ 
quence X.is called the wave length of the propagated wave. As time 



elapses, the alternating voltage at point o will rise to a positive maxi¬ 
mum, decrease to zero, then increase to a negative maximum, thence to 
zero. In this length of time, point b on the w ave will have arrived at a 
in Fig. 11. In other words, duiing this length of time, the time for one 
cycle, 1 //, all points on the wave w ill have traveled a distance of X. The 


velocity of travel or propagation must then be —, or X/ units of length 
per second. Hence the velocity of propagation is 



(35) 


_ J 
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Equation (34) shows that the wave length for any line is determined by 
the quantity p. Hence./5 is often termed the wave-length constant, 
and it may be evaluated in terms of the circuit parameters from the 

original substitution, namely, V^ = a-l-j/3. Since Z RjX 
and Y = (^ T" jh, it follows that 

. a+ 

o» + j2afi -p^ = Rg- jRb + jgX + bX 
a‘‘-^ = Rg + bX 
2ap gX- Rh 

Solving equations (37) and (38) simultaneously for p gives 

±ZY - {Rg + hX) 

2 

The preceding derivation shows that all terms in equation (39) are 
expressed algebraically and not in complex form. All the quantities 
are per unit values, that is, per centimeter, per mile, etc. 

It is interesting to find the velocity of propagation under the condi¬ 
tions of zero series resistance and a negligibly small value of g. Im¬ 
posing these conditions gives 

2 

The two signs before ZY in equation (39) and before hX above resulted 
from the solution of a quadratic equation. As often occurs, one of such 
solutions has no physical reality. If the plus sign were used in the al¬ 
gebraic manipulation above, fi would be zero, which would in turn 
give an inhnite velocity of propagation. Obviously, this is impossible. 
When making arithmetic computations the proper sign to employ is 
that which will give a physically possible and plausible result. Had the 
equations been based on g + jb, it w ould have been necessary to use the 
plus sign before the ZY and bX above. Since 6 is the shunted suscept- 
ance due to the line capacitance, it must carry a negative si^ upon 
substitution of a numerical value for it in accordance with the con¬ 
ventions employed in this book. Substitufmg the value of above m 

equation (35) gives 




(36) 

(37) 

(38) 

(39) 


I 

I 


2t/ _ ^ — (for r = 0 and J = 0) (40) 

VZtfC X 2ir/b Vie 
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In equation (40) v is in miles per second if L is expressed in henrys per 
mile and C in farads per mile. If one further assumption is made in 
equation (40), namely, that the inductance due to the flux within the 
conductor is negligible, the velocity will be the same as that of light. 
This is illustrated by example 2, pages 429-433. 


Example 1. An open-wire telephone line has a resistance of 10.26 ohms, an in¬ 
ductance of 0.00366 henry, and a capacitance of 0.00822 /if per loop mile (one mile 
of outgoing plus one mile of return conductor). Calculate the velocity of propa¬ 
gation for a 200-cycle and also for a 2000-cycle frequency, assuming that the values of 
E, L, and C are the same at both frequencies. Assume p = 0 in both cases. 

At 200 cycles 


X = 2ir 200 X 0.00366 = 4.6 ohms per loop mile 
Z = V 10.26^ -|- 4.6® = 11.22 ohms per loop mile 

h = -2t/C = -2x 200 X 0.00822 X lO"* = -10.32 X 10-«mho per loop mUe 
Y = 10.32 X 10~® mho per loop mile 


= 


\ 

2x/ 


±11.22 X 10.32 X 10-®- (-10.32 X 10"®X 4.6) 


163.5 X i(r® 


= 9.05 X 10“® 


/3 9.05 X 


2x 200 

= 139 X lO® = 139,000 miles per second 


At 2000 cycles 


X = 2x 2000 X 0.00366 = 46 ohms per loop mile 

Z = '\/l0.26^ -|- 46^ = 47.1 ohms per loop mile 
h = -2x/C' = -2x 2000 X 0.00822 X 10“® 

= —103.2 X 10“® mho per loop mile 
Y = 103.2 X 10“® mho per loop mile 


0 




X 103.2 X 10“® - (-103.2 X lO'® X 46) 

_ 2 

'9610 X 10-® 


= 69.3 X 10"® 


p — 


2x 2000 


M.. 

0 ' 69.3 X 10 


^3 = 181,400 miles per second 


If parameters per mile to ground or neutral were used, Z would be halved Y and 
b doubled and 0 would be the same. * 


Confusion sometimes arises as to what the velocity of propagation 
refers to physically. The velocity of propagation of a voltage or current' 
wave is the velocity at which the impulse or pressure travels. It is 
not the velocity of current flow. The velocity of current flow for norm^ 
current densities in copper is very low, although the velocity of the 
pres^re wave is high. The phenomenon is somewhat analogous to the 
application of pressure at one end of a long pipe filled with water. The 
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pressure appears at the far end of the pipe very soon after it is applied at 
the near end. However, the actual rate of flow of water in the pipe 
may be very low, especially if only a comparatively small stream is per¬ 
mitted to emerge at the far end. 

Determination of Transmission Line Parameters. 1. Inductance. 
The inductance per wire is used in transmission line calculations. It may 
be derived as follows. Consider two parallel conductors as shown in 



Fig. 12, each having a radius r and separated a distance D betw^n 
centers' The fundamental equation of inductance when permeability 

• X i. • 


is constant is 


L = ^ 10"® henry 


where I is in abamperes and <t> is in maxwells. The field intensity 
: based on the law of Biot-Savart, at a distance of x centimeters from a 
long straight conductor carrying a current is 21 /x gilberts per centimeter, 
which in air is numerically equal to the flux density. Refemng now to 
the open-wire line shown in Fig. 12, 


d(t> 


-(!) 


{Idx) 


The total flux that exists outside of conductor A which causes an in¬ 
ductive effect on conductor A is 

^lldx = 2U log.- 

r ® 


^^ = i!!plO-» = 2Ilog.®10-^ . 


= 2 X 2.30261 logio-10 ® henry 
where I is expressed in centimeters. 


(4n 
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The flux included from as = (£) — r) to ® (D + r) has some effect 
in inducing a net emf in the two conductors connected in series to form 
a coil. The effect is.due to this flux linking all of conductor A and 
only part of conductor B. Integrating between the limits x = r and 
X — D includes the full effectiveness of the 
flux from X = (D — r)tox = Din caus¬ 
ing the inductance. This balances the par- 
tisd effectiveness of the flux from x = D 
to X — {D 4- t) which is neglected in 
taking the limits from r to D. The flux 
from x== (D4-r)to* = oo links both con¬ 
ductors and therefore produces equal and 
opposing emf’s around the loop. Hence 
it has no net inductive effect. Equation 
(41) gives the inductance of conductor A 
due to all the flux on the outside of con¬ 
ductor A which is effective. The flux within the conductor causes 
some inductance which may be calculated as follows. 

Assume that the current in conductor A is uniformly distributed 
across the cross-section. Let I* be the current per unit area. Refer 
to the cross-section of conductor A shown in Fig. 13. The total current 
responsible for the mmf causing flux through the element dx is 

, mmf = 4rNI = 4t (tx*/') 

If the permeability of the conductor material is unity, the reluctance of 
the flux path formed by the element dx and a length of conductor I is 

2irx 

units when X is in centimeters 

4tV/' 

^ “ 2 ^^ ■“ dx maxwells 

(Idx) 

The flux d* lii^ only the fibers of the conductor from the center to . 
dist^ce X or W fibers. To obtein the flux which links the whole 
inductor that produces the same effect as the actual flu.T which Unks 
Kn fi^rs, It IS only necessary to find the flux linking JCirr* fibers 
(the entire conductor), which is equivalent to the flux d« linking 
fibers. Calling the flux in questmn d*.. we have for equivalent lint.g.., 

or <4.=^d* 



Scanned by CamScanner 















c/i. X TRANSMISSION LINE CALCULATIONS 

Jleuce ^ 

<4, 

>■ » 
r'2itj‘11dx /2ir/'rv/A 

-Wil) 

^irr»n 

2 

But »r*/' is the total current /. Therefore 
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The inductance due to thb flux is 
J • T. _ 


(42) 


r = —henry 

L2- J 21 2 

The total inductance of conductor A is the sum of equations (41) and (42). 

L * Li + La = + 4.60521 logio 10"® henry (43) 

The inductance per mile is . 

£^ = 0.5X5280X30.4810^ ^ 

4- 4.6052 X 5280 X 30.48 X lOT® logio- 

* 0.805 l(r^ + 0-741 X lOT® logio^henry ^ (44) 

. • ♦Ko workine equation. Usually the reactance is de- 

L fwnd by multipliang the values obtained from equation 

(44) by the angiilar Ground. The defining equation 

2. CapacUance defining equation for difference of 

for capacitance is C v/ • 

potential Vis ^ » 

' ^ ~ ^ ” charge 

. .. ootential between two conductors is the 
The difference of -i^ree from the^surface of one conductor 

work done in carrying a u*'* roduct of force and the distance through 
to the other. Work >»« ji quantities are expressed in the 
which the force acts. Uy force on a unit charge is numencally 

cgs electrostatic system of units, the tor 


i : 


11 


ki;| 

Hill 

if 

i'S;' 


! 
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equal to the electrostatic field intensity. The electrostatic field in¬ 
tensity at point p, Fig. 14, at a perpendicular distance of r centimeters 
from a long straight wire is found as follows. 

Let all quantities be expressed in the cgs electrostatic system of units, 
and let <r be the charge per unit length of wire. From Coulomb’s law 
/ = QQ'fd^ dynes. Hence the force on a unit charge at point p due 
to a length of conductor dlis 



1 Xffdl 


where p is the distance in centimeters from p to dl. As 0 varies between 
minus and plus 90® (on the basis of an infinite length of wire), it is 




apparent that all the components of df' parallel to the wire add to zero. 
Therefore only the components j)erpendicular to the conductor need be 
added to obtain the resultant force on the unit charge. 

df = df' cos d 


ff dl apdd <r dB 

= - 2 -cos - 

p p p 


<r dB 
r/cos 0 


a 

= - cos d dB 


r 


r 


cos 0 dd = — dynes 
r 


(45) 


The force on the unit charge in Fig. 15 is due to the effect of conductor 

A (say + charge) and that of conductor B (negative charge if ^4 is 
positive). 



X 



■ f~fA+fB 


^ 2a 


r /* 


(46) 
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The charge on the line for a length I is af. Therefore 

<tI I 


c = « = 

V 


A 1 D - r ^ , D - r 

4(j log*- 4 log*- 


cgs esu 
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(47) 


(48) 


where r now represents the radius of the conductor and is not the same 
as in the derivation of equation (45). All quantities in equation (48) 
are in the cgs or absolute electrostatic system of units, giving C in esu 
or statfarads. 

Equation (48) gives the capacitance between two parallel wires. 
The capacitance to ground or neutral is usually desired in the calcula¬ 
tion of transmission hnes. Since the plane of neutral potential is 
symmetrically located between positive and negative charges (assuming 
a uniform dielectric such as air), the potential between one wire and 
neutral,^ or what is also ground potential, is one-half of the potential 

* The preceding and following equations of capacitance are only approximately 
correct b^use they are based on several assumptions which are only partially ful¬ 
filled. First, the charge on the conductor is assumed uniform. This assumption 
requires in part that the conductors be removed an infinite distance from all charged 
bodies and that the conductors are circular in shape. Under such conditions the 

distribution of the electrostatic field is pictured in Fig. 16. 
Equipotential surfaces are those in which all electrostatic 
lines of force enter and leave perpendicularly. One 
equipotential surface XX' is shown in Fig. 16. This 
surface is at a distance halfway between the two con¬ 
ductors and is therefore at a potential midway between 
the positively and negatively charged conductors. Such 
a surface is said to be at zero potential, and it is some¬ 
times called the neutral plane between conductors, or 
simply the neutral. If the earth is considered a conduc¬ 
tor and to be at zero potential, it may be assumed to be 
the same as the equipotential plane XX'. Hence the 
potential and capacitance to earth or ground may be 
taken the same as that to the equipotential surface XX‘ 
in Fig. 16 provided D/2 is relatively small compared 
with the physical height of the conductor above actual 
the above assumptions are not completely fulfilled, the 
Equations given yield results which are suflBcienfly accurate for most work concerning 
transmission lines. For more accurate derivations of capacitance the reader is 
^ferred to works on electrostatics and electrodynamics. 

CORCORAN-28 



Fi^ 16. Equipotential line 
XX' is at a potential mid- 
between the posi¬ 
tively charged top and 
D®Katively charged lower 
conductors. 

8found. Even though all 
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oiie of 

Wire, 
cir TDila or 
A.W.Q. 

Dlam. of 
Wire, 
inches 

1,000,000 

1.0000 

750,000 

0.8660 

500,000 

0.7071 

350,000 

0.5916 

250,000 

0.5000 

0000 

0.4600 

000 

0.4096 

00 

0.3648 

0 

0.3249 

1 

0.2893 

2 

0.2576 

0 

0.2043 

6 

0.1620 

8 

0.1285 

10 

0.1019 

12 

0.08061 

14 

0.06408 

16 

0.05082 



;0.05750 

0.06627 

0.07663 

0.08950 
0.09976 
0.1048 

'O.1119 
0.1190 
0.1260 

0.1331 
0.M02 
0,1543 

0.1685 
0.1826 
0.1967 

0.2109 
0.2250 
0.2391 


0.1245 
0.1332 
0.1456 

0.1565 
0.1667 
0.1718 

0.1789 
0.1860 
0.1930 

0.2001 

0.2072 

0.2213 

0.2354 

0.2496 

0.2637 

0.2778 

0.2920 

0.3061 



1,000.000 

750,000 

300,000 

350,000 

250,000 

0000 

000 
00 
0 


0.1667 
0.1755 
0.1879 

0.1987 
0.2090 
0.2141 

0.2211 

0.2282 

0.2353 

0.2423 

0.2494 

0.2635 

0.2777 

0.2918 

0.3060 

0.3201 
0.3342 
0.3484 


0.1915 
0.2002 
0.2126 

0.2235 

0.2337 

0.2388 

0.2459 

0.2529 

0.2600 

0.2671 

0.2741 

0.2883 

0.3024 

0.3165 

0.3307 

0.3448 
0.3590 
0.3731 


0.2090 

0.2178 

0.2301 

0.2410 

0.2512 

0.2563 

0.2634 
0.2705 
0.2775 

0.2846 

0.2917 

0.3058 

0.3199 

0.3341 

0.3482 

0.3623 
0.3765 
0.3906 


0.2337 

0.2425 

0.2548 

0.2657 

0.2760 

0.2810 

0.2881 

0.2952 

0.3022 

0.3093 

0.3164 

0.3305 

0.3447 

0.3588 

0.3729 

0.3871 

0.4012 

0.4153 


0.2512 

0.2600 

0.2724 

0.2832 

0.2935 

0.2986 

0.3057 

0.3127 

0.3198 

0.3269 

0.3339 

0.3481 

0.3622 

0.3763 

0.3905 

0.4046 

0.4187 

0.4329 


0.2648 
0.27H 
0.2860 

0.2960 

0.3071 

0.3122 

0.3193 

0.3263 

0.3334 

0.3405 

0.3475 

0.3617 

0.3750 

0.3899 

0.4O41 

0.4182 

0.4323 

0.4465 


3 

4 

5 

0.2760 

0.’2847 

0.2971 

0.2935 

0,3023 

0.3146 

0.3071 

0.3159 

0.3282 

0.3080 

0.3182 

0.3233 

0.3255 

0.3358 

0.3408 

0.3391 

0.3494 

0.3544 

0.3304 

0.3374 

0.3445 

0.3479 

0.3550 

0.3620 

0.3615 

0.3686 

0.3756 

0.3516 

0,3586 

0.3728 

0.3691 

0.3762 

0,3903 

0.3827 

0.3898 

0.4039 

0.3869 

0.4011 

0.4152 

0.4045 

0.4186 

0.4327 

0.4I8I 

0.4322 

0.4463 

0.4293 

0.4435 

0.4576 

0,4469 

0.4610 

0.4751 

0.4605 

0.4746 

0,4887 


0.3IC2 

0.3270 

0.3393 

0.3502 

0.3605 

0.3656 

0.3726 

0.3797 

0.3867 

0.3938 

0.4009 

0.4150 

0.4292 

0.4433 


0.3358 

0.3445 

0.3569 

0.3678 

0.3700 

0.3831 

0.3902 

0.3972 

0.4043 

0.4114 

0.4184 

0,4326 

0.4467 

0.4608 


0.4574 o’4750 


0.4716 

0.4857 

0.4998 


0.4891 

0.5033 

0.5174 


1 

15 

1 — 

20 

0.3494 

0.3581 

0.3705 

0.3741 

0.3C28 

0.3952 

0.3916 
' ft.4004 
0.4127 

0.3814 

0.3916 

0.3967 

0.4061 

0.4163 

0.4214 

0.4236 

0.4339 

0.4390 

0.4038 

0.4108 

0 4179 

0.4285 

0.4)56 

0.4426 

0.4460 
0.4531 
0.4601 

0.4250 

0.4320 

0.4462 

0.4497 

0.4568 

0.47C9 

0.4672 

0.4743 

0.4684 

0.4603 

0.4744 

0.4686 

0.4850 

0.4992 

0.5133 

0.5026 

0 5167 
0.5308 

0.5027 

0.5169 

0 $316 

0.5274 

0.5416 

0 5557 1 

0.5450 
0.5591 

0 5752 


cent) to in.this table al.o apply, with a 

' Btrandad wiraa of the «am« croet-Mction 


0.4052 
0.4140 
0.4263 

0.4372 
0.4475 
0.4526 

0.4596 
0.4667 
0.4737 

0.4808 
0.4079 
0.5020 

0.5162 
0.5301 
0.5444 

0.5586 
0 5727 

___ 0 5 ^ 

pr-fiiicady ac*li<ib!e errof Ubout 1 ^ 


Example 2. Exact Solution of a Transmission Line. A 60-rv#»i£. ♦ • • 

me 200 mHea long consi.sts of three No. 0000 solid conductors with lO-ft eouilar^'i 
pacing. Calculate the sending voltage when the receiver voltage is 110 kv^betn-V^ 
mes and when the line is supplying a balanced load of 18,000 kw at 0.8 power-factlr 
g. Also calculate the sending-end current and the efficiency of the Une at 25‘ C 
Assume that the conductance to ground is negligible. ^ 


■I 
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Tabls n 

Capacttance to Neutral* or Smooth Round Wires 
per 1000 FEET o( ,«h -b. rf > o. ot . tWpl. 


laee Boe 


O 

*< 


0 

1 

2 

4 

6 

8 

10 

12 

H 


Diem, of 
Wire, 
inches 


0.4600 

0.4096 

0.3648 

0.3249 

0.2093 

0.2576 

0.2043 

0.1620 

0.1285 

0.1019 

0.00001 

0.06400 


Inchee between Wires, oenter to oenter 


0.01199 

0.01099 

0.01016 

0.009450 

0.000855 

0.008332 

0.007455 

0.006753 

0.006177 

0.005693 

0.005277 

0.004921 


0.006608 

0.006317 

0.006055 

0.005012 

0.005587 

0.005381 

0.005010 

0.004688 

0.004406 

0.004155 

0.003931 

0.003730 


0.005192 

0.005013 

0.004847 

0.004692 

0.004546 

0.004408 

0.004157 

0.003933 

0.003732 

0.003551 

0.003386 

0.003235 


0.004618 

0.004477 

0.004344 

0.004218 

0.004100 

0.003988 

0.003781 

0.003595 

0.003426 

0.003273 

0.003132 

0.003003 


12 


0.004282 

0.004161 

0.004045 

0.003936 

0.003833 

0.003735 

0.003553 

0.003388 

0.003238 

0.003100 

0.002974 

0.002858 


10 


0.003884 

0,003783 

0.003600 

0.003597 

0.003511 

0.003428 

0.003274 

0.003134 

0.003005 

0.002086 

0.002776 

0.002675 


24 


0.003643 

0.003555 

0.003470 

0.003390 

0.003313 

0.003239 

0.003102 

0.002975 

0.002859 

0.002751 

0.002651 

0.002558 


30 


0.003477 

0.003396 

0.003319 

0.003245 

0.003174 

0.003107 

0.002980 

0.002863 

0.0027SS 

0.0026SS 

0.002562 

0.002475 


iri 

CO 

M 

Sq 


0000 

000 

00 

0 


10 

12 

14 


Feet between Wiree, center to center 


0 003351 
0.003276 
0.003204 

0 003135 
0 003069 
0 003006 

0 002887 
0 002777 
0.002676 

0.002581 

0.002493 

0.002411 


0.003171 

0.003103 

0.003039 

0.002977 

0.002917 

0.002860 

0,002752 

0.002652 

0.002559 

0.002473 

0.002392 

0.002316 


0.003043 

0.002981 

0.002922 

0.002864 

0.002809 

0.002756 

0.002656 

0.002563 

0.002476 

0.002395 

0.002319 

0.002247 


0.0D2947 

0.002CC9 

0.002833 

0.002779 

0.002727 

0.002677 

0.002582 

0.002494 

0.002412 

0.002335 

0.002262 

0.002194 


0.002806 

0.002753 

0.002702 

0.002653 

0.002606 

0.002560 

0.002474 

0.002392 

0.002317 

0.002245 

0.002178 

0.002115 


10 


0.002706 

0.002657 

0.002610 

0.002564 

0.002520 

0.002477 

0.002396 

0.002319 

0.002248 

0.002181 

0.902118 

0.002058 


15 


0.002542 

0.002498 

0.002456 

0.002416 

0.002376 

0.002338 

0.002266 

0.002197 

0.002133 

0.002073 

0.002016 

0.001961 


20 


0.002436 

0.002396 

0.002358 

0.002$20 

0.002284 

0.002249 

0.002182 

0.002118 

0.002059 

0.002002 
0 001949 
0.001898 


25 


0.002361 

0.002323 

0.002207 

0 002251 
0.002217 
0.002104 

0 002121 
0.002061 
0.002004 

0 001951 
0 001900 
0.001852 


1 


^ The capadtanoe betxrten wirea equals ODe*half the values given in this table. 


All calculations will be made per phase to neutral or ground. 


F, 

Ir 


110,000 


63,500 volts 


. V5 

18,000,000 
y/S 110,000 X 0.8 


•■118 amperes 


From wire tables the 60-cycle resistance per mile of No. 0000 at 25° C is 0.271 ohm. 
The diameter of No. 0000 wire is 460 mils. 

Lnui. - 0.805 X lOrJ + 0.741 X ICT* iogio^ 

= 0.805 X 10“* -b'0.741 X KT* X 2.718 
» 0J805 X 10"^ + 2.01 X 10-* 

= 20.9 X 10"^ henry per mile 
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ReacUnce per mile - 2» 60 X 20.9 X 10~* - 0.788 ohm 






3880 X 10 


i-n 


log 


10- 


12 0 - 0.23 
0.23 


1430 X 10“*^ farad 


Susceptance per mile = -2 t 60 X 1430 X lO"” = -0.538 X 10“* mho 

Y - (7 - jb = +j0.538 X lOr-* = 0.538 X 10~‘ /90^ mho 
_Z = r -\yX = 0.271 +i0.788 = 0.834 /71.05° ohme 

0.834 /71.05° 0.538 X 10~* /90° = 2.12 X 10~* /8Q.5* 


VzJy 


- 

\0.53 


834 /71.0.5^ 


1.538 X 10-‘ /90° 
^/y/z = 0.254 X 10-* /9.48° mhos 


3.94 X 10* 7 -9.48° ohms 


For I 200 miles, 


^ Vr + Ir VzTY^ 


f^/ZYl ^ ^O.iU /80.S” _ ^0.07+#0.418 _ ^0.07 

Vr = 63,500 + jO volts 
Ir = 118 / —36.9° amperes 

63,500 + 118 7 -36.9° X 3.94 X 10* /-9.48° 
= 47,800 - jl6,800 volts 


( Vr + Ir VZ/Y\ VzYl 

-^= (47,800 -il6,800)«®®*«« »* 


^ Vr-lrVz7^ ,VCTt 


- (51,300 -jl8.050)««**’ 

= 54,400 7-19.4° 723.9° 

= 54,400 74.5° volts 

» (15,700 •fil6,800)«-®-®*«-^° 

(14,610 + jl5,630)«-^** 

« 21,400 746.9° 7-23.9° 

= 21,400 723° volts 


V. . / V. + Ir V^^ var, + ^v. - V^ _^, 

« 54,400 74 . 5 ° + 21,400 723 ° 

- 64,200 + i4270 + 19,680 + iB356 

- 73,880 4- il2,625 - 74,970 79.7* voHa 
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The current at the sending end could be calculated in a similar way. However, 
for illustrative purposes it will be calculated from equation (27-). 

I. - I, cosh VCTf 4- V, Vy/Z sinh y/ZYl 

The following relations are convenient to use when dealing with hyperbolic functions 
of complex angles: 

sinh (z db y) •* sinh x cosh y ± cosh z sinh y 
cosh ix±y) » cosh x cosh y ± sinh x sinh y 
Binhjx^jBinx 
cosh jx cos X 

- 2.12 X 10"* /80.5** X 200 = 0.424 /80.5° « 0.07 4-/0.418 

cosh (0.07 -h j0.418) - cosh 0.07 cosh/0.418 -h sinh 0.07 sinh/0.418. 

- cosh 0.07 cos 0.418 -|- / sinh 0.07 sin 0.418 
* cosh 0.07 cos 23.9* 4- / sinh 0.07 sin 23.9* 

« 1.00245 X 0-9143 4- /0.07 X 0.4051 
«= 0.915 + /0.028.35 

sinh (0.07 -h /0.418) = sinh 0.07 cosh /0.418 + cosh 0.07 sinh j0.418 
= sinh 0.07 cos 23.9* 4- / cosh 0.07 sin 23.9* 

= 0.07 X 0.9143 4-/1-00245 X 0.4051 
= 0.0639 -I- /0.406 

Vr VyTz = 63,500 X 0.254 X 10^* /9.48° = 161.30 /9.48* amperes 

Vr Vy/Z sinh =» 161.3 (0.0639 4- j0.406) 

*= —0.66 4* /66.3 amperes 

I, cosh v^f = (118 7-36.9*) (0.915 -f/0.0284) = 88.4 —/62.1 amperes 

I, = 88.4 - /62.1 - 0.66 4- /66.3 
= 87.8 4- /4.2 = 87.9 /2.8° amperes 

As a check on the sending voltage, F, will be calculated by the hyperbolic equation 

Vr cosh 4- I,. sinh 

V, = 63.500 X 0.915 /1.75* 4- (118 /-36.9* X3.94 X lo V-9.48 *) (0.0639 I-/0.406) 

= 58,100 4- /1770 4-15,700 4-/10,880 
- 73,800 4- /12,652 » 74,850 /9.7° volts 

P, - w 4-“ 73,800 X 87.8 4* 12,652 X 4.2 
- 6,490,000 -h 53,100 
» 6,543,000 watts per phase 

6000 

E&dency - ^ - 0M7 

If tables of complex hyperbolic functions are available, the hyperbolic solution is 
greatly simplified. 
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CtlctiUtion of Velocity of Propegation. From equationa (35) and (39), 






f ±ZY - iRg-\-bX) 

2 ' 

ZY = (2.12 X 10-*]* « 4.5 X KT* 

= 0 

bX = -0.538 X 10-‘ X 0.788 = -0.424 X 10'® 




5 X 10-* + 4.24 X 10-« 


2.09 X 10“* 


377 


2 09 X 10“* 180,300 miles per second 


If the resistance and the inductance due to the flux within the conductor are neg' 
lected, the velocity from equation (40) is 


_1 ___ 1 _ 

VLC V 2 .OI X 10-^ X 1430 X 10'“ 

“ 186,400 miles per second, or the velocity of light 

PROBLEMS 


6 . Solve Problem 1, page 411, by the e.\act method of calculating transmission 
lines. 


6 . Points A and B are 150 miles apart and are connected by a parallel-wire line 
having parameters as follows: 

Effective resistance per loop mile at 1(XX) cycles, 60 ohms 
Effective inductance per loop mile at 1000 cycles, 0.0042 henry 
Effective capacitance per loop mile at 1000 cycles, 0.00755 ^f 
Shunted conductance is negligible. 

The line is assumed to be terminated at point B with an impedance c(iual to its 
surge impedance. Find the voltage, current, and power rcceivetl at point B when 
50 volts at 1000 cycles are impressed at A. (A loop mile consists of one mile of 
outgoing plus one mile of return conductor.) Use V.i as reference. 

7. Calculate by means of the formula the inductance in henrys per n;ile of 
Xo. 0000 wire nith an equilateral spacing of 6 feet. 

8 - Calculate the capacitance per mile between wires and l)etween one wire and 
neutral or ground for the line in Problem 7. 

9- A 3-phase 60-cycle tran.sntission line is 150 miles long and coasists of three 
Xo, 0000 wires spaced at corners of an ctiuilaicral triangle which are 15 feet apart. 
The line is to deliver 138,000 linc-to-line volts and 45,tXX> kw total power at 0.8 p.f. 
lagging at the receiver. Calculate the required sendmg-end voltage, current, 
power factor, and efficiency of transmission if the nominal T line is used. See 
bottom of page 430 for re.sistance of Xo. 0000 wire. Lse Vunc-to-neutrai reference. 

10. Work Problem 9 if the nominal t lir.c is employed. 

11. Work Problem 0 if the Stciumet/. thrce-condetiNcr method of reprasonting 
Ibe lino is used. 
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12. Work Problem 9 if the exact method of calculating long lines is employed. 

13. Calculate the velocity of propagation of the wave in Problem 12. 

14. (a) If 138,000 linc-to-Iinc volta were maintained at the sending end of the 
line m Problem 9, what would be the receiver-end voltage with the receiver end 
open? Employ the c.xact method of solution. (&) What is the magnitude of the 
direct wave at the receiver? (c) of the reflected wave? 

16. What is the velocity of propagation of the wavd in Problem 67 

16. What is the attenuation in decibels per mile of the transmission hnc desenbed 


in Problem 6? 




N 
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chapter 

A1 Electric Wave Filters 

The frequency characteristics of certain types of networks can be 
employed to separate waves of different frequencies. The separation 
may be effected primarily for the purpose of selecting a desired band 
of frequencies or for the purpose of rejecting an undesired band,. Se¬ 
lected bands are called pass or transmission bands, and rejected bands 
are called stop or attenuation bands. Any network which possesses 
definite properties of frequency discrimination and which is capable 
of separating electric waves of different frequencies is called an electric 
wave filter or, simply, & filter. 

Selective Properties of Circuit Elements and Elementary Circuits. 
Single reactive circuit elements are sometimes employed to pass or 
reject frequency bands when only broad discrimination is to be made. 
Thus blocking condensers in many vacuum tube circuits discriminate 
very satisfactorily between w’aves of zero frequency (direct current) 
and high-frequency waves. Inductance coils can be employed to pass . 
direct current and practically eliminate frequencies which are of the 
order of 1000 kilocycles. 

High-Frequency Line Drain. A high-frequency disturbance can be 
drained from a low-frequency, two-wire line with a condenser arrange¬ 
ment similar to that shown in Fig. lo. The condensers constitute a 





^Hli- 

- 

:Hl'' 


■: 

;i 


-(i) W 

Pio. 1. Devices for draining induced disturbance* from two-wire Unes. 

relatively high impedance to the low-frequency line voltage, both line- 
to-Une and Une-to-ground. At the same time a relatively low Une-to- 
ground impedance is presented to the high-frequency variation which in 
the present case is assumed to be the result of an induced disturbance. 

435 
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Low-Frequency Line Drain. A method sometimes used to drain a 
low-frequency induced disturbance from a two-wire line is shown dia- 
grammaticaliy in Fig. 16, The drain coil is ironclad and offers a rela¬ 
tively high impedance to current which tends to flow from line-to-line. 
If, however, both lines are raised simultaneously above (or below) 
ground potential by induction, the currents which flow from the lines 
to ground magnetize the core in opposite directions. With respect to 
the induced currents, the two halves of the coil are in series opposition 
with the result that the impedances offered to these currents to ground 
are relatively very low. The de\ ice can be used to drain charges from 
telephone lines which are electrostatically induced from neighboring 
power lines. 

Typical Smoothing Network. A ver\' common form of filter-is the 
elenientary r-section shorni in Fig. 2. This particular type of filter 
section is widely used to give d-c output from rectified a-c wave forms. 





Load 

rtsistancf 


The output voltage of the rectifying device, namely, that which appears 
ge?eml form-'’“ 

" ° + ^17,1 am (u,t + a,) + higher harmonics 

where fs. is the averap value of the rectified wave and w, is the angular 

Ido°n''^AV^* component present in the voltage vari- 

If fof ‘””7 '7 f is shown in Oscillogram la 

If, for examp e, both halves of ,.vole wave are rectified svm 
metncally, the lowest frequency c,,„ punent in the rectified vo C 
wave will be that of 120 cycles, in which case «. = 754 radians pe! 
second, n unsymmetrical rectification w. is generally equal to th 

SfiS "hich is being 

Under ideal conditions the filter section shown in Fig. 2 should pass 
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t ^ftves of zero frequency with no attenuation and absolutely stop 
waves which are of other than aero frequency. Obviously, these ideal 
conditions of operation can only be approached in practice, but the 


I 



(o) Rectified a-o wave, no filtering. 

(6) Rectified a-c wave, choke filtering only. 

(e) Rectified a-o wave, choke and input condenser filtering. 
id) Rectified a-c wave, complete a-section filtering. (See Fig. 2.) 

Terence between ideal operation and actual operation can be made 
exceedingly small by proper design. See Oscillogram Id. 
f’or full-wave, 60-cycle rectification satisfactory filtering can usually 
I obtained if Ci and C 2 of Fig. 2 are about 4 or 6 /if each and L is 


ill 


M 



Scanned by CamScanner 



















438 


ALTERNATiNG-CURReNT CIRCUITS 


Ch. XI ! 

about 30 or 40 henrys. The permissible voltage regulation will, to a 
large extent,' determine the amount of resistance that can be present 
in the inductance'^cpil in any particular instance. In any case H ^ 
very small as compared with «iL. The result is that, when the »- 
section is energized with a rectified voltage, it presents a relatively low 
impedance to zero-frequency current. The impedances offered to other 
than zero-frequency currents are relatively very high. 

If, for example, L *= 30 heniys and »i is 754 radians per second, the 
series impedance of the filter section to the component of current is 
approximately 22,600 ohms. The series impedances to the higher- 
frequency components are proportionately greater. The series im¬ 
pedance of the filter section to the d-c component of current may, in a 
particular case, be only 20 or 30 ohms. Therefore, the inductance coil 
acting by itself will tend to smooth out the rectified wave as showm in 
Oscillogram 16. 

The input condenser, Ci, is an important member of the filter section, 
although it is entirely possible to design a smoothing network which 
does not employ a condenser at the Ci position shown in Fig. 2. It 
will be noted that Ci is placed directly across the output terminals of 
the rectifying device. It provides a relatively low-impedance path for 
all a-c components. The anode-cathode impedance of the tube may be 
!0 or 20 times greater than l/wiCi, in which case the voltage drop across 
Cl is only a small fraction of the total drop due to the a-c components 
bf the rectified voltage. This aids materially in the smoothing process 
but at the same time increases the actual plate current of the rectifying 
elements. Filter sections which employ a condenser directly across the 
terminals of the rectifying device are called condenser input sections.' 

A complete analysis of the composite-circuit shown in Fig. 2 is compli¬ 
cated by the presence of the transformer, tube, and load impedances and 
will not be undertaken at this time. Actually the smoothing network or 
ripple filter shown in Fig. 2 is a particular form of low-pass filter, the 
general theory of which is considered on pages 464-468 of the present 
chapter. 

Image Impedances of Four-Terminal Networks. Most filter sections 
take the form of a four-terminal network, and as such they possess one 
pair of input tennin^ and one pair of output terminals. With this 
arrangement of terminals, a filter section cah be inserted directly into 
a two-wire line. 

General four-terminal network theory is rather elaborate and is not 

* For de^ls see “ Electrical Engineeia' Handbook: Electric CommunicaUon and 
Electronics,” fourth ediUon, edited by Pender and Mcllwain. pp. 7-106. 7-108, 

John Wiley A Sons, Inc., 1060. 
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to be suitable first-course material. There are certain as- 
( of the subject, however, that are essential to a proper understand- 
I ^ of elementary filter theory. One of these is the concept of image 


XI 



f tb. J. touf-ierminal network terminated on the image impedance basis. 

• 

The rectangle shown in Fig. 3 Is assumed to be any form of four- 
terminal network, the internal circuit elements of wnich may or may 
Bol be accessible. It is also assumed that the individual circuit ele- 
nvents are line.\r. Circuit elements arc linear if effects are proportional 
foetuses, for example, if currents are proportional to applied voltages. 

The image impedances of a four-terminal network are called Z/i and 
Z/i and are defined in the following manner. (Refer to Fig. 3.) If the 
impedance across the input terminals (looking into the network) is Z/i 
then the output tenninals are closed through Z/ 2 , and if the impedance 
tcross the output terminals (looking into the network) is Z /2 when the 
input terminals are closed through Z/i, then Z/i and Z /2 are called the 
image impedances of the network. If a four-terminal network is termi- 
Diled in its image impedances, Z/i and Z/ 2 , the impedance looking either 
«ay from the input terminals is Z/i and the impedance looking either di¬ 
rection from the output terminals is Z/ 2 . The network is correctly 
matched when the input impedance is Z/i and the output impedance is 
Z /2 and under these conditions the network is said to be terminated 

00 the image basis. ... i j • i 

A special case of image impedance termination is employed in ele- 

mentary 61ter theory. The assumption is made that Z,, = Z„, and 
this particular value of impedance is called the characteristic impedance 

of the filter section. ... a i u j 

The image impedance at either end of a given network can be de- 

lermined from the open^circuit and shorKircuit impedances. By 
open^rcuit impedance, Z... is meant the 

•hort Z is meant the impedance looking into one 

•^rt-circuit of tet-minals is short-circuited. It 

of terminab when the either end of a four-terminal 

be shown that image imp open-circuit and short-circuit 

^•eiwork is the geometric mean of the open-c 

•mpedances. 
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Thus in Fig. 3: 

Z/i “ ^ • (I) 

and _ 

Z/2 ^ (2) 

Generalized proofs of the above equations will not be given but it 
will be shown presently that the relations stated are correct wlicn 
Z/l = Z/2, the condition which is of special importance in elementary 
filter theory. 

Characteristic Impedances of T- and ir-Sections. The basic units 
of elementary filter theory are the symmetrical T- and x-sections shown 
in Fig. 4. Although both of these sections are essentially three-terminai 
networks, they are usually inserted into a two-wire line in the same 
manner as a four-terminal network. Viewed as three-terminal nrt- 
works, the T-section is a wye-connected set of impedances and the 
x-section is a delta-connected set of impedances. It should not be sup¬ 
posed that the Zj and Z 2 values given in Fig. 4a and Fig. 46 are, in 



Fio. 4, Symmetrical T* mod w^-aoclioni. 


general, equivalent wye and delta values. The circuit clein»'nts are 
usually labeled as indicated in Fig. 4 in order to make the algebraic 11 - 
pressions for several of the filtering churacteri-.tic s the same for both 
the T- and x-sections. 

The scries impedance of a symmetrical T-section h coinpoaed of tw<* 
similar units, each of which is laMed Z, '2 in l ig. 4a. The im(>editncr 
labeled Z 2 in Fig. 4a is called the shunt mineilin. c of the T-w-ction Tin- 
shunt impedance of a symmetrical x-section is imposed of two equal 
branches, each lal)elcd 2Z; in Fig. 46, and these .shunt branches are lo¬ 
cated on either side of the scries impedance Z,. If the seric* and shunt 
impedances are designated in accordance \^*ith Fig. 4, ladder structures 
formed by the cascade arrangement of successive sections are generally 
similar. (See Fig. 10 and Fig. !l.) 

If the output terminals of the T-section shoam in Fig. 4<i are closed 
through an impedance Z*r, the impedance across the input terminals 


Scanned by CamScanner 























Ch. XI ELECTRIC WAVE FILTERS 

(looking into the network) is: 

Z,(| + z.,) 


4MJ 


z -h. 

Z.n- J + 


^2 4- + ZoT 


( 3 ) 


In order for Zj„ to equal Z'ot, it follows that: 

Z 1 Z 2 


Z - j 2 
^oT — 'TT + ~— 
2 ^Zi 


~f" Z2Zo7* 


(4) 


2 f Z 2 + Zoj. 


The above equ^ion may be solved for Z„r and the result stated in terms 

/I T r ^ shown that the characteristic impedance of 

yie x^seciiOft is: 


*oT 




( 5 ) 


If the output terminals of the ir-section shown in Fig. 46 are closed 
through an iinpedance Z„,, the impedance across the fnput terminals 

(looking into the network) is: vc lamais 


Z,n = 


( 


2Z2 (Zj 4 " 


2ZoZ 


2Z2 + Z 


2Zor \ 

■^ZaJ 


2 Z 2 4* Zj -|- 


2 Z 2 Z 


oir 


( 6 ) 


2 Z 2 -f Z 


Ot 


n order to determine the conditions under which Z,„ b equal to Z 
simply necessary to set Z,„ = Z„ in the above equation and solve 
the resulting equation for Z„. After Z,„ has been set equal to Z 
aod all fractions cleared, it will be found that: ' 


Zoir^ (Z, 4 - 4Z2) = 4Z1Z22 


J'rom which the characteristic impedance of the ir-^section is 


I 4ZiZ;» 
■VZi + 4Z,' 



ZiZj 


1 4 - 


h) 


(7) 


thli T relations in filter theory because 

aeriit'^"®,‘ '® '''“raoteristic impedances Z.r and Z„ in terns of the 
- and shunt elements out of which the T- and ir-sections are com 
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posed. If a filter section is terminated in its characteristic impedance, 
the impedance across the input terminals (looking into the network) 
is the same as the receiving-end impedance. (The importance of 
designing filter sections to have particular characteristic impedances 
will become more evident after composite filter sections are studied.) 
It should be noted that a given filter .section terminated at both ends 
in its characteristic impedance is terminated on the image basis and that 
in this particular case Z/i andZ /2 are equal. (See Fig. 3.) Reference 
to equations (5) and (7) will show that; 


( 8 ) 



(9) 


and 


Equations (8) and (9) define a rather important relationship that exists 
between the characteristic impedances of T- and ^-sections, the Zi’s 
and Z 2 ’s of which are equal. • 

Filter theory is based upon Zi, Z 2 , Z^r, and Zor to such an extent that 
the physical significance of each of these four impedances should be 
clearly understood. The reader who is unfamiliar with filter theory 
nomenclature should at this stage renew the definitions which have been 
given for Zi, Z 2 , Zot, and Zgr- [See Fig. 4 and equations (5) and (7).) 

Example 1. In Fig. 4a, let each Zi/2 take the form of an inductance coil, the 
inductance of which is 0.047 henry and the resistance of which is 1 ohm. The shunt 
arm, namely, Z 2 , is to take the form of a 300-pf condenser. (.Vo/e; This is an uncon* 
ventional set of parameters for this tj’pe of filter section but since some of the experi¬ 
mental results which follow are based upon these particular values they will be 
used here to illustrate the calculation of Z<,r.) 

The method of calculating Z^r at 50 cycles is as follows: 



Zi * 29.6. '^86.1** ohms (Full «eries arm impedance.) 
Zi = 0 — I - = 0 — yiO.61 » 10.61 / —90" ohms 



(29.6 /86.1")* 


^(29.6 /86.1" )(10.61 /-90") 
» 9.83 /2.5" =• 9.81 -F >0.43 ohms 


4 


The physical significance of the above value of Zot is that, if an impedance of 
9.83 /Z.g" ohms is placed across the output terminals of this symmetrical T-section, 
the impedance looking into the input terminals is also 9.83 /2.5* ohms. 


Scanned by CamScanner 



























ELECTRIC WAVE'FILTERS 



Ch.XI 



Pfoblem 1. Neglect the resistances of the two inductance coils that form the 
fsries impedance of the filter section in the illustrative example given above and 
find 50 cycles and at 100 cycles. (It may be of interest to know that this 

symmetrical 1'Section forms a low-pass filter that passes all frequencies up to 60 

cycles and attenuates those above 60 cycles.)* 

Arw.: At 50 cycles, Z<,r *» 9.76 /0° ohms. 

At 100 cycles, Zor = 23.65 /90** ohms. 

Problem 2. The series imp)edance, Zi, of a symmetrical jr-section (lik® shown 
in Fig. 45) insists of a 0.02-henry inductance coil, the resistance of which is assumed 
to be negligibly small. Each of the shunt arms, namely, 2 Z 2 , is composed of a 2.0-Mf 
(^ndenser. (This 83mimetrical 7r-section forms a low-pass filter which passes all 
frequencies below 900 cycles without attenuation as will be shown later.) 

Find the characteristic impedance of this section at 200 cycles and at 2000 cycles. 
Use equation (7) and recognize that 

10* ’ 

Zi = 0.02w /90** and Z 2 = — /-OO® ohms 

4w- 


Ans.: At 200cycles,ZoT = 71. 8 / 0 ^ohms. 

At 2000 cycles, Z«x — 48 / —90° ohms. 

Characteristic Impedance as a Function of Open-Circuit and Short- 
(^cuit Impedances. Reference to Fig. 5a will show that the open- 
circuit impedance of a T-section (looking into the section) is: 



Fio. 5. and of a symmetrical T-section. 


^en the output terminals are short-circuited as shown in Fig. 56 the 
^pedance of the T-section (looking into the section) is: 



geometric mean of Z<,-« and Z,.c is: 


CORCORAN-29 





( 12 ) 




ii 








i 
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It has already been shown that 


Cl. 




I • Z ^ 

ZoT = JZ1Z2 + -y (See equation ( 5 ).] 


Therefore, 


ZoT ~ "N/ Zo-eZi-e 


(13) 


The fact that Z^r is equivalent to the geometric mean of Z„.,an(| z,, 
provides the basis for a simple experimental method of determining tl^ 
chai scteristic impedance of a given section. 




7 . 


° 1 




o- 


21, 

X 


(W 



Fig. 6. and Z,e of a symmetrical ^-section. 

Reference to Fig. 6a will show tliat the open-circuit impedance oi 1 
symmetrical ir-section (looking into the .section) is: 

2Z2(Zi + 2 Z 2 ) 

Zj -h 4 Z 2 

If the output terminals of the 7r-section are short-circuit-ed as shown in 
Fig. 66, the input impedance is: 

2 Z 2 Z 1 


Zo.c = 


(14' 


Zi 4- 2 Z 2 


Zs-C = 




(15' 

(!«' 


Gompari.son of the above relation with equation (7) will show that: 


ZoT — Ztj.fZf.c 


fiv 
of 

Equations (13) and (17) indicate that the characteristic 
either the T- or ir-section is equal to the geometric mean of their 
live open- and .short-circuit impedances. It should be evident 
symbols Z^.c anrl Z,.c in c(|uations (13) and (17) refer to open-and 
circuit impedanccs4of the partiojilar section that is under inve^ti?* 

In general Zot 

Problem 3. Referring to Fig. 7 find fn) (h) Z,.c, and (c) Z,r ** 




.4ns.: (a) 186.2^'-^, (6) 26.0/{Ml’, and (c) 69.5/® 


(jflfCJ- 
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Problem 4. Referring to Fig. 8, find (a) Z„-e, (6) Z,.*, and (c) Z^r at 200 cycles. 

Ana.: (a) 192.5 /-90°, (6) 26.8 /90“, and (c) 71.8 /O* ohms. 


•^='0.01 henry 

ic,=4><f 


Lt = 0.02 henry 

-nmnsfp - 




-i-9i= 2.0/if 
2 


_ 7 particular symmetrical T-section Fio. 8. A particular symmetrical x-section 

for use with Problem 3 for use in connection with Problem 4. 

Physical Operation of Symmetrical T- and ir-Sections. The T- and 
^.sections shown in Fig. 4 possess some remarkable properties when their 
output terminals are connected to the characteristic impedances Zot 
and Zow respectively. Before considering the filtering properties of these 
sections, some of the basic relationships that follow directly from ele¬ 
mentary circuit theor}^ will be established. 

Tlie conditions imposed on equations (4) and (6), page 441, make 
Zin = Zout for eitlier type of section. Hence Ii = Vi/Zoandl 2 = V 2 /Z<„ 
where Z<, symbolizes the characteristic impedance of the particular type 
of section Considered. It follows directly that 


Ii _ Vi. , TTi ^ Ti/i cos e ^ ty 

i; " ^ ^ 11^2 ” 1 ^ 2/2 cos 6 I 2 


(18) 


where the subscripts 1 refer to input quantities and the subscripts 2 
refer to output quantities. Since the impedance looking into the input 
terminals is the same as the terminating impedance, the angle between 
Vi and Ii is equal to the angle between V 2 and This angle is sym¬ 
bolized as e in equation (18) and is equal to tan (Xo/Ro), where X. 

and R, are the reactive and resistive components of the characteristic 
impedance Z The basic relationships contained in equation (18) are 
illustrated photographically for a particular T-section in Oscillogram 2, 
page 446. These relationships will be used later m defining the attenua¬ 
The next ba.eic relationship to be «tabl.shed .s that the ratio of mput 
“^rrent to output current, namely, I,/h.^ eomplete y defined by the 
serm^ ^ 1 (7 ) and the shunt am impedance (Z 2 ) out of 

wS r r-fal T or x-scction is compased. For the T-seetion 

"hich he symmetr cal T- or x emf law that 

Shown in Fig. 4a it is plain from ivircm 


?l i 4. I2 + Zorl2 = Vi = Zorli 

2 ^ 2 


k 


(19) 
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Whence 



I *•>■+9 

_ _ “ (for T-«cctions) 

■ (20) 


I 2 « 

Z.r 2 

Referring to Fig. 4fc for the x-section and remembering that Vj 
and that Ihe eurrent series aro is: 

= IiZ» 


_ I 1 Z 4 W y , laZor 

2Z* , 

(21) 

from whidi 

. (2Z,-Z„) , (22* + ^,) 

2Z, - 2Z, 

i * 

(22) 

and 

I, 2Z2+Z„ 

U~2Z2-Z„ 

(23) 


RefOTTOce to equations (20) and (23) above and to equations (5) and 
(7), pa^ 441, irill show that the ratio I 1 /I 2 defined wholly* in terms of 
Zi and Zt for either T- or x-sections. It will he shown later that the 
























AS.-t',' 


CKXI 


Rtcfuc wAvr mrits 


,{^1 mcmben ^ •qualiont (20) mmI (23) art IdiKtaealljr cq«al vIm 
frriitcn wholly in terms of Z| twi Zf. For the pr ewn t, oqpiAian (2D) 
frill be used to define the ratio I|/It in T-sectaoDS and eqwataon (21) w9i 
be u^ed to define this ratio in v-seetions. 


Example t. Refer to the eymmctricai Tocctiaa Aooa ia r«. to Lrt It ho 

required to evaluate the rotio I,. It at/ • 90 cyeko teco tMa to the mmm T rr - 

•s desrribed m example 1, pace 442, tW itooha «d cmwwie I way he omd horn to 
define It, Zj, and Z*r« 


^ - (1 +>14-77),Z« - (p ->1 Qj 8IX aod Z.r - <tAI +>Dtt) 

Z,r + — 

i! __1. (9.81 «t^/l.43) + 0 +/I+77) 

*• Z—-?? (OAl +>D.43) - (1 +>1+77) 

^ 2 


qoAi +>is.a o) 18-7 /sijr 

(R8I ->14-34) " I6A /-984* " **" 



^ phytocol a«adkaoc« of the atm 
1| to 1.11 tima as gnat m tho 

94.) It aiO be akmam peeaeotlp 
filter oKtaoB aad that the asaaci 
t^McUoa. 

A vorthwhde caarctoe for the otmlo 
aboac vlth th(M daUewaed by 
* 180^ oohs and aolee lor l| m 

la Flf. Oh Md ia ftonl^ 
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Example S. Let it be required to find the ratio h/It in Fig. 9o if the reeietaoc^ 
of,the inductonce coils are neglected, assuming that the frequency of the supply 
voltage is 50 cycles. 

Zi* 

- = (0 +il4.77), Zj » (0 -yio.ei), - 014.77)* 


Z„r = VZiZz + (Zi/2)^ » V029.54)(-yi0.61) + 014.77)* 

= V313.4 - 218.2 = V95i2 = 9 . 76 / 0 ^ ohms 

Employing equation (20); 

11 9.76+;14.77 _ 17.7/56j^ 

1 2 “ 9.76 - >14.77 17.7 7-56.5^ 

A 

Thus the output current I 2 is shown to be as great in magnitude as the input current 
Ii. This condition exists generally in symmetrical T- and ^-sections when the 
resistances are negligibly small provided the characteristic^impedance for the fre¬ 
quency considered is a pure ohmic resistance. 

Example 4 . Let it be required to find the characteristic impedance and the 
current ratio I 1 /I 2 in Fig. 9 a if the frequency of the supply is 100 cycles and if the 
resistances of the inductance coils are neglected. Under these conditions: 

^ = (0 + >29.54), Z 2 = (0 - >5.305), ^ = 029.54)* 

A * 

ZoT “ V059.08) (->5.305) + 029.54)* 

= V (313/0°) + (873 /-f 1 $ 0 ~ ) 

= V560 / + 180~ = 23.66/90^ ohms 

The characteristic impedance of the filter section has changed from a pure resistance 
(of 9.76 ohms) to a pure inductive reactance of 23.66 ohms as a result of changing 
the frequency from 50 cycles to 100 cycles. A'o/e; The values of Li and C 2 used in 
Fig. 9a make this section a low-pass filter section which starts to attenuate at 60 
cycles, as will l)e shown later. See equation (55), page 465. At 100 cycles: 


h 

I2 


7 4 -?* 

2 (23.66/9^) + (29.54/90°) 

(23.66/90°) - (29.54/90°) 

2 


53.2 /90° 

“ ^88 /-90° “ 9.04/ + 180° 

It will be observed that, at 100 cycles, /j is 9.04 times as great as l 2 which indicates 
that marked attenuation is taking place. It will also be observed that the phase 
shift is 180 , a cfindition that always obtains in a resistance less filter section which 
is operating in the attenuation band and which is terminated in its characteristic 
impedance. 

The importance of the ratio Ij /I* has been emphasized in the foregoing 
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Ch. 


examples because the physical operation of a filter section is concisely 
defined by this ratio. 


Problem Find the ratio Ii/Ij of the aymmetricnl ir-scction aiiown in PiK- 8 
ge 4‘t5. cyclea and at 2000 cyclca. Neglect the resistance of the inclnctance 

coil and recognize that Zi = (0 + j0,02w) is the full series arm and that Zo - 

fn ^ I ia the combined shunt arm since the total series inductance (Li) is 

0 02 henry and the combined shunt capacitance (Cj) is 4 (See Fig. 46 and 

/ 10‘\ 

Fig. 8.) Note also that 2 Z 2 = 10 — J Y~j °h^* 

dn«.: At 200 cycles I 1 /I 2 = 1 /.-I-20.5°. 

At 2000 cycles I 1 /I 2 * 10.6/ —180°. 


Problem 6. Find the current ratio I 1 /I 2 of the symmetrical T-section shown in 
Fig. 7, page 445, at 200 cycles and at 2000 cycles. Neglect the resistances of the 
inductance coils. Am.: At 200 cycles I 1 /I 2 = 1 /20.5°. 

/ ■ At 2000 cycles I 1 /I 2 = 10.6 / -^180° . 

Transmission Constant of a Filter Section. A transmission constant 
which applies to a generator feeding a resistance load has been defined 
in equation (80), page 136. It will be remembered that the reference 
used in that case was selected with a view toward including the effects 
of a possible mismatch between the resistance of the generator and the 
resistance of the load. Another transmission constant which applies 
to long lines was used in Chapter X. In this case it was called the 
propagation constant, the terra usually employed for the transmission 
constant of long lines. 

Where a filter section or other four-terminal network is terminated 
on an image impedance basis as shown in Fig. 3, the impedance match 
between the generator and load is already effected and the definition of 
the transmission constant is somewhat different from that given in 
equation (80), page 136. Assuming that the filter section is terminated 
on an image impedance basis and that we wish to specify a measure of 
the attenuation and phase shift of the filter itself, we employ the follow¬ 
ing definition of the transmission constant: 

, Z/ , V1/I2 , Ii 

^ = a + = log. ^ = log, — = log, - (24) 


where Zr' is the transfer impedance from the input terminals of the filter 
section to the output terminals, namely, Vi /I 2 
Zfi is the image impedance seen looking to the right of the input 
terminals, namely, Vi/Ii 
a is called the attenuation of the filter section 
/3 is called the phase-shift constant of the filter sectiop. 
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Actually the « and ff defined in equation (24) apply to an,, 
terminal network which ia terminated on an image impedance ba*. 
shown in Fig. 3. As such they apply directly to a filter section »hk 
is terminated in its characteristic impedance, since characteristic in. 
pedance termination is but a special case of image impedance 

tion where Z/i = Z/ 2 - ^ , a- r *u 

The attenuation, a, is a measure of the ratio of the power input to the 

power output of a filter section which is terminated in its characteristic 

impedance, since under these conditions the real part of equation ( 24 ) 

may be written as: 


Vm'o 1, ZL^»=iloe^ 
WI7K 2 htio ^ ^2 


(25) 


where Ro is the resistive component of Zq 

WI is the power entering the input terminals 
TF 2 is the power leaving the output terminals. 


From equation (24) it is plain that 


11 = = eV'/* = Kl§^ (26) 

1 2 

where iiC = = I\ II 2 

/3 = angle of lead of Ii with respect to l 2 * 

As applied to a series or cascade arrangement of filter sections like those 
shown in Fig. 10, page 452: 

h^h = h ( 27 ) 

I 2 I 3 I 4 

and the transmission constant (together with the attenuation 
shift) may be reckoned on a per section (or Ii /I 2 ) basis or on a 
basis of Ii /I 4 , since both arrangements are presumably terminated on 
a characteristic impedance basis. 

Units of Attenuation or Transmission Loss. Filter section 
ation is usually expressed in either nepers or decibels. (See pages 136- 
These units of transmission loss are both defined on a logarithmic ba»i^ 
since their greatest field of application is in the transmission of sou® » 
the loudness of which is a logarithmic function of the sound energy- ^ 
The Neper. The general definition of attenuation expressed in nep 

is: 

(Attenuation in nepers) « J log, ^^**"**^ — 

W (r«fer*ne*) 
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or 


(Attenuation in nepers) * 1.151 logio ( 29 ) 

, *17 . (reference) 

»here ,s any particular power level which might be under dis- 

cussion 

(reference) power level employed as reference from which 

' («ener»i> is to be measured. 

(25) will show that, for a 

S Itai.r^ow! ♦'•'•"'■■’'‘ted in its characteristic impedance, the 

output power W, is employed as the reference power level and 

(Attenuation in nepers) = | log. ^ = 1 ,„g. ^ ^ ^ „ ( 30 ) 

If the is not terminated in its characteristic, impedance, 

equation (28) is employed and W, is used for ir(,.„.„i, and IFj is used 

lor n (reference)* 

The Decibel. The decibel is an arbitrarily defined unit of trans- 

6s.in) which has come into general use since about 
1920. The customary abbreviation is db. The general definition of 
attenuation expressed in decibels is 

F(..c.rel) 


(Attenuation in decibels) = 10 log 


'gio 


' (reference) 

^here If^(generai) ^nd reference) have the Same meanings as employed 
in connection with equation (28). 

If the filter section is terminated on a characteristic impedance basis 
reference to equation (18) or to equation (25) will show that 

(Attenuation in decibels) = 10 logio = 10 logio 

= 20a logio < = 8.686a (32) 

Comparison of equations (30) and (32) will show that the decibel is a 
transmission unit which is 1 /8.686 times as large as the neper (or napier). 
In practice the decibel is used almost exclusively in the United States. 
Because of its rationality, the neper is widely used in theoretical deriva¬ 
tions. 

It should be noted that transmission loss (or attenuation) units define 
power ratios and under special conditions define current and voltage 

* Originally the decibel was called the “transmission unit” (abbreviated TU). 
See “The Transmission Unit and Telephone Transmission Reference Systems,” 
W. H. Martin, Bdl Sy$tem Technical Journal, Vol. 3, p. 400. 
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ratios. These lrwftha^tL’“rat'’o[ 

inpuf^'pou^r output in a particular case is 3, the transmission 

loss or attenuation is: • 

i log, 3 = 0.55 neper or 10 logic 3 = 4.77 decibe s 

If the current ratio is 3 and the input and output impedances are equal, 
the transmission loss is: 

i log. 3 ‘ = 1.1 nepers or 10 log.o 3’ = 9-54 decibels 

The actual values of power or current are not specified in the statements 
given above, only logarithmic functions of the ratios. 



Example 6. If the vector current ratio per section of each of the three T-sections 
shown in Fig. 10 is 3/^ or 3 /t/6 radian: ’' . ' ' 

II = II = li = en = = 3/30* 

Ii I 3 l4 

from which 

• = 3 or ai = log, 3 = 1.1 neper per section -j 

= 30* or jr/6 radian, phase shift of I 2 behind Ii 

On at', re-.section basis: 

^ = j-rj = 27/90° 

From which the attenuation and phase shift of the three sections may be calcu¬ 
lated as • ' » 

e“> * 27 or az = log, 27 = 3.3 nepers 

= 28.6 decibels , . • 

0j = 90° or r /2 radians, phase shift of I 4 behind Ii. 

Problem 7. fbe current i”. a p^rticulnr filter section is known to be 

1 11 /113° in ey'i'nplc page 44S. If the section is terminated in its charac- 

tcristlcTinpeoance, find the attenuation in nepers and in decibels. 

Ana.: 0.1043 neper, 0.905 decibel. 

Problem 8. Calculate the attenuation in dccil)cls and in nepers for the various 
power and current ratios indicated below. In the case of the current ratios, it is 
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I XI ELECTRIC WAVE FILTERS 453 

^urned that the filter sections to which they apply are terminated on a character¬ 
istic impedance basis. The few calculated values that appear in the table may be 
used as guide. 



db 

nepers 

Til It 

db 

nepers 

1 

0 

0 

1 

0 • 

0 

10 

10 

1.15 

10 

20 

2.3 

100 



100 



1,000 



1,000 



5.000 



10,000 




With respect to a specified reference power level, any particular circuit 
power may be measured in plus or minus decibels, depending on whether 
the circuit power is greater or less than the reference power .level. 

Several reference power levels have been used in sound engineering, 
ndmely, 6 milliwatts in telephone circuits, 12.5 milliwatts in public 
address systems, and a relatively new reference level which is designed 
to be generally applicable and which is specified as “ 1 milliwatt in | 

600 ohms.” Thus, 6 milliwatts might be reckoned as 10 logic (0/T) = 

-{-7.78 db with respect to a 1-milliwatt reference or as 10 logic (0/12.5) = jiiili 

—3.19 db with respect to a 12.5-milliwatt reference. , . 

General Considerations. Elementary filter theory concerns itself ' 

with uniform ladder structures which are composed of either conven¬ 
tional T- or r-sections. With the definitions which have been given to 
Zi and Z 2 in T- and x-sections, the ladder structures formed by cascade 
arrangements of these sections are equivalent e.xcept for their terniina- 
tions. 

Figure 10 illustrates a, ladder structure composed of symmetrical ^ 

T-sections which is midseries terminated. A ladder striicturc is said to 
be midseries terminated when it is terminateil at the midpoint of a ! 

series arm such as wx. It will be noted that g is the midpoint of such a 
series arm. Under ideal conditions the structure is terminated at both 
sending and receiving ends in impedances which arc equal to the charac¬ 
teristic impedance of a T-scction, namely, Zot*. (Methods will be con¬ 
sidered later whereby generating devices of one impedance can be 
properly matched to a load device of a different impedance.) 

Figure 11 illustrates a ladder structure composed of symmetrical 
^■"Sections. Comparison of Fig. 10 and Fig. 11 will show the general 
circuit equivalence of T- and ir-scctions except for the terminations. 

The arrangement shown in Fig. 11 may be thought of as symmctricid 
T-scctions which are terminated at plane.s such that the sliuiit arm Z 2 
‘3 bisected longitudinally, leaving 2 Z 2 directly acros.s the input and 
output terminals. This form of termination is called midshunt ter- 

uj 
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After the value of Z.r aa given in equation (5), page 441, U aubatituted 
in equation (33), the following form may be obtained;. 




(for T-scctions) 


(35) 


After substituting the value of Z*, a« given in equation (7) into ^uar 
tion (34), the following form may be obtained; 


I. ; V' 


(for ■•-sections) 


(36) 


Hence, for like values of Zi and Zj; 


•— (for T-sections) * ^ (for v-sections) 
*2 h 


(37) 


Since it follows that 

(f^. ^ M)' 


.(a-t-jS) 


(38) 


Although equation (38) defines both a and 0 in terms of Z* and Z 2 , a 
different form is usually emplo 3 *ed in the actual evaluation process.* 
An algebraic rearrangement of the quantities involved in equation (38) 
will show that: 


a +. 


2108 .(^ 1 +^ + ^) 


(39) 


The above relation is one form of fundamental filter equation, since the 

* A fundimental filter equation ti'hich is sometimes culled Campheil's equation 
(*fter G. A. Campbell « ho discovered the'filtering properties of various lumped 
u^ped«Dce oetivorks) is: 

Zi 

cash Y • I + rrp “ (cosh a cos H + J sinh a sin 
2Zi 

Ihe above form need not be used here but, for the reader who is familiar with the 
“‘■aipulation of complex hyperbolic functipM, Campbell'a equation ia much more 
«kgaot than is equation (39). See "Phj'iical Theoo' of the Wave-Filter,*' by 
A. Campbell. Beti Sj/tfem fecAnical Journal, Vol. I, November, 1922. 


I li . 

P- 
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attenuation constant and the phase-shift constant are defined whoiL 
in terms of the full series arm impedance (Zi) and the full shunt Qrl 
impedance (Zg). The analysis of any symmetrical T- or ^-section com. 
posed of series and shunt arms of Zi and X 2 , respectively, may be carrif.(] 
through with the aid of equation (39). 

Since the right-hand member of equation (39) is, in general, a compl^jj 
number, it is capable of defining both a and ^ of either T- or ir-sections 
which are terminated on a characteristic impedance basis. In 
manipulation of the factor Z 1 / 4 Z 2 in equation (39), care should be 
exercised in determining the correct sign of the associated angle if the 
correct sign of 0 is desired. 

Example 6. Let it be required to determine the attenuation and phase shift of 
a filter section whose full series arm is 56-5.6 /60° ohms (at a particular frequency) 
and whose full shunt arm is 200 /—90° ohms. Note: Characteristic impedance 
termination is implied in a case of this kind unless other\vise stated. 

Zi = 565.6/60° and Z 2 = 200/-90° ohms 



[565.6/60° 
\800/-90° ” 


= V0.707 /150° = 0.841 /75° = (0.2175 -f i0.812) 




1 + ^ = Vl/0° -I- 0.707 /150° = V0.52o /42.4° 

= 0.725 /21.2° = (0.676 + jO.262) 

a = 21ogj ((0.676 + jO.262) + (0.2175 + ji0.812)l 
= 2 log, (0.893 + jl.Q74) 

= 2 log, (1.396 /50.25° ) 

= (2 log, 1.396) + j = (0.668 + jl.70) 

The attenuation of the filter .section i.s 0.668 neper or 5.80 decibels The vector 

input current is 1.76 radians or 100.5° ahead nf ^ 

,,,.,.0 , , , aiieaa oi the vector output current since 

a = 0.608 neper and /3 = 1.76 radians. 

In thi.s example the resistance of the series arm is relatively high ( 565 . 6/2 ohms) 
ttenuatiori is relatively low bee j b \ / 

its pass band. 


» ^ ivo ilj 

and yet the attenuation is relativelv low * 1 . aw .' . • 

uecause the filter section is operating m 


of the circil element, a™ o bo n/rfeP®)- 'I'"*"!’ 

oyele,. At ^ eyele,, „ = .257 rndilnMleHto^ 

Zi = 0 -f jtoLi •-= 25.14 /90N )hm3 
22^-0 - i ^^- 397 . 5 ^.'„,,„^ 
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4Za - 795 /-90O ohmB 
Zi 25.14/90° 

iFa “ 795/-90" “ 0 0316/+180: 
a + “ 2 log, (Vr/0 ° -t- 0.0316 /-1-1^ + \/0.0316 /-H80* l 

- 2 log. (1.0 /10.2!>») - (2 log, 1.0) + 

“ 0 + JO.358 

T^refore a = 0 and /3 = 0.358 radian or 20.5°. It will be noted that, as a result 

of neg ectmg the resistances of the circuit elements, the theoretical attenuation is 
zero. 

ProMem 9. A high-pass filter section is composed of two 7.96-fif condensers and 
a coil having an inductance of 0.0159 henry in the form of a T. The resistance of 
the inductance coil is assumed to be 4 ohms. (A condenser occupies each of the 
Zi/2 positions in Fig. 4a, page 440, and the inductance coil occupies the Zj position 
in this T-section.) I'ind the attenuation and phase shift of this filter section at 
200 cycles employing equation (39). At 200 cycles: 

z 

w = 1257 radians per .second= 100 /-90° Z 2 = 20.4 /78.7° ohms 

Ans.: a = 17.8 dh; - -165®. 

Problem 10. Evaluate a and /? in equation (39) if Zi - 200 /90° ohnv» and 
Z 2 = 50/-op; ohms. A7^.: « - 0; ^ - r radians. 

Filter Section Analysis Assuming Zero Resistance. It is quito 
customary to neglect the resistive components of Z, and Z 2 in filter 
section analysis because the attenuation produced by these* resistive 
components is incidental to the predominant filtering action that takes 
place. The discrepancy between theoretical results based on zero re¬ 
sistance and actual results will not be great if the resistance.s are rela¬ 
tively small compared with the reactances. Also the algebraic manipu¬ 
lations involved in filter design are greatly simplified by neglecting the 
rcvsistive components of Zi and Z 2 . , 

If the above resistances are neglected and if the filter sections are 
properly terminated, the pass bands are transmitted with zero attenua¬ 
tion while the stop bands experience certain varying degrees of attenua¬ 
tion. It will also be shown that tlie phase shift is 180® throughout the 
stop band under the conditions stated above. Before elaborating upon 
these customary generalizations, two examples based entirelv upon lyB 

Equation (39) will be presented. Hi 

Example 8. Consider a symmetrical T-section in which Zi » Jq which 

7 ] 

* “ bet it be required to predict the bf navior of the filter sec(i«,n wholly 

. J 
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in terms of the relationship stated in equation (39). 

Xi — w*Z/|Cj *** / I ^ono 

iz;" 4 "4 ^— 


Since Z,/4Z, poMcsecs the gencr.l form given nbove. it will be convenient to reckon 
u in units, thereby giving Z,/4Z, definite nu^ncnl vnlues lor vnriou. 

diieront frequency units. The evnlunlion of the right-hand memintr of equ.tKU, 
(39) for various frequencies is shown in tabular form m Table 1. 


I 



Fio. 12. Variations of phase shift and attenuation in a prototype low-pass 6Iter section. 

(See Table I, page 459.) 


The variations of attenuation and phase shift can readily be determined from 
an e.xamination of columns (8) and (9) of the table. Tt will be observed that the 
filter section which is under discussion has theoretical zero attenuation l)ctwccn the 
limits of tef = 0 and w ■■ ^jy/LxCi radians per second. The section obviously 
operates as a low-pass filter. The arrangement of the scries and shunt arms of tliis 
low’-pass filter together with the general trends in the variations of attenuation 
and phase shift are shown in Fig. 12. 'fhe fact that the cut-off {wint occurs at 
ia =• 2ly/L\Cx radians per second w'ill be given more attention in a later article. 
The present example concerns itself primarily with the development of equation 
(39) in a particular case. 

Example 9. Consider a symmetrical T-section in which Z\ - —j and 

uCi 

Zj ^ juLi. Let it be required to predict the l)ohavior of the filter section wholly 
in terms of equation (39). In the present case: 

m — - M _ /~1H0 

4Za 4«*LjC| - — 

The same units of angular velocity as employed in example 8 arc convenient units 
to employ in the present analysis. Also the evaluation of the right-hand member 
of equation (39) can be Conveniently presented in tabular form. The calculations 
are indicated in Table II, and results are shown graphically in Fig. 13. T-scctions 
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/ Xi — ftnii Xf — ^ * 

L. 



- - - ' ' '** (T) (H) (t) 

Z, 

*Z, 

M 

s.- 

(3) + fi) i f.l;+(4 

CArUaiao PolaM- 2to4U («' 

Form Form j 

' _ ; ♦ 

a 

Depcrv 

0 

rktliuui 

0 

0 

1 

1 ' 

1 +.;0 1 1 ^ 1 0 +>D 

0 

0 

-0.25 

jO.50 

0.866 

0.8C6+/).S 1 |/3<r 

0 +>1 05 

0 

I 05 

-0.563 

jO.75 

0 662 

0 662 -f JO 75 

1 1 '48 6* 

0 +>1.70 

0 

1 70 

-1.0 

Jl.OO 

0.000 

0 +>10 

( ——— 

i i/?o: 

0 +>3.14 

0 

3.14 

-1.562 

J1.25 

>0.75 

0 +>2 0 

2/90* 

1.38 +>3.14 

1.38 

3.14 

-2.25 

>1.50 

>1.13 

0 +j2.G3 

2.63 /90* 

1.93 +>3.14 

1.93 

3.14 

1 

-4.0 

>2.00 

>1.73 

0 +>3.73 

3.73 /90* 

2.63 +>3.14 

2.63 

3.14 

-9.0 

>3.00 

fl.Si 

0 +>5.83 

5.83 /90* 

3.52 +>3.14 

3.52 

3.14 

^16.0 

>4.00 . 

>3.87 

0 +J7.87 

7.87 /90* 

4.12+>3.14 

4.12 

3.14 

—' 00 

>• 

joO 

0 +>00 

00 /902 

00 +>3.14 

CO 

3.14 
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table 11 


• (1) (2) (3) (4) (5) (») _ 






(3) + (4) 
Cartesian 

Form 

(3) -f (4) 
Polar 

Form 




u» 

k 

4Z2 



2 log* (6) 

a 

nepers 

radians 

0 

— 00 

-joo 

—j ® 

0 

1 

8 

« /- 90 ° 

« -;3.14 

00 

-3.14 

0.1 

V^S 

-25 

-is.o 

-;4.9 

0 ->9.9 

9.9/-90* 

4.58 ->3.14 

4.58 

-3.14 

0.25 

-4.0 

-j2.0 

~;1.73 

0 -i3.73 

3.73/-90" 

2.63 ->3.14 

2.63 

-3.14 

0.40 

-1.563 

-;1.25 

-jO.75 

0 ->2.00 

2.0/-90" 

1.38 -i3.14 

1.38 

-3.14 

0.50 

^C\Li 

-1.00 

-jT.O 

0.00 

0 ->1.C0 

1.0/-90° 

0 ->3.14 

0 

-3.14 

0.60 

-0.694 

'->0.833 

0.554 

0 554 ->0.833 

1.0/-56.4" 

0 ->1.97 

0 

-1.97 

1.0 

VcM 

-0.250 

->0.500 

0.866 

0.866 -jO.500 

1.0/-30° 

0 -il.05 

0 

-1.05 

2.0 

Vc^i 

-0.0625 

-j0.250 

0.968 

0.968 -jO.250 

1.0/-14.5' 

0 - j0.506 

0 

-0.506 

4.0 

-0.0156 

-i0.125 

0.992 

0.992 ->0.125 

1.0/-7.2“ 

O-jO.246 

0 

-0.246 

00 

0 

0 

1.00 

■ 

1.00 - jO 

1.0/92 

1 

0 

0 

0 
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Ch.XI 


\ 


series-arm condensers and shunt-arm inductances are thus shown to 
operate effectively as high-pass filters. 

The phase shift constant, /3, in Table I represents a lag of section output voltage 
and current with respect to section input voltage and current. In Table II, ^ repre¬ 
sents a lead of section output voltage and current with respect to section input voltage. 



w in 


Fig. 13. Variations of phase shift and attenuation in a prototype high-pass filter section. 

(See Table II, page 460.) 


Problem 11. Refer to Table I, page 459. Check all the values listed at 
w = l.b/y/LiCi and at w = Z/y/LiCz. C!orapare the results obtained for a an«l li 
with those plotted in Fig. 12, page 458. 

Problem 12. Refer to Table II, page 460. Check all the values listed at 
« = 0.25/ y/CiLi and at w = 2.0/ y/CiL^, Compare the results obtained for 
« and /3 with those plotted in Fig. 13, page 461. 

The chief facts to be gained from the foregoing analyses are: 

^(1) a is equal to zero within the pass-band region. 

(2) /3 is equal to iir within the stop-band region. 

A study of Tables I and II will show that the pass bands are limited to 
those regions where Zi / 4 Z 2 possesses values between 0 and — 1, These 
results might have been anticipated mathematically by investigating 
the possible values of a and /3 when Zi and Z 2 are reactances of opposite 
types. Let • 



1 
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It is plain that A « /±ir since 




Ch XI 


X/790° 

4Xc/-90^ 


or 


Xc /~90‘ 

4X^790^* 


are complex numbers which have associated angles of or —v radians, 
respectively. 

If 

-1 ^ X g 0 


a-\-j0 = 2 log, (Vi - A V-A) 
= 2 log, (Vl - A + ;v/J) 



= 2 Aog, Vl - /I + .4 + j tan-' ^ 7 =^) 

Hence a = 0 and /3 = 2 tan“^ (TA / V 1 — i4) when A = Zi /4Za lies 
between 0 and — 1. 

When Zi / 4 Z 2 lies between — 1 and — « a similar analysis will show 
that for Zi/ 4 Z 2 = A' /dtw , A' being greater in magmtude than unity. 

. a-i-i^ = 2iog, (\/r=7r + v^^) 

= 2 log, OVa' - 1 -f j\^) 

= 2 log, (Va' - 1 4- x/TT) -f 



\ Hence a = 2 log, (VA^ — 1 4* VTP) and ^ = dbir \\ hr?\ « Zt /iZj 
I lies between — 1 and — 

Tlic above analysis shows that the pass ban<K are limited to thost' 
regions where Z 1 / 4 Z 2 lakes on values between and including 0 and - 1. 
Hence: 




(40) 


defines the pass-band regions in terms of Zi and Z^. The boundaries 
of a pass band in a particular case may be obtained by muting! 


or by setting 


Zi Z, 

Zi z, 

— = 0 and — = -4 
^2 Z2 


(41) 


(42) 


Reference to equation (39) will show that a = 0 when Z, /AZ 2 = 0 and 
when Zj / 4 Z 2 — — 1. 
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Ixnrbf recJ^rccHo^prem^ <r.8cction shown in Fig. 8. page 445. 

Htitcd in M2) Tho fnii ass-hand boundano.i in terms of the relationships 

T tI ■ M S = 0 02 henry and Z, = 0.02./OT 

ohms. Ihe full shunt arm Ic r'-. — a r % rw a . ^- 

7 7 A • ., ^ " (10V4u,)/-90’ ohms, 

betting Zi/Zj — 0 j lelds 

0:02w/90® 

*= 0 or « := 0 (one boundary) 


22® 

4« 


/-90' 


Setting Zi/Zj = -4 yields 

0.02u./90“ -0.08«2 


10 ® , 


10 ® 


= -4 


from which 


= VW X 10® 

w = 7070 radians per second (one boundary) 

rsrr,.?:; r 

without resistance may be obtained from equation (38). For a io\v-p.ass 

filter Zi juL, and Zj values are substituted in 

equation (38), the result, after a little algebraic simplification, is: 





4 \ 

16 

4 

For no attenuation a = 0, and 



1 

Jfi o 1 • • 43 t 2,<k)^ L\C2 

« = cos /3 4- j sin ;3 = 1- - 4- 2 


W*LiC2 

4 

\ IG 

4 


(43) 


(44) 

Since the liwt term of equation (44) is the only one that may beenm. 
imaginary, it follows that the real part must be cos /3. Therefore 

2J^UC2 

• (*15) 


co&fi = 1 — 




Henl'”* ^ ~ " “»y be obtained. 

** 4 (46) 
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and 

or 


AL 


TBRNATING-<^^f^^^^^ C/RCl//rS 


Ci> 


= 0 or 


fc 


r L1C2 


\/ LiCi 

(for low-pass) 


axi 


(47) 


(48) 


Equation (48) gives the upper 

low-pass filter. In other wor s, a filter section is 

and fc is passed without * P f^r that frequency, 

terminated in the characteristic impedance to 

„ • ^ and Zo = 7 wL 2 . If these values 

For a high-pass filter, Zi = ^ ^ 

, . /oox « cimilar method of analysis as,used in 

are substituted in equation (38), a similar n . 

obtaining equation (45) gives 


cos ^ = 1 — 


AcJ^CiL/2 


(49) 


Substituting the limits of =fcl for cos A the upper limit of frequency is 
found to be « while the lower limit or cut-off frequency is. 


/c = 


47r V^C iLj 


for high-pass 


(50) 


Equation (50) gives the cut-off frequency for an elementary high-pa® 
filter. This means that any frequency above the cut-oif frequency /r 
is passed with no attenuation if the filter section is terminated in the 
characteristic impedance for the particular frequency. 

Constant-^ Low-Pass Filter. Filter sections in which the series 
and shunt arms are inverse impedance functions possess a peculiar 
property. The product of Zi and Z 2 is independent of frequency. 
Reference to either the T- or ir-section of Fig. 14 will show that 




VLu t' 2 k is an important characteristic of the filter section, and inas¬ 
much as __ 

/ZTfc _ 

■v/tt" - Rk 7 = b> constant 

^ ' 2k 

filter sections of this type are callo«l constant-/: sections; There are 
many other types of filter sections, several of which are derived in one 
way f»r another from constant-/: sections. For this reason the paranae- 
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tcrs of constant-fc sections usually carry the subscript k in order to 
designate properly the type of filter section that is under discussion. 
The parameters of some of the more elaborate filter sections are specified 
directly in terms of Lk and Ct. 


2 “T Ilk 

¥ 

7 . -J 

O- -r 

L ^ 

1 

-Q O— 

Zui 

—O 


Fig. 14. Prototype or constant-fc low-pass filter sections. 


The general theory of the constant-fc loiy-pass filter has already been 
presented. It remains only to develop the design equations for this 
type of filter. 

hh = JibL. = -J‘LnCn ( 52 ) 

^2k _ . I 

^ wC2* 


The boundaries of the pass band are determined by setting 
equal to —4 and equal to zero. (See equation (42), page 402.) 

-(a^UkC2k = 0 yields « = 0 

2 

-J^LnC 2 k = -4 yields a,e = 


Zu- IZ2k 


(r>3) 


(54) 


a is the angular velocity at which cut-off takes place and as such fonns 
the upper boundary of the pass hand. The ent-offfrequency oj a low-paee, 
constant-k-type filter is: 

‘ (55) 


f = 

2ir 


irV L\kC2k 


It will be observed that fr is governed wholly by the magnitude of the 
product. The lower the cut-off frequency, the h.glier is the 

LuCj* product, and vice versa. . . ^ . 

Another important consideration in either the theory or design of a 
filter section U the matter of correct terminating impedances. A 
single section can la; properly matched to its sending and receiving 
ends if terminated on an image basis, as CNplaincd on page 439. If 
more than one filter section is to be employed between semimg and 
receiving ends, it is desirable to design each section to have the same 
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characteristic impedance. Under these conditions minimum reflection 
loss results when the various sections are arranged as shown in Fig. 
10 or Fig. 11 . A detailed analysis of these losses will not be given here 
.since they are similar in nature to reflection losses on long lines. (See 
Chapter X.) 

For a constant-A:, low-pass T-.section: 


ZoTk 




(56) 


4 

LikC^k = —2 equation (54).] 





Therefore, for a constant-A:, low-pass T-section: 

For a constant-A;, low-pass Tr-section: 

m 

'^i'lki'Cok Rk 


(57) 


Zorfc = 


FI- Fi 


(58) 


The variations of ZoTk and Z^rk from /= 0 to / = /, are illustrated in 
Fig. 15. The fact that the correct terminating, impedance of con¬ 
stant-A section varies over such wide limits a very seoiioue-limitattoir in 
certain communication circuits. For a fixed receiving impedance it is 
plain that either the T- or ir-section is correctly terminated at only one 
frequency. The opposite trends in Z^Tk and Z^rk are combined in one 
form of filter section to obtain a characteristic impedance which is 
reasonably constant over the frequency range of the pass band. (See 
//(-derived filter sections, pages 480-484.) 

The zero-frequency value of either ZoTk or Zo^k is: 

equations (57) and (58).] ( 59 ) 

Lik and C 2 k can be related to .one another through the value of 
(See equation (51).] * ’ 

Llk — Rk^C2k 

Uk 


( 00 ) 


C 2 * = 


Rk^ 


(61) 
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The design values of and Cjk' are usually specified in terms of 
cut-off frequency,/c, and the zero-frequency A'alue of the characteristic 



impedance, Rk. It has been shown that: 

1 


/c = 


’T V LikC^k 


(See equation (55).] 


Eliniinating Co* as given in equation (61) from the above equation 
yields: 

/c= ^ 


n'/LjW 


or 


Rk 


Lik = —r (for low-pass filter) 

Vc 

f'rom equations (61) and (62) it is plain that: 

1 


(62) 


r -hUi - 




(tor low-pass filter) 


(63) 


L 


I 

Equations (62) and (63) specify the values of L and C to employ in a 
constant-A*. low-pasS filter section in terms of /« and Rk. 


. 1 

I 

I 


li 
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Problem IS. Design both T- end r-seclion, low-pese filters of the consUnUt 
type which will heve a soro-frcqucncy characteristic impedance of 600 ohms and 
a cut-off frequency of 940 cycles. Draw the circuit arrangement In each case, 
indicating the particular values (in henrys or microfarads) of each circuit element. 

.4 ns.; The full scries arm Lu “ 0.203 henry; and the full shunt arm Cu 0.505 pf. 




2 C|k 


Cii 




.2Z.g2l.»^ 


(«) 

Fio, 16. Prototype or constant-A high-pa.M filter sections. 

Constant-A High-Pass Filter. Prototype or constant-Ar, high-pass 
filter sections are illustrated in Fig. 10 . In the present case: 


ZuZ„ - ^ “ V 


( 64 ) 


and 


Zu 

2i2k 


-J 


wCji 


1 


jtaLzk 


<ji ^CikL2k 


(65) 


The boundaries of the pass band are again determined by setting 
Zu/Zj* equal to —4 and equal to *ero. (See equation (42), page 462.] 

yields w = oo 


0) CikL'2k 

1 

(t)^C\kL2k 


= 0 


= — 4 yields 


1 


We = 


2 

The cut-ojif frequency of a high-pass, conslant-k filter is 

1 


( 66 ) 

(67) 


fc-TT 


2 T 

ZoT and Z„, may be expressed in terms of fc, f, and VLo*/Cu 
a constant-A:, high-pass T-section: 

For a cons(ant-Ar, high-pass r-section: 

Zowk 


( 68 ) 

For 

(69) 




(70) 
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General trends in Zcth and Zowk in constant*ilr-, high-pass filler sections 
are, illus trated in Fig. 15. Doth Z^rfc and Z^^k approach the common 
value y/^L^k/Cik at / « «, Because it is a useful common base from 
which to work, is given special designation, namely 7?*. 

Hn is known as the infinite-frequency characteristic impedance. Since 


/ITt 


Rk ' 


L2k = Rk^C 


ik 


and 


r - ^ ‘ 


(71) 

(72) 


If the above values are substituted separately in equation (68), the 
following relationships are obtained: 


Cik ~ 


1 

^rRkfe 

(for high-pass filter) ^ 

(73) 

II 

irfc 

(for high-pass filter) 

(74) 


Ek^uations (73) and (74) may be employed in the design of constant-lr, 
high-pass filter sections wliich are to have a particular cut-off frequency 
and which are to have infinite-frequency characteristic impedances 
equal to /?*. 

Problem 14. What are the cut-off frequency and infinite-frequoney characteristic 
impedance* of the high-pass filter section that can be constructed from two l-^if 
condensers and one 15-mil)ihenry inductance coil? 

itns.: - 919 cycles; /?* - 173 ohms. 

Tabulation and Review of Constant-ft Filter Theory. The important 
features contained in equations (51) to (74) inclusive are summarized 
concisely in Table III, pages 471-472.- The attenuation and phase 
shift in Table III are expressed in forms which derive directly from 
“ Campbell’s equation. (See footnote 3 on page 455.) It has been 
shown in examples 8 and 9, pages 457-458, how the attenuation and 
phase shift may be calculated from equation (39), page 455, without the 
4id of hyperbolic functions. For the reader who is familiar with com¬ 
plex hyperbolic ‘functions the following derivation and application of 
“ Campbell’s ” equation may be of interest. 
l^trivalion and AppHcution of Campbell's Equation. The application 
Kirchhoff’s el|if law to the wiyz loop of the filter sections shown in 
?»g. 10, page 452, yields 

Z,I, + Z,(I, - I>) - Z,(Ii - h) - 0 (75) 
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Z 1 I 2 + 2 Z 2 I 2 — Z 2 I 3 — Z 2 I 1 = .0 (76) 

Dividing the abov« ecjjwtion through by Z 2 I 2 and transposing results in 


Since 


it follows that 




-y 


h. + h^2 + ^ 

h h I'i 


I2 h 


r = ‘- 

•^2 

= 2 + |i 

Z 2 

Zi 


(77) 


(7S) 


2 “ Y — 1 + (Campbell’s equation) (79) 

•A more useful form for the purposes at hand may be derived as follows: 


cosh Y = cosh (a + y/3) = 




(SO) 


Converting the c'^ terms into their rectangular forms resiilts in: 

cosh (o +j0) = 1° <5” « + i ■31+.- (cos g - i .'in 3) 

2 


(<“ H- rn 


cos 3+7 


.■ (<° - •-“) . 


sin B 


2 - 2 

From the analytical definitions of hyperbolic cosine and hvperlailic sine 
It follows that - f- c, 

cosh (or + j0) = cosh a cos 3 + j sinh a sin 3 


Therefore 


cosh a cos 3+7 sinh a sin 3 = 1 H_ 

2Z2 


(81) 


The above form may be used directly to derive the attenuation and 
phase-shift expressions given in Table III, page 472. 

In the stop band, B = w. Since cos B then becomes -1 in eciuation 
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(81) ftnd sin /9 • 0: 


Zi 


— cosh a -■ 1 -f 

2Z, 


cosh”' (in st<jp tnuul) {9$) 


In the pass band, a - 0. Since cosh 0 - 1 and sinh 0 « 0, 
(81) becomes: 


cos 0 


(- 4 ) 

0 = cos”' (in pass liand) 




As applied to a constatit*A: low-piiss filter section: 


Z, * wLtt/^ Zi = 


4i^2/b ^2 


liquation (82) then takes the form: 

„ = ech- - ,) 

as shown in Table III. Equation (83) lake?* the funn: 

^ - cos ' -J- j 


as shown in Table III. Corm«p<»ndinK eaprr*«iun» fur m M»«f mav Iw 
derivetl for the const:iiit>A' high'p.iM filter rn'tion. 11 m irvult* arv sh^n 
in Table III. 

Band>Pass and Rand>Eliminaboii Filtsra Itsml-pMM hlters sfr 
networks which aiv dt^siicneii to atienuaU aU firqtirnriM lliw» 

in a 8p<x'ified hand. A b.ond'piMi filter mu} Iw fanMid by 
pass filter section (having a eut-ofl frrqiM-nrf otf f.f 1 m mr^ wnb a 
pass filler section (hat ing a eut-off freqursw^ of /,«) ] f , ^ nt^di 

higher than /,* by the sjMTilteil band widtb, wKitb is ^ \ oIimI) 

of the ntteiiu.-ition graplis aliown in Tahir III wilt «n.H» buw 
should Ih' adjusteti t«t give a sercM^Utenuntian bond 

A hand-pass filter ni.ay take tire form of n iincW g-rtion ns sbunn lis 
^•g- 17 . The aeoiittn sitoun in Fig 17 m esUnd n croi 4 n^< i 
filter when tiCs • L|C| lieciunic niKler ihnte cuaibUdas: 
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An analysis of the band-pass filter will not be given here, although such 
an anaJysb may be carried through in a manner similar to those given for 
the low-pass and high-pass sections. 

Band-elimination filters are networks which are designed to pass all 
frequencies except those in a specified band. A band-elimination filter 
may be formed by placing a low-pass section (having a cut-off frequency 
of fei) in parallel with a high-pass section (having a cut-off frequency of 
/c/k). Then fet is made lower than /«* by the specified band width, which 
is fek — feh All frequencies have a pass band (through one of the parallel 
sections) except where the two attenuation graphs overlap. (See at¬ 
tenuation graphs in Table III.) 



Fig. 17. Band-pass filter contained Fic. 18. Band-elimination filter con- 

in a single section. tained in a single section. 


A band-elimination filter may take the form of a single section as shown 
in Fig. 18. The section shown in Fig. 18 is called a. constant-fc band- 
elimination filter when L 2 C 2 = LiCi because under these conditions’ 
Z 1 Z 2 is a constant. It will be observed that the arms of Fig. 18 are 
the reverse of those in Fig. 17. 

Two Limitations of Constant-ft Sections. The constant-A: type of 
filter action has two rather serious shortcomings. First, its charac¬ 
teristic impedance is not sufficiently constant over the transmission band 
for certain classes of work. (See Fig. 15.) Second, the attenuation does 
not rise very abruptly at the boundary of the transmission band. (See 
Figs. 12 and 13.) 

In order to overcome the inherent limitations of the constant-A* 
type, Zobel' devised a filter section which he called the m-derived type. 
The m-derived half section may be employed to give practically uniform 
characteristic impedance over a large part of the pass band and at the 
same time increase the abruptness with which cut-off occurs Full 
m-derived sections may be employed to give further increased attenua¬ 
tion near the cut-off point, and by proper adjustment of the parameter 

* “ Theory and Design of Uniform and Composite Electric Wave Filtera," by 
.0. J. Zobel. BeU SysUnt Technical Journal, January, 1923. 
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1 


m they can be made to meet any practical attenuation requirement in 
this region. When worked in conjunction with constant-A: sections, 
the m-derived sections overcome both the aforementioned shortcomings 
of the constant-A* sections. However, m-derived sections by them- 



Fio. 19. Illustrating^ the^ circuit coilfiguration of half sections formed by longitudinal 
bisection of shunt arm of a prototype T-scction. 

selves have certain limitations which will become apparent after the 
attenuation characteristics of these sections have been studied. 

m-Derived Half Sections. If the full shunt arm of Fig. 19a is sepa¬ 
rated into two parallel paths of 2 Z 2 ohms each, the original T-section may 



lo- 


Fio. 20. Illustrating the circuit configuration of half sections formed by longitudinal 
bisection of the series arm of a prototype ir-section. 

be separated int(' two similar parts as showm in Fig. 196. Each of 
these parts is known as a half section or as an L-type section. If the 
full series arm of the 7r-section shown in Fig. 20a is separated into two 

series elements of Zi /2 ohms each, the 
original jr-section can be separated into 
two half sections as shown in Fig. 206 
A comparison of Fig. 206 with Fig. 196 
will show the equivalence of half sect 
tions formed by “ halving " ir-sections 
—91 ^Ylose formed by “ halving ” T-sec- 

21. Constant-ife terminating 

half section. ‘ . 

The image impedances of the half sec- 
hon shown in Fig. 21 may be found from open-circuii, and short-cir¬ 
cuit conditions. Let the open-circuit and short-circuit impedances be 
l^own as Zo^ and Z,^, respectively. 

'31 
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-2k 


2 » 
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The impedance looking into tonninals 1 and 2 is: 

2Zi*2^jk^ 


Oi. XI 


Zl2 — ^th-C^9-C 


- I: 


yj 


from which 


Z\2 — 


ZiaZs* 


1 + 


Zu 

4 Z 2 * 


= Z. 


( 81 ) 


The impedance looking into tcrniinals 3 and 4 is: 

Z. 1 , = Vz«z,.. - + 2^2*) 


Zi A 
2 


or 


'34 




2>oTk 


(85) 


The half section shown in Fig. 21 has the impedance characteristics 
of a ir-section between terminals 1 and 2 and the impedance charac¬ 
teristics of a T-scction between terminals 3 and 4. It may, therefore, 
be used to match a x-section to a T-section. Also it may be used to 
match a filter section to a terminating impedance which differs from the 
characteristic impKjdance of the filter section or to change the impedance 
level at any point in a two-wire line. The proper values of Zia /2 and 
2 Z 2 A to be employed in effecting any desired impedance transforma¬ 
tion may be determined by solving equations (84) and (85) simulta¬ 
neously for ZiA and Z 2 * in terms of Z 12 and Z 34 . 

Some little difficulty is usually encountered in presenting m-derived 
filter theory to beginning students because certain anticipations have to 
be made at the outset of the inve.stigation. 

Inasmuch as anticipations must be in¬ 
dulged in in any event, the actual circuit 
configuration of the m-dcrived half section 
\< ill be accepted and its operating charac¬ 
teristics studied. 

It will now be assumed that the half 
section showm in Fig. 21 takes the partic¬ 
ular form shown in Fig. 22. A new' param¬ 
eter, rn, has bc<*ii arbitrarily introduced. It is simply a numeric 
which may, for the purposes at hand, range in value from *ero to 
unity. The change in circuit configuration from Fig. 21 to Fig. 22 






^9 


ni— 

2 



-u 


2o- 

Fio. 22. 


4m 

2Zn 

m 


m-dcrived terminating 
hall section. 
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may be interpreted as follows: 

Z\k 

(<i) of tbe constant-A: half section is changed to some fraction.il 

^ • 

Zik 

part of in Fig. 22. 

(b) 2 Z 2 fc of Fig. 21 is changed to in Fig. 22. 

tn 


2Z2Jk 


1 - m- 


(c) In series with-in Fig. 22 is placed an impedance 

Tn Afti 


2Z,». 


It may be shown that, if the change in (a) is made, the changes in (6) 
aiid (c) must be made if the two half sections shown in Figs. 21 and 
22 are to have the same characteristic impedance looking into the 3-4 
terminals. 

The half section shown in Fig. 22 has some very desirable ch.arac- 
teristics. Its characteristic impedance looking into terminals 3 and 4 is* 


Za.™ = = ^(m - 

■4 


— ^ 2Z2k 

o -Z,* + -i* 

2m m 


\ Zik 

I w —- 

/ 2 




m^Zu^ . 2mZuZ2k 


4 


=* \IZ1kZ2k + 


4m 4 
ZoTk 


+ 


2m 


Zu' 


(» 6 ) 


The equation above shows that terminals 3 and 4 of the m-d«*nve<l 
half section can be used to m.atch the im|K‘d.ince of a constant 1 d -sre- 
tion or any other equivalent imp(?dance including the 3 -4 terininnl 
characteristic impedance of Fig. 21. 

The characteristic impedance of the m-derived termmaling half 
section looking into terminals I and 2 is: 


wher( 


Z/>.£ — 


Z,^ = 


Vz 



- m^) 

L 

2m 

r<' 

— ) 

L 2m 

fo 

-m^) 


z.. + 2 ?ii] 


z,. + 2 


m 

m 


I-¥] 


[_ 2m m 2 J 
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z ^ 

ZtkZit + Hr (1 - m») 


4 


^lk^2k + 


Zxk^ 



(87) 

or remembering (9): 

Z.., - Zo,. [i + , 2 '; (1 "•^)] 

(88) 

In addition to being a function of Z\k and Z 2 k, Zi 2 m is function of tn. 
With the proper choice of m, Zi 2 m can be made reasonably constant 
over about 90 per cent of the transmission band. The changes of 

Zork and the modifying factor ^ ^ 

with respect to 


frequency combine in such a manner as to make Zi 2 m approximately 
constant over wide ranges of frequency. 

Example 11. Consider the general trend of Zor for the constant-fc, low-pass 
section showTi in Fig. 15. Instead of this rapidly rising curve, the change in the 
output characteristic impedance of a low-pass, m-derived half section at the 1-2 
terzninab b: > 

(1 - m') 


or 




Zttm “ Zork 


1 + 


-;4 


1 


o7L\kCtk 


] 


[l - (1 - m«)] 


Physically, m may be equal to any value between tero and unity. Mathematical 
experimentation shows that good results are obtained when m » 0.60. Tlie calcu¬ 
lated values of Z*,* and the modifying factor are shown in Table IV, and a graph 
of Ztsat for m - 0.6 is contained in Fig. 23. It aill be remembered that /, for a 
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TABLE IV 

• Zert fl “ ^ (1 "■ »»*)1 foT m - 0.6 


Sk - VLu/Cu 


/ 

/. 



Zitm 

0 

1.000 

Rk 

Rk 

0.10 

0.994 

1.005 Itk 

0.999 Rk 

0 20 

0.974 

1.02 Rk 

0.993 Ek 

0.40 

0.898 

1.09 Rk 

0.979 Rk 

0.60 

0.770 

1.25 Rk 

0 963 Rk 

o.ao 

0.590 

1.07 Rk 

0.963 Rk 

0.90 

0.482 

2.30 Rk 

1.108 Rk 

0.95 

0.424 

Z.lORk 

l.URk 

1.00 

0.360 

00 

00 
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low-pass filter section is l/w \^LikCik and that Zowk • a y V l 
exptcssioQ for Zisai in this particular case is, therefore, reducible to 


1 /r y/LxkCik and that Z„»* — Rkf\/I — iP/J^)- The 



If it is necossarj' to work closer to the cut-off frequency than a value of m = 0.6 
will permit, m may be made somewhat less than 0.60. However, these slightly 
lower values of m cause the Zi >m variation to be more irregular throughout the first 
90 per cent of the transmis-sion band. Numerical experimentation will show the 
effects caused by .different values of m. 

Problem 16. Plot, with respect to frequency, the variation of the characteristic 
output impedance of a low-p.*is.s, m-derived terminating half section (Zun.) for 
m =s 0.55. Reckon frequency in ///« units. (See Table IV and Fig. 23.) 

Full m-Derived Sections. Full m-derived T-sections are shown in 
Fig. 2-4. As in the m-derived half section, the series and shunt arms 
are specified in terms of the constant-fc impedances Zj* and Z 2 k’ Any 
constant-^'-type .section may be altered to yield what is known as 
an 7 n-derived section. Only the low-pass and high-pass, m-deriv'ed 
T-scctions will be consitlered in detail. These are shown in Fig. 246 
and 2-4c. 

The variations of the characteristic impedance of full w-derived low- 
pass T-sections are generally similar to the culwe shown in Fig. 23. 
A comparison of the characteristic impedance curves of different 
m-derived filter sections is shown in Fig. 25. 

In establishing an m-derived T-scction the parameters are so re¬ 
adjusted from the constant-A; values that the m-derived section charac¬ 
teristic impedance is identical with the constaht-A: section characteristic 
impedance. This requires that 



Z2»i — I • Zi* “h I if Zim — niZiit 

L 4m 7« J 

as may be seen from the follow’ing algebraic steps: 

ZoTm = ^oTk (imposed condition) 
Reference to equation (5) will show that, if Z,,,, = mZiki 


(89) 



(90) 


Squaring both sides of the above equation and solving for Z 2 m: 



(91) 
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One of the most important characteristics of a full m-derivecl section 
is its theoretical infinite attenuation near the point of cut-off. 

Frequencies of Infinite Atlennation. Since Zi* and Z 2 * are different 
typos of reactances, the shunt arm of Fig, 24a will, at some frequency, 

hecorae resonant. If the shunt arm is in 
“O resonance, its impedance is theoreCically 
equal to zero and the attenuation becomes 
infinitely'large. The frequency at which 
these phenomena tx;cur is know as /», 
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4m 
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(c) 

Fio. 21. m-Derivei! filter sec¬ 
tions, with parameters speci¬ 
fied in terms of con.'*fant-fc 
filter-section parameter.^ 


Frequency 




Fio. 25. Characlcristir impe<lance curves 
for various low-pass m-derived filter sec¬ 
tions. 


and it may be calculated in any particular case by first setting the 
left-hand member of equation (91) equal to zero and then solving 
for /. In a low-pass, 7 H-derived filter section. 

1 

/oo = 


2ir 




- m*) 




X VLikPik Vl “ 


(92) 


The cut-off frequency of the m-derived section is equal to the cut-off 
frequency of the constant-Aj section from which it is derived. (See 


Hi 


■f 


_ m 
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Table V, page 485.) In the constant-A:, low-pass section: 

/c = — -- [See equation (55).] 

irVLuC2Jc 


Therefore 

\ 

9 



•'* V\ ^ 

(93) 

from which 

• 


m =yl 

1 — —2 (for low-pass section) 

/ ae 

(94) 

In a similar manner it 

may be shown that for a high-pass, 

mnicrived 

filter section: 

/« = 

(95) 

and 



m = yj 

f ^ 

1 - (for high-pass .section) 

J€ 

(9C) 


Equations (94) and (96) illustrate the manner in which fc and 
determine the value of m that should be employed if theoretical infinite 
attenuation is to obtain at a specified /^. If, for example, a 1000-cycle 
cut-ofT frequency, low-pass filter is to have infinite attenuation at 1050 
cycles, m is evaluated in accordance with equation (94). Thus: 



0.307 approximately 




The nearer/* is to/f, the lower will be the value of wi. The reverse 
order of reasoning indicates that the lower the value of m, the sharper 
will be the cut-ofT. These facts are illustrated graphically in Fig. 26. 

General Method of Analyzing m-Derived Filter Section Operation. 
Certain aspects of w-derived filter section operation may not be appar¬ 
ent from the cur.‘^ory treatment that has been pre.sented. The exact 
manner in which the phase shift and attenuation vary with respect to 
frequency can be obtained by subjecting the filter section to the “ gen¬ 
eral ” method of analysis. This method is summed up in equation (39), 
vvliich, for convenience, is restated below. 


a -f //3 = 2 log 



(39) 


For the sake of illustration a low-pass, m-derived, T-section will be 
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analyzed. From Fig. 246 it is evident that 
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and 


'2m 


= j j^O) 


Zifi» * * Zi 

(1 - rr?) 


4 m 


Lik 


1 = 
ctfmCjkJ 


Therefore, in the present case, 

^_ 

4 Z 2 


umLik 


[- 


(1 - m») 




4m 
to^m^LikCik 


1 

wmC2*J 


( 97 ) 


w*(l - m*)LifcC2* - 4 

♦ 

The above expreodon is actually a complex number, the associated 
angle of which is 180 * or 0®, depending upon whether (u)*(l - m*)LuC2»l 

is less than or greater than 4 . The foregoing statement follows directly 


in- 



Fio. 26 . Attenuation characteristics of two m<deriv«d low-pasa filter sections compared 
with those of a constant-Jb low-pass filter section. 

from au inspection of Z1/4Z2 wherein all the factors are expressed in 
polar form. Let « be arbitrarily reckoned in • l/VXuCa* units. It 
should be observed that in this method of analysis the cut-off angular 
velocity or frequency is not necessaril y antici pated by the choice of this 
convenient unit. Thus, for « * 1 /VLu^t* radians per second, equa¬ 
tion ( 39 ) reduces to 

« +j$ - _ S )—4 +>/a - "») _ 4*^] 
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For a particular value of m it becomes a simple matter to evaluate « 
and /3 at any desired frc<iuency. The calculations^ for tn = 0.6 at 
various frequencies are shown in Table V. The variations of attenua¬ 
tion are represented graphically in Fig. 2G together with certain other 
attenuation curves. An inspection pf column (9), Table will 1‘evcal 
the irregular manner in which the phase shift varies with frequency. 

Problem 16. Graph the variation of attenuation with respect to frequency of 
a low-pass, m-dcrived T-scction in which m = 0.40. The frequency in »v be indicated 

in terms of 1/v •f.itC's* units of angular velocity. (See Table V, page 485.) 

Comparison of Attenuation Characteristics. Constant-A: and m- 
derived filter sections are sometimes worked in cascade because of the 
complementary nature of their respective attenuation characteristics. 
It has been shown that the attenuation of a constant-A;, low-pass section 
is zero at cut-off frequency and that it increases gradually with increases 
of frequency above cut-off frequency. (Sec Fig. 12.) A similar situa¬ 
tion holds for the constant-/:, high-pass section e.xcept, of course, for the 
fact that the attenuation increases as the frequency decreases from the 
cut-olT frequency. The attenuation characteristics of m-dcrivod sec¬ 
tions are radically different in character from those, of constunt-A: sec¬ 
tions. The differences are shown graphically in Fig. 26 for low-pass 
sections. Similar curves can be determined for high-pass sections. 

It i.s plain from an inspection of Fig. 20 that a constant-/: section can 
be conibined with one or more m-derived sections to give high attenua¬ 
tion near cut-off as well as high attenuatiori in other regions of the stop 
band. In general, an m-derived section by itself will not give high 
attenuation in regions which are too widely removed from the point of 
theoretical infinite attenuation. (See Fig. 26.) 

General Design Procedure. Filter sections are usually designed for 
a particular characteristic impedance and a particular cut-olT frequency 
(or frequencies). The(»rctically, at least, these conditions can be met 
accurately and straightfunvardly. Usually certain attenuation require¬ 
ments must also be met. These attenuation requirements arc gener¬ 
ally met by a method of successive approximations. 

The first step in elementary filter design is the determination of the 
inductances and capacitances to be employed in a constant-A: section. 
These values arc found from the basic design equations. 

The secanA step is the evaluation of the'^m-derived, terminating half- 
section inductances and capacitances. These values follow directly 
from the parameters of the constant-/: section and the selected value of 
m. It is assumed here that the terminating half sections are required 
primarily for impedance-matching purposes, in which case the value of m 
will generally be 0.6. 


j 
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TABLE V 


Evaluation of [« + - 21og. ^ “ «*(1 - m4tci~ 

m ai 0.6 and <# in reckoned in F — - 1 units which are called U, Under these conditions ^ —7 

L^i-uCuJ '‘2* 0.64{/*-4 


0) 

(2) 

(3) 

f4) 

(5) 

(6) 

(7) 

(8) 

(9) 

M 

Cf nnita 

Zi 

4Z, 

[K 

\4Z, 


(3) + (4) 
Cartesian 

Form 

(3) -f (4) 
Polar 

Form 

2 log. (6) 

a 

nepers 

fi 

rodiana 

0 

0 

0 

1 

1 +>o 

1 

0 4*>0 

0 

0 

1.0 

+0.107 /ISO* 

>0.327 

0.945 

0.94.'j +>0.327 

1 /10.2° 

0 4->0.67 

0 

0.67 

1.6 

-i-0.316/180* 

iO.564 

0.820 

0.826 4*>0.561 

1 /.3t.3° 

0 4->1.197 

0 

1.20 

2.6 

+1.00/180* 

>1.0 

0 

0 4->1.0 

1 /OO^ 

0 4* >3.14 

0 

3.14 

2.1 

+1.35/180* 

>1.16 

>0.59 • 

0 4->1.75 

1.75 /90° 

1.12+>3.14 

1.12 

3.14 

2.25 

+2.40 ^8or 

>1.55 

;1.18 

0+>2.73 

2.73 /90° 

2.01 +>3.14 

2 01 

3.14 

2.50 

«e 

•0 

1 

00 

00 

00 

00 

00 

3.14 

0.00 

2.75 

+3.24/O^ 

1.80 

2.06 

3.86 4->0 

3.86/OJ 

2.70 +/) 

2.70 

0 

3.0 

+1.84^ 

1.36 

1.68 

3.04 4->0 

3.04/O^ 

2.22 H->0 

2.22 

0 

i.O 

+0.923^ 

0.961 

1.39 

2.35 4->0 

2.35/22 

1.71 +>0 

1.71 

0 

6.0 

+0.683/22 

0.826 

1.30 

2.13 4->0 

2.13/2^ 

1.51 -4 >0 

1.51 
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If a sharp cut-ofiF section is required, a full m-derived section, wherein 
m is about 0.2 or 0.3, can be employed. The evaluation of the induct¬ 
ances and capacitances to use in the full m-derived section constitutes 
the third step in the general design procedure. 



(O 


Ftg. 27. A composite low-pass filter together with its equivalcDt circuit. 

The fourth step is the predetermination of the attenuation characteris¬ 
tic of the composite filter and checking this against the actual attenua¬ 
tion requirements. Adjustments may then be made in the number or 
in the type of sections in order to meet the attenuation requirements in 
the most economical manner. 

The method of combining a constant-/: section, a full m-derived 
section, and m-derived terminating, half sections to form a low-pass 
filter is illustrated in Fig. 27a. It will be noted that the assembly 
shown in Fig. 27a is reducible to that shown in Fig. 276. 

PROBLEMS 

17. Consider a filler section in which the full series arm, Zu consists of 

a 100-milUhenry inductance coil the rejistauce of which b 50 ohms. Each of the 
two shunt arms consists of a O.S-mI condenser the resistance of which b neglipblv 
sm.ill. 

(o) Find the open-circuit impedance, 2^, Eod the short-<ircuit iiiipedaQce» 2,^, of 
the section at 500 cycles. 


» I 
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( 61 Find the charactehilic tmpedanec at 400 cvctet. at IKK) **0O 

cycle?. 

19. Each of the aeriei arm* (Z| 2/ of a f^mioftrical T nriiaa caaMteta af a aM- 
(ien?er the capacitance of ahkh i« 0 4 mf and the re<i«tanre of oImtIi $• antlirtr 
small. The shunt arm (Z?) is a 200>mtJlihcnr> indurtaMo eoJ the w ^et aoc# of 
n hich i? 60 ohn\>. 

(a) Find the characterictic impedance and the propagation eooftant of tha aartJOtt 
at 200 cycles. 

(hi Find the characteristic impedance and the propacatioo oonsiaot of the aoefsnn 
at 600 cvcles. 

19. Th" characteristic impedance of a 6lter spctK'e i« to he meuarotf The 

measuring de\*ice is a 1-B Western Electric impedance hridre ahach hidionteo the 
R component of the impedance directly and the A* component in terms of ■♦■E or — L 
Plus L readings indicate that A = A't *= 2e/L, and negative L reoAogs m dieo ae 
that A “Ac * 2»/(~L). W ith the output terminais of the scctioo open-mresMSed 
the bridge readings are: ^ 10 ohms and E * -190 nulUbeor^s at 400 njilm 

With the output terminals of the aection short-circuited the bndgo rrmhi^rr Are 
R •TO ohms and E - d-240 miUibenr^s at 400 cycles. Find tho eUme«mwt« 
impedance of the filter section at 400 cy^. 

20. The series arms of a T-sectioo are each of 100 ohms capantanee. Th* ih«n« 
arm i? a 100-ohm inductive reactance, (o) Determine the characteristic ii^podnneo 
of this section for the constants given, (hi .\l«o calculate Z«f for half tha (ngusni i 
at which the constanta are given, (c) Is the frerfuency for the rracisnrra given 
within the pass or stop band? (d) Answer fur one-half the frenuerwi at whirK the 
reactances are given, (r) Calculate the attenuaiioo In nepers for the tw.» 
qucncics. (/) What can you say about the characterietir tmprH)«nee m the pwM 
band as companHl with the attenuation band fur an HleaJ prutot^pe ivetiun* (g |« 
this also true of ideal prototype r-sectioos? 

21. \ resist a nrcless, eoortant-l-, low-pam T ae e t wni ha« a cut rdf tfm^mnry t4 
10,000 cycles and a scro-frequeno' charanerietir Impnlaar# nf VD nhma l.eal^ie 
the phase shift at 1000, 4000 7000, and 10,(Vn eveira I «ah«atia IW 
at 11,000, 15,000. 20,000. and 25,000 o'cle* Plot pkmm m ^gim ^ 
tenuation in decibels against odes per mrood 

22. Consider a s^'mmctrical aertnui in whn>h the tha h*L 

aeries arm is 0.10 hrnr\ thi cai^acdancw af enrh af tha taa a^dewa «h»h 
80 to form the »-aectiofi is 0 1 ef 

tion constant at 500 cycles, at 1200 c>T4n. and at MOO C|iaim. 

(b) What is the attenuatiaa in deesMs at enrh al tha Am* trn^mrntmm i^wad 

to above? 

23. (ai What is the ilf<ctbH level af 0^.00001 aatt nifh laipin m a l<4adb««M 

faference power level 

Wliat is the decibel lei el of 4 watii aiih leapaat la a I'^dbaati sadaaaaKa 

power level? 

24. What ia the cut-o0 freq t sency af a bar-^aih anMlnad-d. ■ tf ya iltav mmkm 

U) which the inductance of the full series irm U SO he«r)^ aad tha c^Mtehaa ^ 
condenser ia 8.0 ai? What » the charMtesiaise imm4mm af iha — _ 

•’«00 cycles? 

A T-sectioo filter haa aeries amts /i T • /MO ah«a aad Ma ^aaa Hrm . 

^jlOOO ohins. 

^®) Calculate the eharacteriatic impedanaak 

L 
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• (b) Calculate the attenuation in decibels and the phase ehift in degree*. 

{<•) Are the reactances of the section for a frequency within the pass or stop bandi 

(d) Calculate the characteristic impedance of the section for 5 times the frequency 
for which the constants are given. 

(e) Calculate the attenuation in dedbels and phase shift for part (d). 

26. \ w-section filter has its series arm Zi — —jlOO ohms and its shunt arms 
2Zt * jSOO ohms. 

(a) Calculate the characteristic impedance. * 

(b) Calculate the attenuation in decibels and the phase shift in degrees. 

(c) Are the reactances given for a frequency within the pass band or stop band? 

(d) Repeat parts (a\ (6), and (c) for a frequency of one-fifth of that for which 
the impedances are given. 

27. Nine T-sections each having series arms of Zi/2 »= ^500 ohms and shunt 
arms Xj —j200 ohm.s are connected in series or cascade. If the input voltage is 
100, find the output voltage of the ninth section and the output current, assuming 
characteristic termination. 

28. Find the circuit clement values of a high-pass, constant-^, T-type filter section 
which is to have a cut-off frequency of 5000 cycles and an infinite-frequency char¬ 
acteristic impedance of 600 ohms. Repeat for a v-t)rpe section. Draw circuit 
diagrams showing the configurations of the circuit elements and the values of each 
in millihenrys and microfarads. 

29. .K generator having an impedance of 800 /0° ohms is to be connected to a load 
imjjedance of 100 /0° through a half-section of the kind Shown in Fig. 21, page 475. 

Find the value of Zik/2 (the series arm impedance) and of 2Z2k (the shunt arm 
impedance) which will properly match the generator to the load. Zut/2 is arbitrarily 
taken as inductive. 

30. Design a high-pass, m-derived, T-type filter section w'hich will have a cut-ofl 
frequency of 5000 cycles, an infinite-frequency characteristic impedance of 600 ohms, 
and an infinite-attenuation frequency of 4500 cycles. 

31. Design m-derived half sections which will properly .match, at 800 cycles, £• 
low-pass, constant-!:, T-type section the full series arm of which is 0.30 henry anc 
the full shunt arm of which is 0.03 ^f. The value of m is to be taken as 0.60. 

32. Consider an m-derived, low-pass, T-section in which Zi«» is mL\k and Ztm con 
sists of (I - m‘/4m)Li* in series with mCu- Let mLi* be known as Lim 
(1 - m’, 4m)Z.u be known as a nd mCtjt be known as C*». Show that th< 
cut-off frequency, namely, 1 /rV LikCik, can be written as l/kV(Lu. -|- 4L^m) (Cjm)) 

33. Refer to the composite low'-pass filter shown in Fig. 27. The requirements 
to b. met are: (1) zero-frequency characteristic impedance of 600 ohms, (2) cut-off 
frequency of 5000 cycles, (3) variation in characteristic impedance of not more than 
30 ohms over the lower 80 per cent of the pass band, (4) attenuation of 40 decibels 
between the limits of 5242 and 10,000 cycles. 

(o) Calculate the values of Lu and Cj*. 

(b) Design terminating half sections on the ba«s of m » 0.60. 

(c) Design the full m-derived section to have theoretical infinite attenuation at 
5242 cycles. 

(d) Make a graph of the attenuation of the composite filter betw'een the limits of 

5242 and 10,000 cycles and compare the results with the attenuation requirements. 
L'ae the three attenuation graphs shown in Fig. 26, page 483, at///* » 1.05, 1.10, 
1.15, 1.20, 1.25, 1.30, 1.35, 1.40, 1.45, 1.50, 1.75, and 2 to obtain the composite 
attenuation graph. ' 
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XII 


Symmetrical Components 


ymmetn<^ componenta furnish a tool of great power for analyti- 
callv determining tlie pcrforma:*re of certain types of unbalanced elec- 
tric^ circuits involving mtating electrical machines. It is particularly 
uv u in anal>zing the perfonnance of polyphase electrical machinery 
ahcn operatetl from systems of Mnbalance<l voltages. Although it can 
be used to solve unbalann 1 .static network.^ like those in Cliapter IX, 
sue applif .ition will in general Ih? more cumbersome and laborious than 

e raetlunl'. already consuleied. For unbalanced networks containing 
rotaUng niachines, however, the method of symmetrical component.s 
os t e only practicable method of accounting for the unbalanced 
eflects of those machines and is widely used in practice. It is also con- 
ven^t for analyzing some types of polyphase transformer problems. 

The method of “symmetrical components,” in its most useful form, 
IS founded upon Fortescue’s^ theorem regarding the resolution of un¬ 
balance s>^U?ms into sjnnmetrical components. Although the present 
discussion will confine itself to three-phase systems, any unbalanced 
polyphase sj'stem of vectors can be resolved into balanced systems of 
vectors called “ symmetrical components.” 

Fortescue’s theorem, applied to a general three-phase system of 
vectors, b that any unbalanced three-phase system of vectore can be 
resolved into three balanced systems of vectors, namely: 

1. A balanced system of three-phase vectors having the same phase 
sequence as the original unbalanced system of vectors. This balanced 
s>'stom is called the “ positive-sequence system.'' 

2. A balanced system of three-phase vectors having a phase sequence 
which is opposite to that of the original unbalanced system of vectors 
This balanced system is called the “ negative-sequence system ” 

3. A system of three single-phase vectors which are equal in mag¬ 
nitude and which have exactly the same time-phase position with 
fe^t to any given reference axis. This system of single-phase vectors 
a known as the zero-sequence or uniphase system. 

A general proof of the resoluUon theorem wUl not be given because 
* httle experience with the method will soon convince the reader that 

‘ FortaMua, Method of Symmetrical Co-ordinatee Applied to the r 

FotyphaM Networks,” Tnumtetiom, Vol. 37, 1918. 

! 499 ' 
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the theorem as stated is correct. In this respect Fortcscue’s ih^rem 
is similar to Fourier’s theorem regarding complex waves. In Chapter 
VI it is shown that any complex wave may be resolved into definite 
harmonic components by the Fourier method. The ultunate proof of 
the theorem rests upon the fact that the components thus determined 
can be synthesized to form the original complex wave. In a similar 
manner it will be shown that any given unbalanced three-phase system 
of vectors may be resolved into the three balanced systems outbn^ 
above and that the composition of these balanced systems 3 ne the 
original unbalanced system of vectors. 





(e) Negative-sequence vectors. 



(d) Zero-sequence vectors. 


Fio. 1. Original set of three-phase vectors together with their symmetrical components. 


The Original Unbalanced System of Vectors. Any number of vec¬ 
tors up to and including three may be considered as an unbalanced sys¬ 
tem of three-phase vectors. The vectors that form the unbalanced 
system may have any specified magnitude (including zero) and may 
possess any specified phase positions with respect to one another. 
In Fig. la is shown a set of three unbalanced vectors that will later 
be resolved into their symmetrical components. If the vectors that 
form the original unbalanced set come to us merely as three specified 
vectors, they can arbitrarily be assigned subscripts a, b, and c in the 
order shown in Fig. la. Thus the original vectors Va, V6, and V, are 
arbitrarily assigned the abe phase sequence. (See Chapter IX, 
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383-384.) Although the vectors shown in Fig. la are labeled as volt* 
agc-'t the proposed resolution applie.s equally well t<; a system of 
current vectors. 

Owing to the fact that the symmetrical components will have to carry 
an additional subscript to designate the system to which they belong, 
single-subscript notation will be employed in connection with the original 
vectors wherever this can be done without loss of clarity. For complete 
specification, the positive circuit directions of the original three-phase 
voltages or currents must be indicated on a separate circuit diagram. 
The importance of complete specification will become apparent when 
numerical problems are considered. 

The Positive-Phase Sequence System. *As previously stated, the 
original unbalanced system of vectors is to be resolved into tw'o balanced 
three-phase systems and one uniphase system. It will be shown pres¬ 
ently that the balanced three-phase systems must be of opposite phase 
sequence. Therefore one balanced system has the same phase sequence 
as the original three-phase system and the other has a phase sequence 
opposite to that of the original system. 

The balanced system of three-phase vectors that has the same phase 
sequence as the original system is called the positive-sequence system. 

If the original vectors are assigned the phase sequence of ahe, then the 
phase sequence of the positive-sequence vectors is abc as shown in Fig. 16. 
The positive-sequence vectoi-s are completely determined w'hen the 
magnitude and phase position of any one of them is known. A method 
of evaluating any one of the positive-sequence vectors in temis of the 
original vector values will be given presently. The positive-sequence 
vectors are (U'.^ignated as 

Vai, Vfci, and Vei 

The subscript 1 indicates that the vector thus labeled belongs to the 
positive-sequence system. The letters refer to the original vector of 
which the positive-sequence vector is a component part. 

The vectors of any balanced three-phase system may be convenient!}' 
related to one another with the aid of the operator a. The general 
properties of this operator are considered in Chapter IV, page 121-122. 

al is a unit vector 120® ahead of the reference axis, a^l is a unit 
Vector 240® ahead of the reference axis. Thus. 

al =*^' 120 - , -o.5-hiO.866 1 
a^l = = -0*5 - iO.866 j 

The operator a applied to any vector rotates that vector through 120® 
in the positive or oounterclockwise direction. The operator a=^ applied^' 

CORCORAN-32 
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to any vector rotates that vector through 240® in the positive direction, 
which is, of course, equivalent to a rotation of 120® in the negative 
direction. 

If, for example, Vai has been determined, the positive-sequence system 
may be written simply as 

Val = V,, 

•‘Vn = a^V^i = V», /-120^ - 
V„ = aVa, = V„, /-240- 


the positive-sequence 
system of vectors 


( 2 ) 


The Negative-Phase Sequence System. The balanced system of 
three-phase veetors whieh is opposite in phase sequence to that of the 
original vectors is called the negative-sequence system. If the original 
' l ett.js hav(' a phase sequence of abc the negative-sequence vectors 
lia a plia.^'V .'Cipience of acb as shown in Fig. Ic. Since the negative- 
seciuvMK c ey^itvm is balanced, it is completei}'^ determined when one of 
the v('ltage.s is known. The negative-sequence vectors are designated as 

Va 2 , V 62 , and Vc 2 


Subscript 2 indicates that the vectors belong to the negative-sequence 
systom. The a, b, and c subscripts indicate components of Va, Vt, 
and Vc respectively. If Wa 2 is known, the negative-sequence system 
can be written in the following form: 


V„2 = Va2 

V„ = aV,2 = V«2 /-2-»0° 
V,2 = = V,2 /-120° 




I 

the negative-sequence ‘ 
system of vectors 


(3) 


Vo 2 . V 62 , and Vc 2 are shown graphically in Fig. Ic. 

The Zero-Phase Sequence System. The remaining system consists 
of three vectors, identical in magnitude and in time phase, as sho\\n in 
Fig. Id. These vectoi-s form what is known as the uniphase or the 
zero-sequence system, and have special significance in certain physical 
problems. For the present it will be sufficient to think of the zero* 
.sequence vectors as comjxyncnt.s of the original vectors Va, Vb, and Vf. 
The zero-sequence vectom are dcsigmited as 


Voo, ,V6o, and Vco 


Since the above voltages are equal: 




VaO = Vao 
Vw = Vao 
Vco = Vao 


the zero-sequence 
system of vectore 

' r 

y ^ 


\ 


(4) 
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Grapl^cal Compositioa of Sequence Vectors. 

(Val + + Vao) 

(Vbi 4- V62 4- Vw) 

and 


(Vci 4- Vc2 4- Vco) 


It is evident that 


form a three-phase system of \roUages which, in general, is unbalanced. 
The above-indicated compositions are carried out graphically in Fig. 2, 
employing the individual voltages contained in Figs. 16 , Ic, and Id. 



Fio. 2. Illustrating the manner in which the sequence components combine to form 

V«, Vk, and V«. 


» 


The resultant system shown in Fig. 2 is identical with the unbalanced 
system shown in Fig. la. For the particular case considered it is plain 


Va = Val + Va2 + VoO 
Vfe = Vfci 4- Vm 4- Vw 
Vc “ Vcl 4" Ve2 4" VcO 


(5) 

( 6 ) 
(7) 


In terms of the operator a, the above relations may be stated aa 

Vo - V„i + Vo, + Voo (8) 

• Vfc a^Vai 4- aVoa 4- Voo (9) 

Vc aVai 4“ a*Vo2 4- Voo (10) 


iL 
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An inspection of equations (8), (9), and (10) will show that the original 
system of vectors can be completely specified in terms of Val, Va2, V«o, 
and the operator a. The next step in the study of symmetrical com¬ 
ponents is the evaluation of V^i, Va 2 , and Vao in terms of the original 
vectors V^, V*, and Vc. 

Evaluation of V^i. The resolution of an unbalanced S 3 stem of vectors 
into its sj'mmctrical components is essentially a geometric process, and 
different geometric methods have been devised wliereb}' the resolution 
can be effected. However, none of the geometric methods thus far 
devised possesses the neat simj)licity of the complex algebra method 
given below. 

Before proceeding with the algebraic method it is well to understand 
that certain operations are performed solel}'^ for the purpose of obtaining 
the combination (1 + a -f a^) which is equal to zero. Various simpli¬ 
fications may thus be made when quantities can be so collected as to 
possess the coefficient (1 -f- a + a^). 

If equation (9) is multiplied by a the result is: 




( 11 ) 



( 12 ) 


whence: 


Vai - l(Va + aVi -f a^Vc) = J(Va + V6 /120° -h V^/240^) (13) 



Geometrically speaking, the above equation means that Voi is a 


ExAmpIe 1« If the V6ctors 3howQ in Fis?. la 



~ §(10 /30” -f- a30 /—G0° -|- a*15 /145“) 


- I (10 /30^ + 30 /6Q” + 15 /2^) 

" 12.42 -f*jl2.45 «■ 17.6/45*.0 units 
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Sinc« Vbi — Voi / —120" and V«i *■ Voi /•i-120% the positive-eequence system of. 
vectors becomes: 

V„i = 17.6 /^, Vbi = 17.6 /-75" . and Vd = 17.6 /l6.5" units 

The above results are indicated graphically in Fig. 16. 

Evaluation of V„ 2 - The negative-sequence component of Va 2 be 
evaluated in a manner almost identical with that given above for the 
evaluation of Vai. It is simply necessary to study equations (8), (9), 
and (10) with a view toward eliminating the Vai and Voo terms and at 
the same time retain the Va 2 terms. The desired results can be ob¬ 
tained by multiplying equation (9) through by a^ and equation (10) 
through by a. Equation (9) multiplied by a^ reduces to 

a^Vb = aVai + Va2 + a^Vao (14) 

Equation (10) multiplied by a reduces to 

aVc = a^Vai + Va2 + aVao (15) 

Adding equations (8), (14), and (15) yields 

Va + a^Vb + aVc = 3Va2 + (1 + a + a^) (Vai + Vao) 

Since (1 + a + a^) = 0, 

Va 2 = ^(Va + a'^Vb + aVc) =i(Va + Vft + Va / iW) (16) 

Vfl 2 is therefore a vector one-third the magnitude of [Va + (Vb rotated 
through 4-240°) 4- (Vc rotated through 4-120°)]. • 

Example 2. If V* = 10 /^, Yb = 30 /-60" , and Ve = 15 /l45° units: 

Va 2 * ^ (10 /30° 4 a“30 / —60° + alo 145°) 

= 1(10 ^° 4- 30 /180° 4 15 
= —7.55 — j3.32 = 8.25 / —156 2° units 

Va 2 for this particular cas«- is shown in Fig. Ic together with Vm and V,». - 

Va2 and Vc2 = Va2 

Evaluation of Voo- The direct addition of equations (8), (9), and 
(10) will show that: 

Va 4- Vb 4- Vc = Voi(l + a* + ^) + Vo2(l 4- a 4- a^) 4- 3Vao 

or 

Voo = i(Vo + Vb 4- Vc) (17) 

The zero-sequence component is simply a vector one-thii^ as large as 
vector obtained by adding Vat Vb, and Ve. 
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Ezunple 8. If V« - 10V6 - 30 /-60* , and V« - 15 /l45" uniU: 

Voo - §(10+ 30 /-60’ + 15 /145”) 

= 3.79 -;4.13 - 5.60 /-47.4° unita 

The above value of Vao together with corresponding values of V^o and Veo are shown 
in Fig. Id. 

Example 4. (a) The results obtained in the foregoing examples can be checked by 

comparing the complex expression for (Voi + Vaj + Vao) ^'ith the complex expres¬ 
sion of the original vector Vg. The results of the foregoing examples are tabulated 
below. 

V«i = 12.42 -f il2.45 = 17.6/45“ units 
V «2 = -7.55 - ;3.32 = 8.25 /-156.2“ units 
Vao = 3.79 - j4.13 = 5.60 /-47.4“ units 
(Vai -f Va 2 + Vao) = 8.66 + >5.00 = 10 /^ = Va 

(6) Vfci = an7.6/4^’ = 17.6 /-75“ = 4.56 ->17.0 units 

Vb 2 = a8.25 /^|= 8.25 /-36.2“ = 6.66 - >4 87 units 
Vfco = 5.60 / — 47.1^ = 3.79 —>4.13 units 
(Vbi + Vt2 + V6o) = 15.0 - >2f).0 = 30.0 /-60“ = Vb 

(c) Vei -■= al7.6 /4.5“ = 17.6 /165“ = —17.0 +>4.56 units 

Vc 2 = a28.25 /-15 6.2“ = 8.25 /83.8“ = 0.89 + >8.20 units 
Vco = 5.60 /—47.4° = 3.79 —>4.13 units 
(Vci + Vcj + Vco) =* —12.32 +>8.63 = 15 /145“ = Vc 

Problem 1. Given the following ihroo vector voltages: V, « 150 /O* 
V6 = 86.6 / -90° , and = 86.6 volts. 

(a) Find the symmetrical components of and check the resulU by addina 
Vau Vo 2 . and Vao. 

(b) Evaluate Vb and V* in terms of the s>Tnmetrical components of V« found 
in part (a). 

(c) Draw a vector diagram illustrating all symmetrical components. 

(a) Vo, = 100/O^, Vo* * 0, Voo - 50 /O* volU. 

Absence of Zero-Sequence Components. The zero-sequence com¬ 
ponents Ere non-existent in nny system of voltngcs (or currents) if the 
vector sum of the original vectors is equal to zero (.'<ee equation (17).] 
This fact may often be used advantageously in making numerical calcu¬ 
lations becau.se the original system of vectors is then directly reducible 
to two balanced three-phase systems of opposite phase sequence. An 
absence of zero-sequence components may have important physical 
significance tn the analysis of practical problems. Some of the prac¬ 
tical problems in which symmetrical-component analyses are used 
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successfully will be referred to briefly in the following paragraphs and 
one of these problems will be treated in detail in the next chapter, 
Three-Phase, Line-to-Line Voltages.' The linc-to-line voltages shown 
in Fig. 3 for either the wye or delta are: 

= (Va. - Vt.) 

= {Vb„ - v„) 

Vc, = (V„ - V..) (20) 


For the delta the voltages to aeutral are those of an equivalent wye. 
Regardless of the degree of unbalance in the line-to-line voltages 

Vab “b Vbc "b Vea = (Van ~ Vfen). "b (Vfcn “ Ven) 

-b (Ven - Van) = 0 (21) 

^ r 

The zero-sequence components of the line-to-line voltages are non 
existent because 

'' * V,m; = Vi„o =-«Aao = V(Y,i. + V..) - 0 , ^(22^.'' 

Therefore three-phase, line-to-line voltages may be represei^e*.! by a 
positive-sequence system and a negative-sequence system of '•'ol ages 
as represented by the voltage vector diagrams of Fig. 3. It should be 
realized that Fig. 3 shows a specific case. As has been previously s ated, 

■ the relative magnitude of the positive: and negative-sequence voltages 
and the angle between V,„, and may take on an infinite number o 
differSit values in the most general case. The fact that uiibalancpd 
liTtmline voltages may be resolved into two balance.1 systems of 
opposite sequence is of considerable importance in the analyses of I nvo- 
ohLe rotating machinery. AVTien unbalanced voltages arc applied to a 
three-phase imluction motor, for example, the operation of the motor 
may be analyzed on the basis of balanced systems of voltages of opposite 

'’''TliVoSitb^'scquence voltages and negativt-sequence volt.iges shown 
in Fig. 3 are obtained in any particular case in te^ »' ‘^e «ctor values 
of vl and V„ as outlined in equations (13) and (16). In terms 

of the present notation 

(23) 


= J(Va» + Vs.^+ Vo./-120:) 
V.M = i(v,s + Vi./:zl^+ v.,^») 


(24) 


It will be observed from equation (23) t^t the positive-^uence 
component of the base vector (V.s m the case) is obtained by advancing 


tlf ) 
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(through 120°) the vector which lags the base vector and retarding 
(through 120°) the vector which leads the base vector. Reversed opera¬ 
tions are employed to secure the negative-sequence components as 





Fig. 3. Positive and negative systems of voltages and currents for a specific 

three-phase system. 

shown in equation (24). If the general scheme is understood, neither 
changes in notation nor reversals of phase sequence (of the original 
vectors) can cause confusion. 
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Ihc statement following e(|ij;ttions (23) nnd (21) nnd the equati^^nM 
themselves are based upon a Iine-vollag (5 serjnenec" of ah br rn suiter* 

Vtft actually lags the base vector V^»,. (ieeasions arise where the formnU^rt 
as given by e(juations (13), (Hi) and (17) should l)e appliefl as lal^^led 
even though the vector of pha^e h doi*s not lag Imt actually h'.ol* the 
base vector. An illustration imolving currents folhnvs. A'surn#- the 
impedances for the wye load shown in Fig. 3 are Z„a * 5 77 ,'0*, Z.,s ~ 

10 /90 , and Z^c — 10 / — 90** . If the applied line voltage? are 
100/^, Vc6 = 100 /-90**. and = 100 / loQ** solution will yield 
voltages and currents as follow^s: 

Vna = 57.7/0^ V„k = 57.7 /-120^ = 57.7 /120** 

Ina = 10/0** = 5.77 /150** I„c = 5.77 /-150** 

Inspection of these results shows the voltage sequence to be a-b-<, and 

this might be the starting point anrl railed the positive sequence system. 

The actual current sequence is a-c h. If the currents in this case are 

resolved into their synunetrical components, that in phase b should be 

advanced 120** as equation (13) would indicate even though actually 

leads Ina which might be taken as the base vector. Ot herw ise the system 

of positive sequence currents would not correspond to the po.'ituc 

sccjuence .system of voltages. In general it is customary' at the st.irt to 

assume a positive sequence of a-h-c and initially lalK'l the vi'ctor vhich 

lags the reference vector so the sequence is a-b~c. 'I'hen the p«i?iti\ e 

sequence voltage or current in any subsequent calcrdations will he 

obtained liy advancing, that is, rotating counterclcx’kwi.se 121)*, Ihc h 

pha.so voltage or current rcgardlcs.< of whether it actually kigs or h'ftd? 

the ba.se v’ector. This is necess;iry to make all f>ositivc sequence 

of voltages and currents corrt‘spoiui. (Jlherwiae a negative icqueue*? 

system of currents may b<‘ the one to correspond to a positive 

system of voltages, and this would lead to confusion. 

*' ■ ♦ 

Problem 2. A three-pha.^ system of line voltages. V..^. V^. and ase unbal 
anrod to the extent that V, 4 i * ^tOOO ■' — 00* aitd Va*j ^100 /1 (V^ ja. |; 

of course, equal to zero.) jj, 

(а) Draw u common-origin vector dugram ilhtstratinc the positive-aequmM R; 

voltages .ami llu* n<*g;itive- 3 equcoce voltages of V«s, and V„. 

(б) Find the magnitudes of the ilmv voltage* V*,. aitd V .. 

A ns.’ (h) I «i» * 3-IG4, I “ S-MH, I t* “ 0000 volts., y| 

Phase Voltages of Wye-Connected Loads. Heference to etpiatton (21) K 

'*'ill show that the phase v’oltages, V.,,, Vs,,, and Ve„, may pooaeu any I 

vci’tor valuo.s w'hatsocver and yet the \cct.or sum of the line-to-finc 
Voltages is zero. In general, however, 

V,. + Vk, + V,, ^ 0 m 
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1 he individual phase voltages will, therefore, generally possess sero- 
sequence components even though these components are absent in the 
line-to-Iine voltages. Under balanced conditions the phase voltages 
will, of course, possess no zero-set juencc components. 

Example S. In Fig. 3, let 

V„ - 10/0^ V*, « 20 /-«)0^ « 10 /135^ volts 

Under these conditions'^ 

(10+>0) - (0-j20) = 10-f-;20 
V6< =» (0 - >20) - (-7.07 + >7.07) =* 7.07 -;27.07 
V,<, * (-7.07 -I-J7.07) - (10 -»-/0) = -17.07 +;7.07 
Vcio ’ il(10 -f >20) + (7.07 - >27.07) + (-17.07 +>7.07)) - 0 
V.^o = 11(10 +>0) + (0 -;-20) + (-7.07 +>7.07>1 


- i (2.'J.t - >12-9.1) - O.nS - >4.31 volts 

A 

It will be noted that triple subscripts have been u.sed in the above 
connection with the component voltages Vui>o nnd Vano- 



iwhere both line-to-line and phu.se voltages are involved in the same 
discussion, triple subscripts of this kind may be u.scd advantagcously*^ 
These subscripts tell whether line-to-line voltages or phase voltages are 


being considered, they specify the positive circuit direction of the 


voltages, and they designate the order of the system to which the 
component voltage bclongj. ^ 

Dclta-Wye Voltage Transformations. In symmetrical-component 
analyses it is very often partienJarly advantageous to consider delta- 
connected systems on an equivalent wye ba.^is. If the delta-connected 
load shown in Fig. 3 is to be analyzed on an equivalent wye basis, the 
load impedances are fii-st conyerted to their cquivaltmt wye v^ues in 
the conventional manner and then the line-to-line voltages are resolveci 
into their symmetrical components as shown in equations (23) and (24). 
The remaining problem is that of finding the equivalent wye voltages in 
terms of the linc-to-linc voltages. ’ 

- For a-6-c sequence 


V,., = v„., /-120° and V„,., - Vj,., = V.n 


It follows that 


Vnnl - Vanl /- 120 ° = Wall 

v«„,{l - (-1D.5 ->0.860)1 = 


Hence 



(25) 
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The complete positive-sequence system of voltages is shown in Fig. 3. 
In a corresponding manner it may be shown that 

XT ^ah2 




^ an2 — 


V3/-30° V3 


(26) 


The complete negativ'e-sequence system of voltages is shown in Fig. 3. 

Equations (25) and (26) are useful in the analysis of either uye- or 
delta-connected loads where the line-to-line voltages are specified. They 
are also important in the analysis of delta-wye transformer banks,like 
that shown in Fig. 4. 




Fig. 4. \\ \ e-delta transformer !)ank. The windings of transformer a are a'6' and an, 

transformer b, and 6n, and transformer c, c'a' and cn. 


It should be noted in pa.ssing that Vano niay possess a finite value 
even though the zero-se(iuence components of the line-to-line voltages 
are of zero value. The fact that Va„o cannot be evaluated in terms of 
the line-to-line voltages presents no serious handicap as will be shown 
later, but it does preclude the possibility of immediately evaluating the 
voltage to neutral (V«n = ^ani + ^ an2 + Va„o)- 

Problem 3. In the wye-delta transformer bank shown in Fig. 4, the operation of 
the three transformers, and the polarities of the windings are such that 

Va'6' = nVtiH (transformer a) i 

V6'c' = (transformer 6) 

Ve'a' = (transformer c) 

where n is the voltage transformation ratio of the transformers. The primary line-to- 
line voltages are unbalanced in magnitude to the e.xtent that = 4000/—60* 
= 1000 /—90° volts. (Vail and Vabz are, of course, written with respect 
to a con\mon reference a.\is.) The sequence of the primary line-to-line voltages is 
assumed to be ab-ha-ca, and Va„o is to be taken as zero. 

(o) Find the magnitude and vector position of VoA and of V^. 
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(b) If the tran<formation ratio of the transformer! is 10, find the magnitude 
axul vector position of V,'*' and of V»'e». 

i4ns.: - 4«)0Aj5^, - 3173 /170.94" volts. 

- 28.230 /-84.U*. V*',. - 23.S00 /135.95" volts. 

« 

Problem 4. Find the relative vector positions of Va* and of the uye-delta 
transformer bank of Fig. 4 if — 0 and V^o “ 0. Find the relative vector 
positions of Vie and Vyg' under the same conditions. (The sequence of the supply 
voltages Vos, Vi*, and is assumed to be ab-bc-ea.) 

Ant.: Vyy lags V«a by 30*; Yyy lags V*« by 30*. 
The supply voltages are balanced and the poaitive-aequence voltage vector diagram 
of Fig. 3 applies directly since Vyy ■ nVai., and Vi'*' nV^,. 

Three-Phase, Three-Wire Line Currents and Associated Delta-Phase 
Currents. The line currents of a three-phase, three-wire system .can 
contain no zero-sequence components regardless of whether the .sy.stem 
is wye- or delta-connected. RefereiKe to the wye-connected load given 
in Fig. 3 will show that at the junction n 



la + 4- Ic 


Therefore, 


loo = §CIa + l6 + Ic) = 0 (27) 

Reference to the delta-connected load given in Fig. 3 will show that 


Jc 


Ia6 Ica 

(28) 

l6e “ Io6 

(29) 

Ica “ Iftc 

(30) . 


Hence 


Ifl + I* + L = (Ia4 — Ica) + (Ise — las) + (La — Lc) =0 (31) 

regardiess of the degree of unbalance of the individual phase currents, 
Ia6, lac, and La, the vector sum of the line currents, L. L, and L, 
equal to zero and therefore no zero-sequence components are present 
in the line currents. 

The individual delta-phase currents udll, in general, possess zero- 
sequence components since (Ls + Itc + La) is, in general, not equal 
to zero. The zero-sequence components of the phase currents in a 
delta-connected system cannot be evaluated in terms of the line currents. 
For a-b-c sequence of line currents, 

Lfti Loi “ Li and Ica} “ Lfct /120^ 
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<le"vation as that employed in the deri¬ 
vation of equation (25), it is easy to show that 


Io«(l - (-0.5 +i0.866)l = la, 


Ui = ^/30” 
V3 - 


(32) 


A^compjete positive-sequence system of currents is shovvn in Fig. 3. 

c V w|or lagram of the positive-sequence currents showq. that Jan 
is 1/ V3 as large as I., and 30' in advance of 
In a corresponding manner it may be shovvn that 


*□62 


= ~/-30^ 

Vs^ - 


(33) 


In a TNye-delta transformer bank like that shown in Fig. 4 where no 
zerc^sequence components of current can exist in the wye primary 
u indmgs, no zero-sequen(‘e current will be present in the delta secondary 
wm mgs since = A^/,. In this connection, Np represents the 
primary turn.s and A ^ the secondary turns of one transformer. (The 
magnetizing current is neglected in the statement Npfp = or else 


represents simply the load component of the primaV current!) The 


fact that a tiansfoimcr bank like that shovvn in Fig. 4 eliminates zero- 

sequence ciirrents is of importance in power network short-circuit 
Studies. 


nrfif"” '■ '‘'"“■"’""ee'ed system shown in 

= lo/o^, I„s. = 5 / 80 ° , nnd I.so =■ 7 / 19 . 5 ° amperes 

Ans.: = 15^^ amperes. 

Three-Phase Line Currents Associated with a Neutral Return. If a 
''Te-wye system operates with grounded neutrals or with a connecting 
"'ire between neutrals, the vector sum of the line currents will not in 
Kcneral, be equal to zero. In this case: * 


loo — Ifto — Ico — i(Io + l6 + Ic) 


(34) 


be noted that the ground or neutral return current, namely 

qq as the individual zertvsequence 

^^inponents of the line current. Each line wire carries a component 
is equal in magnitude and in time phase with similar 
^^mponents in the other t\yo lines. These zero-sequence components 
sometimes called uniphase components and have important physical 
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signiBcance in connection with the inductive interference between 
three-phase power lines and paralleling „o manner of 

Where the line currents possess ‘:“Xt^;rthese corn- 

transposition of the power . '"® ,f ' i„ paralleling telephone 

ponents from establishing inductive in ci _ j j,, (he three line 

Les. the reason being that the “"■Pha»«^Xnce In a case of 
wires establish similarly diiected ™»IP*®“®is required to 
this kind, transposition of the t''®P'’®"® ' . j by tbe power system 
balance out the undesirable emf s t a ar uniphase 

currents. Inductive biterference studies usually refer 
or sero-sequence currents as resuluals since ^ey P ^.^.a^qaence 
ponent currents that remain after the P*®! *' balanced system- of 
Lmponents have been taken from the ^Xf^i the two 

short-circuit currents in power systems. 

t. F;TTt'‘ittoVja'“^ To Lr.T^t,eTpr«"ymmeTc.l 



Fig. 5. A particular cause of unbalanced three-phase line currents. 

components of the line currents I,„ .16, and I.-, where I« = I [a, h * 0. and h = 0. 
/ is the magnitude of the short-circuit current. U, and « is the angular displace¬ 
ment of this current from any arbitrary reference axis. The three line 
may be considered as an unhalancetl three-phase system of currents even though 

two of the currents are equal to zero. 

The original system of currents is represented by . \ . 

Ia = //«l6 = 0Ic-0 

The positive-sequence components of the above currents are 

1.1-PZs fci - t'ZfLni?®! 1.1 - jr /a + igi: 
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The negative-sequence components are 

= + 1,1 - y /„ - )20- 

The zero-scqucncc components are 


I«0 = l(,o = 


Graphical representatio: 

observed that 


IS of thc' above 


Ico = 3 //a 

re.-^ults are shown in Fig. 


6. 


It nill be 


lal + 1,2 I , 

hi + hs + ho = h =0 


Id + Ic2 -!- IcO = I,; = 0 

Sj-m^etrical co»p„„e„ia of the hi„t, ,.vo„ .hove ate peed in single line-ttHfround 





•I f'!. 0. 'Tjjp rosolut 


System 

iou.of e Siaalo vurrea, i„,„ in. ,|„ve.„h.«, svra^t.ie.. 
components. ' 


5ho 


•• ort-cncuitcurrent analyses, suul although this tvm* of tirohlon 

present chapter a study of Fig. 6 at this stage ivil'l prove to bri^iru'^r'"' 


I 
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Problem 6. The three line currents in a four-wire wye system like that shown 
in Fig. 7, are: 

l... - 1, - 20^:, I... - U - 12 /-100° . 




metrical components. 


/las.; loi = 9.45 ->6.76 = 11.62 /-35.6° amperes 

= -10.58 ->4.80 = 11.62 155.6° amRercs 

la = 1.136 4->11.58 = 11.62 /84.4° amperes 
laj = -2.05 — >4.07 = 5.03 / -125.0° amperes 
Ifc 2 = 5.0 - >0.517 = 5.03 / -5.9° amperes 
la = —2.05 + >4.59 = 5.03 /114,1° amperes 
I«o = 3.503 ->6.49 = 7.375 /-61.65° amperes 


I 

! 


Power from Symmetrical Components. For any unbaUinccd three- 
phase system the total power consumed is the sum of the powers absorbed 
in each phase. Thus 

p = + Pi, + P, = Va/aCOS#v. + V^/tCOS^, + F,/(COS^, 

If Ihe \ oltage of a given phase, say V., is resolved into several compo¬ 
nents. the power for that phase may be obtained by adding the products 
of each component of voltage by the current times the cosine of the angle 
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between the particular voltage component and the current. Reference 
to Fig- 8 will make this evident. Here 

Pa = Ia(Va COS 8 ) = /„(Fj qoS $1 + V2 COS $2 + Vq COS ^o) 

= laV, COS 8 ^^ + IaV 2 COS 8 ^^^ + /.Fq COS 


Similarly, if the current is divided into components, the power is the 
sum o t e pro ucts of voltage by the current times the cosine of the 
phase ang e etween the respective components of current and the volt¬ 
age. rom. t ese facts it should be apparent that if both voltage and 
current are resolved into 

Ve, 


components, the power will 
be the sum of the products 
of each component of volt¬ 
age by each component of 





faflfbofco 



Fig. 8. In-phasy component of Va 
with respect to la is the sum of the 
in-phase components of each of the 
component voltages of V®. 


Fig. 9. Symmetrical components of voltages 
and currents of a general three-phase system. 


current times the cosine of the angle between the particular component 
of voltage and current appearing in each of the products. 

Figure 9 shows the symmetrical components of currents and voltages 
for any three-phase system. The subscripts a, h, and c denote the phase 
"hile 0, 1, and 2 are the usual symbols denoting the sequence com¬ 
ponents. In terms of the components shown for phase a, the power is 

~ Ffli/ai cos + Va\Ia 2 COS 82 + Va\IaO COS ^3 -f- Va2la2 COS ^4 
+ Fa2/al COS 8 ^ -f- Va 2 JaO COS 8 ^ + Vadho COS 8 ^ +.Fao/al COS 8 ^ 

+ Fao/a2COS^9 (35) 

phase 6 

Vb\h\ cos 8 i -f* Fbi^b2 cos (120* -f- 82 ) + ^biTbo cos (120® 

"F Vb 2 h 2 COSd4 -f Fb2/bl cos (120® -h ^5) -{- P'to/fcoCOS (120® 

^boho cos 87 -f Vbohi cos (120® -f 6 s) 

^boIb2COS ( 120 ®' — 

ORCORAN-33 


u 


II 


I) 




I 

I 
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For phase c 

Pc = cos 4- Veile2 COS (240® -f ^ 2 ) + Fcl^cO COS (240® 4 - 9i) 

4 - Fc 2 ^c 2 COS ^4 4 - Vcilcx COS (240® 4- ^ 5 ) 4- Fc 2 /co cos (240® — 9^) 

4" Fco/co cos 07 - 4 " VcqIcx cos (240® 4- 08) 

4- no/c 2 cos (240® - 09 ) (3") 

It should be remembered that only magnitudes of voltages and cur¬ 
rents appear in equations (35), (36), and (37), and that = F*i = 

Vcl, V,2 = ^2 = V,2, Vao = Vto = FcO, ^al = /m = /.I, = 

^62 = 7 c 2 . and /oo = ^60 = ^co- Under these conditions if equations 
(35),* (36), and (37) are added, the terms containing 02 add to aero 
because they represent three equal quantities at 120-degree angles. 
Similarly, the terms containing 03 , 05 , 06, 08, and 09 add to zero. Drop¬ 
ping reference to particular phases, this leaves 

P = Pa + Pb + Pc = SVJl COS 01 + 3 I ’272 cos 04 4* 3ro/o cos 07 (3iJ) 

It will be noted that cos 0 i = cos0v„ cos 04 = cos 0 V 2 , and cos0r = 
cos 0 vo. Hence 

P = 3T'’i/i cos ei\ 4- 3 U 2/2 cos el\ 4- 3Uo/o cos 0{?, (39) 

Equation (3&) shows that the total power consumed by an unbalanced 
three-phase system is the sum of the powers represented by each of the 
symmetrical component systems. Hence, to obtain total power the 
algebraic sum of the total positive-, total negative-, and total zero- 
sequence powers may be calculated. 

Copper Losses in Terms of Symmetrical Components. The copper 
loss for any unbalanced three-phase system is 

P = la^Ra + h^Rb + Ic^Rc (40) 

where phase currents and the corresponding phase resistances are used. 
By referring to Fig. 10 and by remembering that 

la = lal 4* Io2 4" loO 

it follows that 

la^ = {Ja\ 4" /a 2 COS 4* /aO COS tt)" 4" (/a 2 sin 0 4“ laO sin a)* (41) 

Similarly, 

V = [hi COS 240® -f ib 2 cos (120® - ^) 4" ho cos a]^ 

4- (/fti sin 240® -b / 62 sin (120® - 0) -b ho sin af (42) 

// = [hi cos 120® 4" Ic 2 cos (240® - /3) 4- ho cos aj* 

-b [hi sin 120® -b /ea sin (24Q.® — ^) -b ho sin a]^ (43) 
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When Ra, and R^ are diflferent the sequence components of current 


should be combined to Obtain /a> /(,, and Ic, and equation (40) used to 
calculate the copper loss. If, however, R^ ^ Ri, = Re — R, .substi¬ 
tution of equations (41), (42), and (43) in equation (40), dropping 
reference to phase, and expanding and 
combining terms algebraicalb' give 


P = ^Ii^R + 4 . 3 /^ 2 ^ 

= 3(/i2 + 



Equation (44) shows that the total 
copper loss due to the resultant currents 
is- the same as the sum of the copper 
losses due to the sequence components 
calculated separately. 


If the resistances to the positive-, 
negativ e-, and zero-sequence currents 
are different, the copper loss may be de¬ 
termined from 


' Fig. 10. Symmetrical compo¬ 
nents of currents in a general 
three-phase system. 


P = Sh^R, -h Zh^R^ + 3V/?o\ (45) 


T\heie Ri, R 2 , and Rq are respectively the resistafice to the positive-, 
negati\ e-, and zero-sequence cpniponents of current. In using equation 
(45) it must be remembered that etich of the sequence resistances must 
be the same for all three phases, since equality of phase res'istances was 
assumed in obtaining equation (44), of which (45) is a modification. 

Positive-, Negative-, and Zero-Sequence Impedance Components. 
For purposes of some analyses, three self-impedances may be separated 
or resolved into their symmetrical components exactly like three voltages 
or currents. If the voltages or currents which are to be associated with 
these component impedances are resolved ir\ the order a- 5 -c, then the 
impedances should be resolved in the same order. (See equations (131 
(16), and (17).] The term self-impedance implies that no mutuai 
coupling exists between the individual impedances. In order to dis¬ 
tinguish the components of self-impedauc« from the components of 
mutual impedance which are considered later, double subscripts of the 
kind given below will be used. 

The symmetrical components of three self-impedances, Z**, and 


' Zaal = l(Zaa + + Zee /-120^ ) 



Zaa2 = + Zfe, /-12(}" -b Zc./l20°) 


Zaab - i(Zaa + Z^ -f Zee) 
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As above defined Zaat, Zaa 2 , and Zaao are called positive-sequence im¬ 
pedance, negative-sequence impedance, and zero-sequence impedance 
respectively. These component impedances have little physical sig¬ 
nificance but they are useful in a general mathematical formulation of 
symmetrical-component theory. It should be pointed out at this stage 
that the resistance (or in-phase) parts of the component impedances 
may possess negative signs even though the real parts of Zaa, Zbb, and 
^CC are all positive. 

The above symmetrical components of an unbalanced set of impedances 
should not be confused with impedance to positive-, negative-, and zero- 
sequence currents which are defined as follows: 



Impedance to positive-sequence. 


Impedance to negative-sequence. 


Imjjedance to zero-sequence. 



These impedances to sequence component currents are usually applied 
to systems where the impedances of all phj^ses are the same or balanced. 
In order to avoid confusion a double-letter subscript will be used on 
positive-, negative-, and zero-sequence components of impedance. For 
impedance to positive-, negative-, and zero-sequence currents a single¬ 
letter subscript will be used. In both cases the figure subscripts 1, 2, 
and 0 will denote positive, negative, and zero S'^quence, respectively. 



Ezampld 7. Let the wye-connected impedances of Fig, 11 be 

“ (6 "f" yO) Zm “ (6.2 — y3) Zae ■» (0 -f- yi2) obme 
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Employing equations (46), (47), and (48), the component impedances are 

Zaci =» il(6 + j0) + (5.2 -jZ) (-0.5 -l-yO.866) + (0 + ;12) (-0.5 - j0.866)l 
. = il(6 4-/0) + (0 4-/6) 4- (10.4 -/6)1 
= §(16.4 4-/0) =» 5.47 -f/Oohma 

Zao2 = §1(6 -I-/0) 4- (5.2 -jZ) (-0.5 .-/0.866) -f (0 4-/12) (-0.5 4-/0.866)1 

= §1(6 4-/0) 4- (-5.2-/•3) 4- (-10.4-/6)1 

** §(““9.6 —/"O) = —3.2 —/*3 ohms 

Zoao = §1(6 -j"/!)) -I- (5.2 — jZ) 4- (0 4-/12)1 ‘ 

~ §(11.2 4" /9) 3.73 4”/"3 ohms 

In accordance with previous considerations, it follows that 

Z661 = Za<.i /-120° Zed = Z„d /120° 

z»2 = Zo<, 2 /120^ Zee2 =* 

Zfc 60 ZooO . ZeeO ~ ZaaO 

The sum of the impedance components of one phase equals the actual impedance of 
that phase. For e.xample, 

Zaa = (5.47 4-/0) 4- (-3.2 - jZ) + (3.73 4-/‘3) = 6 4-/X) ohms 

^oblem 7. Find Z66i, Z 662 , and Z»o in the above example, employing the values 
of Zaoi, Za^ 2 , and Z„o 0 which have been evaluated. Repeat for Zed, Zed, and Zeeo. 
Ana.: Zj* = Z^i 4- Z 662 -I- Z66o 

= (-2.73 -/4.73) -f (4.20 - /1.27) -f (3.73 4 - /• 3 .O) 

= (5.2 — jZ.O) ohms. 

Problem 8. Given three wye-connected impedances: 

Zan = (15 4-/0) Zfc„ = (6 -/3.464) Z,, = (6 4-/'3.464) ohms 

(o) Find the symmetrical components of Zan in accordance with the resoIntJon. 
given in equations (46), (47), and (48). aoiuuons 

(6) Find Zbni, Zbni, and Zt„o in terms of the ^mmetrical components of Z and 
check (Zfcnt -1- Zfcn 2 + Zfmo) with the given value of (6 —/■3.464) ohms. *"* 

Ana.: (a) Zani = 5/0^; Za „2 = Zano = 9^ ohms. 

Sequence Rule as Applied to Component Voltages. If the voltage 
drop across one phase, say phase o,* is written in terms of the symmetrical 
components of both current and impedance, nine component voltages 
appear. That is, 

’== laZa = (lai “h Io2 + Iao)(Zool + Zaa2 d" Zoao) 

^alZflai IaiZa4i2 “f" lalZaoO ~1~ ^a2^aal ”1“ Ia2Zoa2 ^a2^aaO 
^aoZaal “1" IaoZaa2 “h ^oZaoO (40) 


_ Ll 
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These nine component voltages may be grouped in such a manner us to 
form the positive-, negative-, and zcro-scfiuence components of V„, and 
this grouping may be made in accordance with an easily rcmcml>crcd 
rule. 


The Sequence Rule 

The order of the voltage system to which an IZ drop belongs is 
equal to the sum of the orders of the systems to which I and Z belong 
individually. 

In the application of the sequence rule, positive-sequence terms are 
of first order, negative-se(|uence terms are of second order, and zero- 
sequence terms are of zero or third order. In summing the orders Iwth 
(1+0) and (2 + 2) are considered as belonging to the first order, .sni<-e 
order 4 is considered as order 1, there being only three orders. In this 
connection, the zero in (1 + 0) may be reckoned cither as zero oi thit*e. 
Also (1 + 2) is of order 3, or a zero-.sequence term. As applicri to the 
component voltages of equation (49), the .sc(iucncc rule states 

Vol ~ lalZaoO + ^nO^nnl (oO) 

Va2 ~ lal^aal ^2^na0 "f* ^a0^aa2 

Vao == IfllZuaZ + IflzZ rial + IfiO^riciO (52) 

Obviously the real ba.sis upon which the above equhtions are written 
is that, as wiitten, they satisfy the definitions which were originally 
attached to V^i, V« 2 , and Voo- To satisfy these definitions, Vai must be 
the positive-sequence component of the ba.se vector V,„ V „2 must be the 
negative-.sequence component of the base vector Va, and Vao must be 
the zero-sequence component. The proof that V„i, us written in equa¬ 
tion (50), satisfies the definition of a positive-sequence voltage is out¬ 
lined below. 

Applying equation (50) to the 6 phase and making appropriate sub¬ 
stitutions, 

Vji = hl^bbO + 162^662 + IfroZwa 

= (I., /-120° )Z..o + (I., /120‘’ )Z.., /120° + UZ..1 7-120° 

= I..Z.ao /-120° + 1.2Z.., /-120° + I.oZ..i /-120° . (50a) ^ 

Comparison of equations (50a) and (50) will show'that V^i is equal in 
magnitude to Voi and 120® behind Va,, as, of course, it should be if 
Vol, Vfti, and Vd are to form a positive-sequence system. 
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Applying equation (50) to the c phase and making approprir.te sub¬ 
stitutions, 

Vcl ^ Icl^ecO ^c2^cc2 H" ^cO^ccl 

= (I.i /l20’’ )Z.„(,+ (I„, /-120° )Z.»i /-120’’ + I„oZ.oiZljg! 

= IaiZ..o /l20° + IaaZ,„a /l20'* + UZ.„, /120° (50(<) 

Comparison of equations (506) and (50) will show that V,i is equal in 
magnitude to Vai and 120® ahead of Vai, which is the necessary require¬ 
ment that Vai, Vfci, and Vd form a positive-sequence system of voltages. 

In a manner similar to that outlined above, Va 2 of equation (51) may 
be shown to be a member of a balanced negative-sequence system of 
voltages Va 2 . Vj, 2 , and Vc 2 . 

In the following problem the reader is asked to analyze equation (52) 
with a view’ toNvard showing that the IZ components of that equation 
are correctly chosen to form a zero-sequence system of voltages. 

Problem 9. Prove that Voo (equal toIaiZnaS + lusZaoi + InoZaao) is equal in mag¬ 
nitude and in time phase, with 

Vto = l6lZ{it2 + Ib2Z661 "I" IboZhbO* 


and with 


VcO % IclZcc2 -4- Ic2Zccl + IfOZccO 

’ Application of the Sequence Rule to Unbalanced Three-Wire Loads. 
The foregoing theory may be applied to any three-wire load which 
consists of individual or non-coupled phase irtipedances. Since the 
individual phases of three-phase rotating equipment are closely coupled 
magnetically, the present method of analysis does not apply directly 
t6 rotating equipment. (A method of accounting for the mutual im¬ 
pedances of rotating equipment is given in Chapter XIII. and a general 
method of accounting for mutual impedance effects is given later in the 

present chapter.) , u t 

In applying equations (50). (51), and (52) to the a phase of a wy^ 

connected load like that shown in Fig. 11, it is noted that, since lao - 0, 

Vanl = lalZanO d" Ia2Zan2 (53) 

Vfl „2 ^ lalZanl d" I« 2 ZanO (54) 

% 

VanO = lolZonS “b Ia2Zanl (55) 
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If the line-to-line voltages', namely, V.j, vi, and V„, ere known, V.„ 
and Va„2 inay be evaluated directly from equations (2.5) and (2(>). 
(See page 500.) If Vani and Van2 are known, and may be de¬ 
termined directly from equations (53) and (54), provided that Z.,,, 
Zon2> and Zano are known. ' * 

Since I^o = 0, 

Ian = la = lal + Ia2 (56) 

l6n = Ift = Igi 7-120° + 1 ^ 2 / 120 ° (57) 

V Icn = Ic = lal / 120° + Ia2 /-120° (58) 


Even though lao = 0, Vano will, in general, possess a finite value since 
by equation (55) Vg^o = IgiZg,^ -f- I,2Zg,i. 

ExampJe 8. Let the line-to-line voltages and the phase impedances of the wj*e- 

connected load shown in Fig. 11 be as follows: 

Foi = 200 Vbe = 141.4 Vca = 141.4 volts 
Zan = (e'-f-yo) Ztm = (5.2 -^-3) Z,, = (0 + >12) ohms 
If the voltage sequence' is ab-hc-ca and if Vo* is taken as .-^ference, 

Vo 4 = 200/0^ Vftc = 141.4 /-135° V,,„ = 141.4 /135° volts 

Hfisolution of the above line-to-line voltages into symmetrical comfwncnts yields 
VoAi = i(200/0“ + 141.4 /-15° + 141.4/15°) - 157.8/0^ volts 
Va42 = 1(200/22 + 141.4 /105° + 141.4 /- 105° ) • 42.3/02 
VoAo * ^(200/22 -f 141.4 / — 135° -f 141.4/1352) - 0 
Prom equations (25) and (26) 

157.8/0° 

1 “ -7^ /-30° - 9l /-30° volts 

“S/ 3 

42.3/22 

~ ^^ ~ 24.4 /30° volts 


The symmetrical components of the phase impedances are 
Zani = 5.47/22, “ (“3.2 ->3) = 4.38/-136.8° 

and * 

Zggo « (3.73 -I->3) ■ 4.78/ 38.8* ohms (See example 7, page 510.) 
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StS 


From equations (53) and (64) 


Vanl 

Ztin2 


9l/-30° 

4.38/-130.8° 

Van2 

ZflfiO 


24.4/30° 

4.78/.38.8° 

ZiinO 

Zanl 


4.78/38.8° 

4.38/-136.8° 

Zan 1 

ZanO 


5.47/0° 

4.78/38.8“ 


491 /20.15* 
443 /5f9.95* 


10.95 /~^ 39.8° = 8.42. — y?.02 amperes 


ZanO 

Vonl 


4.78/38.8° 91/-30° 


2anl 

V„n2 


5.47/0° 24.4/30° 

528/137.5° 

ZanO 

Zanl 

Zan2 

ZflnO 


44.8 /59.95° 

” 44.8 /59.95° 


Io 2 — 11.8 /77.45° = 2.56 + jll.5 amperes 

Ion = la = lal -I" Io2 => (8.42 - >7.02) + (2.56 -f >11.5) 
= 10.98 + j4.48 amperes 

In polar form 


lo = 11.83 /22.2° amp>eres 


After lai and Ia 2 have been evaluated, Im, Uj, 1^, and follow directly, and 
hence and Icn may be determined from the values of lai and lat. 

If the value of Van is to be determined by the method of symmetrical componenta. 


Van “ V(,„i "h Van2 "f" 


where, from equation (65), Va,o - UiZoni + In this case 

VanO ” (10.95 /-39.8° ) (4.38 /-1^.8° ) + (H.8 /77.45° ) (5.47/0°) 
“ —34 +>60.2 volts 

Van - (78.85 ->45.5) + (21.15 +>12.2) + (-34 + ;fl0.2) 

“ 66 + >26.9 volts 


Problem 10. Study through the details of the above example and evaluale la, U, 
Van, and V^n by the method of 8> nunetrieal eompotkeou. dtaek V** - V*. agauMi 
the given value of Vo* ~ 200/O^ volta, recognising that dide-rule *^*Tn laliilm ««*• 
employed in the evaluations of Ui, Us. and V... 

A ns.: U - -21.53 - ;7 11 - 22 7 /-l6l3° -imptria^ 

Magnetic Coupling between Phases. If the three phaaea (including 
the line wires) possess mutual coupling of the kind shown in Fig. 12 
the voltage drop in phase an due to its mutual coupling with phases bn 
hnd cn is: • 

V«n, = 4- I«Zm 
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ALfS^ATlNa-CURRENT CHtOMTS Ch. XII 

where subscript m designates the fact that this voltage drop excludes 

the self-impedance' voltage drop, 
nanidy, IoZm- If simple magnetic 
coupling is iovolved, 

z., = jX,t = ±ji^^fak (GO) 
Zac — = dbj«3/«c (Gl) 

(See Chapter VII.) 

The signs of the mutual reactances 
are defined by the assigned di¬ 
rections of current -flow and the 
modes of winding the mutually 
coupled coils. 

The impedance drop in phase an 
due to the self-impedance of that pha.se will be called Va*, and the 
total voltage drop in phase an then becomes; 



Fio. 12. 


Impedance in wye with ihutual 
coupling between phaises. 


Van ~ Van Vam — ^a^aa "1“ IfZac (02) 

The problem of expres.sing the impedance drops of equation (62) in 
terms of sj'^mmetrical components will now be undertaken. Obviously 
la, It, and Ic may be expre.s.sed in terra.s of the symmetrical components 
of any one of these currents and Z^a may be resolved into .sAmmetriral 
components if the other self-impedances Z^t and Zee are known. In 
this connection: 

Zaai = 5(Za« + Zfct /120** Zee / ~ 120** ), etc. 

if the other resolutions are eflfected in the a-b-r order. 

The .self-impedance voltage drop in phase an may be written in terms 
of s^imetrical components in accordance with the sequence rule. 

“b ^ au2 “b VaaO (63) 

w’here 

^aal lalZaaO “f“ Ia2Zaa2 ~b ^a0^mo\ (6i) 

Voo2 ~ lolZaal “b ta2^ao0 *b I«oZa«2 (65) 

VfloO “ ^alZaa2 "b I«2Z«al '4" laoZaoO (66) 

There remains the piolilem of resohing the mutual impedances Zat = 
Zta, Zbc — Zeb, and Zca = Zac iuto symmetrical components that can 
be advantageously as.sociatod with I«,, 1.2, -and I«o to account for the 
presence of l6Za6 and hZac in ecjuation (62). At this stage of the de¬ 
velopment it is rather difficult to say which of the three mutual im- 
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pedances should be considered as the base mutual impedance. It turns 
out that the symmetrical components of Z^c can best be associated v\ith 

Ifli, I<i2, and lao- See equation (72). 

Re.solving the mutual impedance.s into symmetrical components vith 

Ztc as base yields 


Zm = i(Zic + Z,„/120° -(- Z,s/-120°) 

(07) 

^bc2 = ^(Zbe + Zfa/~120® -j- Za6/l20 ) 

(08) 

ZbcO = i(Zu ■)■ Zca -f- Zob) — ZcaO “ ZobO 

(69) 

Z,b, = ZmI^ Z„, = Zb,i 7-120° 

(70) 

Z„b2 = Zbe2/-120° Z„2 = Zb.2/120° 

(71) 

In terms of symmetrical components. 

Vom = IfcZab + IcZac 

= (I„,/-120° + 1 . 2 / 120 ° -h U)(Zbci/l20° + Zbcz/- 120° 

-f Zuo) + (I.,/l20° + I,2/-:i20°-t-I.o)(Zbci/-120° 

' 

"b Z5 c 2/120° -f* Zfcco) 

(72) 


Eighteen component voltages appear if the multiplications indicate<l in 
equation (72) are carried out. These components may be group^ into 
positive-, negative-, and zero-sequence terms in accordance with the 
seciuence rule. For example, the component voltages of the first order 

are 

IalZ6co /-l20° H- Ia2Z6c2 + ho^bcl + Io2Z6c2 

-fLnZb,! 7-120^ = (“3) 

If the like terms in the above equations are further grouped, the follow ing 
form results: 

Vaml = —I«lZ6f0 + 2I„2Z6f2 ~ I«oZ6fl (”1) 

The negative-sequence or second-order terms of equation (72) may be 
combined to form 

V„„2 = 2I„iZn - I.jZk^o - I«oZ6.2 ('a) 


The zero-sequence terms of er,nation (72) may be combined to form^ 

VomO = — lozZs^l -I- 2I,oZkrt 

Equations (74), (75), and (70) contain all eighteen compmrent voltage 
relented in equation (72), and these equations may be oomb.ned 
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systeiMticany with equations (64), (65), and (66) to yield the positive-, 

negative-, and zero-sequenee components of the complete phase voltaac 
namely, V., = V„ + V.„. 

Adding equations (6-t) and (74), equations (65) and (75), and equa- 
tions (66) and (76) results in ' 

Voni =* Ial(2ao0 -- 2^)) -f Ia2(Zaa2 + 2Z^2) + looC^aol — Zuct) (77) 

Vo,2 = laliZ^al + 2Zfc,J + Ia2(ZaaO “ Z^o) + ho(Zao2 “ (78) 

VanO = lal(Zaa2 - Z^.z) + Ia2(Zo«| - Zfrcl) + Iao(Z«oO 4* SZ^.o) . (79) 

The above set of equations represents a ponerful tool in the field of 
circuit analysis because with the aid of this set of equations any degree 

h degree of magnetic or capacitive coupling may be 

handled on a syrnmetrica 1-component basis. Equations (77), (78), 
ftn (79) are particularly useful in accounting for transmission line 
reactance voltage drops becau.se the.se voltage drops result from mutual 
coupling between the line wires. These equations are also useful in 

accounting for the mutual impedance of the fourth wire of a four-wire 
three-phase ^stem. 



Example 9. Lef it b.. n«quir«>d (o find the current U in Fig. 43 bv the method of 
symmelrical component*, if • V^f m V,- ■ lOn vnlin «n/i ik * , 

voltagi-s IS ab be ca. From previous consideration.^, it is plain that 

V.., - »nd V.„ . 0 

If V«s is chosen as the reference vector, 

„ 100 , 

'^*** ” - w —JSS.Ot volu 

Th* (Z„ . (0 +>1), . (2 +jo,_ z„ ~ (0 + j-ij, m,,- b. 
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revived into •ymimWod eomponenu io Ih. um. 1 manner. 

Z..t - }(Z.. + + Z„ ^- 120 » ) . (0.M3 +>0.411) ohm. 

Z-. - J(Z.. + + z„^., . 

Z- “ i(Z„ + Z» + z„) . (0.667+>1.33) oh.n 3 
Afliodicated on the circuit diagram m«r I *1^ .k ar • 

ta o inductance coils is Vz Tk* * « of coupling between the 

V3/6. Th.. coefficient i. interpreted to mean that 

^ Vnr^ . 0.5 ohn. 

rig*.\'3r'^'‘ '■‘"‘’‘"Z l*"* ‘PMe posiuons of the ooiU are aa represented in 

“ (0 ~>"*^o.) - (0->0.S) ohm 

phases 6 and c undet“the*^'ired “c^diUoM'***"^ Iwtween phases a and b or bettreeo ^ 
n accordance with equations ( 67 ). ( 68 ), .'nd (og) 

Z*.. - i(0.5Z-901 + W) . 0.U4 V>0.083 ohm 
Z.<r-§(0.5^-901-_I^)._0.,„^.^033„^^ 

Zw-J (0.5^). 0->0.167 ohm 
Since U is equal to zero, it follows from equaUons (77, and (78, that 

- 50 -^-28.9 . ...(0.G67 +>,.50, + I„(_,.^gz - jo.m) 

- I,.(0.W1 +>0.578) + I„(0.667 +>1.50) 


ZanJ 


Id! = 

(50 ->28.9) 

0 

(-1.437 ->0..5?8) 
(0.667 +>1.501 


(0.667 +>1.50) 

(-1,457 ->0.57^ 


(0.821 + >0.578) 

(0.667 +>1.50) 

«s 

(9.63 ^ j25.6) amperes 



(0.667 +>1.50) . 

(50 - ;2S.9) 


la, = - 

(0.821 + >0.578) 

0 

— 


3 ^ + >55.7 


-0.918 +>3.33 


5 7.7 — y.5.1 
-0.9rr+ ;\3,33 


*■ (3.01 + >16.46) amperes 

’ Idi + la, » (9.63 ->25.6) + (3.01 +>16.46) 
“ (12.C4 ->D.U) =* 15.6^^33^ amperes 


PROBLEMS 

voltages of a four-wire, three-Dh.aso svstom orm 
following vector expressions: V. - 200/0:; V, - lOO/^T/J 



i 
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520 ALTERNATING-CURRCNT CIRCUITS Ch. XII 

Find the positive-, negative-, and zero-sequence components of the above voltages, 
and check the results obtained by graphical additions of the symmetrical componen «. 

12 . The three line currents of a four-wire wye load (like 

page 506) directed to the common junction are l,n » 15 “ ;20, Ifr,, -t J > 

* 8 — j25 amperes. Find hnit and InnO assuming t ese J 

calculated from a voltage system where the actual voltage sequence w^s a ^ 

13. Voltages to neutral on a four-wire V-load are maintained at na ^ L—^ 

V„6 = 100 7-120° , and V„c = 100/120° volts. Impedances are Zna = 10Z0_, 

Z„6 * 10/^, and Znc = 10 /-9Q° - ^ 

(а) Find the positive-, negative-, and zero-sequence line currents, r t e po^i iv 

sequence voltage system is a-b-c. ,r.rn 

(б) Find the power due to e^h of the sequences, positive, / 

(c) Should the phasor which lags the base phasor be rotated forward 120 

by une, », b, and c. If a short drouit 
is placed from Une a to line i., Bod positive-, negative-, and aero-sequence components 
of the line voltages at the short circuit in terms of a line voltage of t. , 

(6) If the short-circuit current is I find the symmetrical components o 

at the short circuit. .... a r t>..wKirar« 

16. The three wye-connected impedances through which the currents of Problem 

12 flow are, respectively, 

Zan = 20 - j20 ohms 
Zb„ =20 +j\0 ohms 
Zen = 10 — i20 ohms 

Find Zani, Zon 2 , and Z„„o. t t -r t a 7 

16. Emplojing the symmetrical components lani, I<in 2 , lono, Zani, ^ani, aua /-a„o 

deteiroined in Problems 12 and 15, evaluate V^n = Ia„Z„„ in terms of symmetrical 

components and check the result against the known value of lanZon. 

a' a 



17 . Assume that the three-phase line voltages shown in Fig. 14 are 

Vbc - 200/0°, Vec = 100 /120° . Vab = 173.2 /210° 

(a) Find V^d, and Vt,o. 

(b) Find V„d, V„d, and VneO. Emploj- phase sequence be, ab, ca. 

18 . The three line-to-line voltages shown in Fig. 14 are 

Vab = 100, Vbc = 150, Vea = 175 volts 

Seque.ice ab^bc~ca. 

(fl) Find Vabii and Vaso. 
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^nuivalent wye voltagoa of the delta lond shown in 
4 1?^ ^ detcrmincci from Vanh Yan-i, and the 

delu load impedwiees. 

HiMi-4orline voltages of a three-wire, three-phase system arc V.,i, = 200 
^ f , volts^ ami V e„ = 141.4 volt.s. The sequence of the voltages is 

^ set of static impedances (Z„^ = 20/O^ ohms, Zj, = 

^ Xen " 26 /O” ohms' is connected to the three lines a, h, and c in 

subscripts, i-'ind the line currents I„„, Itn, and hn by 

the method 0# vBuietrical components. 

^ method of symmetrical components if T'a* = 200, 
^ ' • » an Vea = loo volts. The sequence of the line-to-line voltages is 
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Power System 
Short-Circuit Calculations 

Power systems are subject to three kinds of short circuits. First, all 
three lines of a three-phase system may become electrically connected. 
This is known as a three-phase short circuit. Second, only two lines 
may be electrically connected, which constitutes a line-to-line short 
circuit. Third, a single wire may be electrically connected to ground. 
This is called a line-to-ground short circuit. Although the electrical 
connections referred to may be of varying impedance, short-circuit 
calculations are based upon zero impedance at the point of short circuit. 
In other words, a perfect short circuit is assumed. Short circuits on 
systems are usually called faults. 

A distribution system should be protected in such a way that a faulty 
or short-circuited section will be isolated from the rest of the system. 
This is accomplished through the use of relays which operate circuit 
breakers. To protect a system, relays are set to trip in a certain length 
of time after the fault occurs. By varying the amount of time required 
for a relay to operate, certain selective operation of circuit breakers may 
be obtained. After proper adjustments are made, this selective opera¬ 
tion causes only the faulty section of the line to be isolated. In order to 
determine the proper time settings of these relays and in order to deter¬ 
mine the cizes of Circuit breakers necessary, the magnitudes of the short- 
circuit currents that these devices are to handle must be known. In 
general, different values of short-circuit current occur for the three-phase 
symmetrical, line-to-line, and line-to-ground short circuits. Usually the 
three-phase'syTOmetrical short circuit yields the lowest value of short- 
circuit current (except when the system has practically no grounds). 
Hence relay settings are usually based upon three-phase symmetrical 
faults because it is desirable to protect a system for the minimum fault 
current. If the relay trips a circuit breaker for minimum fault current, 
it will obviously open the breaker for the highest fault current, but the 
converse is not true. Since a breaker must interrupt the largest short- 
circuit current that can possibly exist, the size of a circuit breaker is 
determined by the largest possible fault current. The greatest current 
usually occurs for eitner the line-to-line or line-to-ground fault. Obvi¬ 
ously, the determination ©f short-circuit currents in power systems is 
required if the proper settings of relays and proper selection of circuit- 
breaker sizes are to be made. 

522 
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Ch. XIII POWER SYSTEM SHORT-CIRCUIT CALCULATIONS 523 

Bases for Short-Circuit Calculations. A distribution network consists 
of many lines which may be connected by transformers and which, in 
general, operate at different nominal voltages. To establish a simple 
network for purposes of calculation, the impedances of all lines and 
transformers are expressed in ohms referred to a common voltage base 
or in l ercentage referred to a common kilovolt-ampere base. The 
fofmer generally appears simpler to the beginner, but the latter method 
is actually the better and is to be preferred. The two methods yield 
identical results. 

% 

Method Using Ohms on a Kilovolt Base. In general, various branches 
of an electrical distribution system operate at different potentials. 
In representing such a system by a system of impedances, it is desirable 
to employ a scheme which permits the combination of the different im¬ 
pedances so that the network can be represented by a single impedance 
betw'een the source and the fault. This requires the determination of 
an impedance, Z 2 , which may be used with an arbitrarily selected volt- 
^66, V 2 , such that the same kva will be taken as when the actual im¬ 
pedance, Zi, is used with the actual voltage Fj. Stated algebraically, 


or 




( 1 ) 


Equation (1) shows that the original impedance must be multiplied by 
the square of the ratio of voltage to be used to the nominal operating 
voltage for thejmpedance. To illustrate, suppose that 1000 volts are 
impressed on an impedance of 100 ohms and that it is desired to find the 
current and kva taken. 

r 1000 .. 

ii =-= 10 amperes 

‘ 100 ‘ 

va = 1000 X 10 = 10,000 

Now assume that it is desired to work the same problem when all values 
are referred to a 2000-v'olt base. Then ♦ 

^ /2000y ^ JQO ^ 400 ohms 

\ 1000 / 

2000 ^ 

. 7„ --- 5 amperes 

400 \ 

i?a = 2000 X 5 — 10,000 

CORCQRAIi-a4 __ 


i 
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The foregoing example shows that there is no difference between calculat¬ 
ing the volt-amperes for the actual voltage and impedance and for some 
other selected voltage and an equivalent impedance found by multiplying 
the original impedance by the square of the ratio of the selected voltage 
to the original. The current on the actual voltage base is then found 
by multiplying the result calculated on the selected voltage base by the 
ratio of the voltages. Thus the actual current at 1000 volts is. 

2000 

/, = 5 X-= 10 amperes 

^ 1000 

This procedure is evident from the following relationship. 

Vih = V2I2 , 



Example 1. Calculate the short-circuit current for the system shown in Fig. 1. 
A 10 to 1 ratio wye-wye connected transformer bank is represented at A. A trans¬ 
former has resistance and leakage reactance which may be referred to either side as 


20 4n 0.015A 0.035A 



was shown in Chapter VII. The transformer impedance in this case is 1 + i2 ohms 
per phase when referred to the high-voltage side. The line impedance 2 +>4 is 
assumed to include the phase impedance of the generator. Since Fig. 1 represents a 


O 

2000 o 

§ 

o 


2A 4J1. 


O 


0.015 A 0.035A 


Fiq. 2. Equivalent circuit per phase of Fig. 1. 


balanced cipfcuit, all calculations will be made per phase. The equivalent circuit for 
one phase to neutral is shown in Fig. 2, and the co^re^nding one-line diagram is 
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Ch.m POWER SYSTEM SHORT-CIRCUIT CALCULATIONS 525 

At fKcncrator neutral is used to represent the neutral 

n^L r u ^ short circuit. The per 

phase voltage IS impressed between the neutral bus and the point X. The trans- 


2Jt 4/1 ^ ^ 0 . 015 ^ 10 . 035 ^ 1 . 

“»—2—<—vA/'-^WT'- 

^ I 
1 




-Gen. neutral * . 

Fio. 3. One-line di-agram of Fig. 2 and Fig. 1, 

^ in voltage from its primary to its secondary side and 
!^® » impedance. Transferring the impedance of the Leondar, 
equiv ent value on a 2000-volt base (the primary line-to-line voltage), or 

2/1 4/1 1/1 2/1 15/1 3.5/1 

inr'-A/VTTinr'— vA/'-'innr'—-x 



Fig. 4. Reduction of Iig. 3 to a series of impedances. 

to a 2000/>/3 volts to neutral base which is the same, and inserting the transformer 
equivalent impedance, reduces the one-line diagram to the equivalent circuit shown 
in Fig. 4. Then 

j 2000/V^ _ 

“ (2 +>4) -1- (1 -1-/2) + (1.5 -hi3.5) 

= 47 — j99.2 or 109.8 amperes 

The actual current at the fault is found by referring the current to the voltage of 
the faulty line. 

Fault current = 109.S X 10 = 1098 amperes 

Problem 1. A wye-connected generator rated at 2200 terminal volts has 0.2 ohm 
resistance and 2 ohms reactance per phase. The generator is connected by lines each 
having an inipedance of 2.06 /29.05° ohms to a wye-wye transformer b^k. 

transformer has a total equivalent impedance referred to.the high side of 100 /60* 
ohms, and the transformer bank is connected to a load tlirough lines each of which 
has a resistance of 50 ohms and an inductive reactance of 100 ohms. If the ratio of 
transformation is 6 and the low-voltage side is connected to the generator lines, cal¬ 
culate the actual fault current for a three-phase symmetrical short circuit at the load. 

Ana..* 22.3 amperes. 

• Percentage Method. In general, short-circuit calculations are made 
through the use of percentage resistances and reactances. Percentage 
reactance is defined as the percentage of the rated voltage which is con- 
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Burned in the reactance drop when rated current flows. Expreased 
algebraically, 

% reactance - X 100 (2) 


Percentage resistance is similarly defined. Percentage values are 
manipulated like ohmic values. When percentage values are em¬ 
ployed, a common kva base is used instead of a common vo age a^ as 
employed in the ohmic method. The derivation of the method for 
determining the percentage reactance on different va ases o ows. 

Three-phase will be assumed since it is the most common. 

Let p be the percentage reactance based on a particular 3-phase Jcva. 

kv = the voltage between the three-phase lines in kilovolts. 

X = the reactance in ohms. 


Then 


X kva 10"^,., ,, 

V3 kv 

lOOX kva 10~^ 

_ 100/X ^ >^ kv ^ X kva 

^ kv/VS kv/y/Z kv* 10 


(3) 


Equation (3) shows that percentage reactance varies directly with the 
kva when the rest of the factors remain constant. A similar relation 
holds true for percentage resistance. Although equation (3) was derived 
on the assumption of three-phase it is equally applicable to single-phase. 


Example 2 . By way of illustrating the use of percentage resistance and reactance, 
example 1, which was worked on the ohmic basis, will be reworked employing the 
percentage* method. Ordinarily, much of the daU on a system is expressed in per¬ 
centage and no transformation from ohmic to percentage impedance is necessary. 
Since the parameters in the previous example are given in ohms, the transformation 
to percentage will be shown. Also, to illustrate changing to a common base, the per¬ 
centage impedance of the lines on the generator side of the transformer and the trans¬ 
former wiU be found on a 10,000-kva base, whUe that on the secondary side will be 
found on a 100-kva base. 

For the lines on generator side of transformer: ^ 


Base current / 

% IX drop due to base current 
% IR drop due to base current 


10,000,000 

V32OOO 


= 2885 amperes 


288.') V 4 

100 X-" 1000, or 1000% reactance 

2000/V 3 

100 X - 600, or 500% resistance 

2000/^3 
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Tranafonner impedance on 10,000-kva baae: 

2OOOIV3 

% IX drop =. —- 600 
2 OOO/V 3 

The line impedance on the secondary side of the transformer based on 100 kva is 
determined as follows: 

2000 

Nominal rated voltage on secondary—“ 200 volts 

n . 100.000 

Base current I « ——-- 288.5 amperes 

V 32 OO 

cr j 100 X 288.5 X 0.035 ^ 

% IX drop ---- «> 8.75 

200/V 3 

%/« drop - l!!? 21 ^i 2 L 2 : 2 L* _ 3.75 

2 OO/V 3 

The circuit of Fig. 1 with parameters expressed in percentage is shown in Fig. 5. 
It is common to receive data on distribution networks expressed like those in Fig. 5. 


r 


soo-i-noooic 


BO-t-ISWX 



•<> tO.OOQ kn Wm 


oa 10,000 k>( bsM 


•0 100 kvi b«M 


Fio. 5. Ooe-IiDe diagram of Fig. 1 with parameters expressed on a 

percentage basis. 


Before simplifying, a common kva base is chosen to which all constants are referred. 
This base may be any arbitrarily selected. A 1000-kva base is chosen for this ex¬ 
ample because it yields convenient numerical quantities. 



Fio. 6. Impedances of Fig. 5 expressed in per cent on a 1000-kva base. 

It was shown that percentage reactance and resistance, and hence impedance, vary 
directly with the kva base. Employing this principle yields the circuit shown, in 
Fig. 6.’ The combined impedance to the fault is 

50 + jTOO + 25 + j50 + 37.5 + j87.5 " 112.5 -f-/237.5% 

or VII2.5* + 237.5» - 283% 


This result indicates that 263 per cent of the rated voltage is necessary to cause 1000 
kva to be deUvered by the generator Since only rated voltage, or 100 per cent 

100 

volt.*., taav»iI»bIe,thetotol»liorH!irciiitkv*mu«H>«—X 1000-380.Sk«. If 


!'t; 




•1 
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the fault current is desired at the actual reltage of the faulty Ime, namely, 200 volte, 
it is found as follows: 


, 380.5 X 1000 

V3 X200 


= 1098 ami»erc3 


Problem 2. Rework Problem I, page 525, employing percentage values. 



Per Unit Method. A study of the percentage nlethod will show 
that problems could be worked by using percentage values expressed in 
hundredths, which would be equivalent to moving the decimal point 
two places to the left in the calculations shown in example 2. In other 
words, quantities could be expressed on a per unit basis instead of on a 
per hundred basis as in the percentage method. Thus instead of a 
reactance of 15 per cent a value of 0.15 would be used. A little experi¬ 
ence with both schemes shows relatively little difference in the methods. 
Both methods are used according to personal preferences. 

Accviracy of Short-Circuit Calculations. In general, extreme accuracy 
in the determination of short-circuit currents in distribution systems is 
not required. Because the resistance of most synchronous apparatus is 
low compared to the reactance, the final impedance to the fault in many 
cases is about the same as the reactance. For this reason, and because 
of the resulting simplification of the calculations, only reactances are 
generally used. An exception to these statements occurs when stability 
studies of systems are made. It then becomes necessary to consider phase 
angles, and then both resistance and reactance must be considered. 

When several sources of current are in parallel, it is customary to 
assume that all the generated voltages are in phase and equal in magni¬ 
tude at the time of short circuit. Load currents on the system are 
neglected. All synchronous apparatus like generators, synchronous 
motors, and rotary converters are considered as sources of short-circuit 
current. The kinetic energy of these rotating machines causes them to 
act like generators during the first few cycles of short circuit. In spite 
of all these approximations, tests have shown that calculations based 
upon these assumptions are usually Within about 5 per cent of the correct 

values. From 5 to 10 per cent error in the values of short-circuit cur- 
% 

rents is usually tolerable in the determination of circuit-breaker sizes 
and relay settings. 

Three-Phase Short Circuits. Three-phase short-circuit currents are 
determined by means of the same principles employed in the analysis of 
balanced three-phase systems. The method is best shown by an 
example. 


Example S. It is desired to find the short-cirepit current for the ^tem shown in 
Fig. 7. The data for the ^tem arc shown in Table I. A symmetrical three-phase 


Scanned by CamScanner 









Ch. XIII POWER SYSTEM SHORT-CIRCUIT CALCULATIONS 


529 



Apparatus 

Rating 

kva 

% Reactance 

% Reactance 
based on kva 

Generator 1 

5,000 

25 

■ 5,000 

Generator 2 

10,000 

30 

10,000 

Transformer 1 

4,000 

5 

5,000 

Transformer 2 

2,000 . 

4 

2,000 

Transformer 3 

5,000 

20 

50,000 

Transformer 4 

. 5,000 

5 

5,000 

Transformer 5 

1,000 

3 

1,000 

Line 1 


30 

20,000 

Line 2 


20 

• 10,000 

Line 3 


5 

5,000 

line 4 

- - 

15 

10,000 


I 


_ i 
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short circuit is assumed at the point denoted by the cross in the upper rifhi>hand 
comer of the circuit diagram. 

The following represents a satisfactory procedure. 

1. A one-line diagram of the system as shown in Fig. 8 is drawn. 



Fig. 8. One-line diagram of Fig. 7. 



Fig. 9. One-line diagram of Fig. 8 where 
Gi and (?• arc connected to a common 
neutral bus and all reactances are shown 
on a 10,000-kva base. 


2. A common kva b.ase upon which all reactances are ba.sed is chosen. Any con¬ 
venient base may be used; here a 10,000-kva base is selected. 

3. A one-line diagram is drawn in which all sources of current arc connected to 
a so-called neutral bus. Circles represent reactances, and the value of the variotis re¬ 



actances referred to the selected common kva bose is pl.aeed in 
the circle as shown in Fig. 9. 

4. Reactances are combined according to laws of series 
or parallel circuits, and substitution of wyes for deltas or 
the revense are made so as to obtain a single reactance 
between the neutral bus and the point of short circuit. 
These steps are illustrated in the successive Figs. 10, 11, 12, 
13, and 14. The dotted lines and circles indicate the circuit 
arrangement to be employed in replacing an existing circuit 
arrangement. The resultant reactance to the fault based on 



Fio. 14. Resultant 
jperrentage of react¬ 
ance on a 10,000- 
kva base of Fig. 7 
to the point of 
short circuit. 


i 
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10,000 kva b 41.06 per cent. 

Short-circuit kva 


100 

41.95 


X 10,000 - 23,800 


IT the nominal voltage of the line at the short circuit is 12,000 volts, the current at 
the fault is 

23,800 X 1000 


^/l 12,000 


1144 amperes 


The distribution of currents throu^out the network may be determined by retracing 
the steps and using the percentage values just exactly as though they were ohmic 
quantities. For example, the currents in the rUvided circuit of Fig. 12 may be de¬ 
termined as follows. To inrhcate the branch under consideration, a subscript which 
is the same as the branch impedance is used. 


Vi 7 .« = 17.55 X 1144 volts* 


/SL8 = 


/a.4 = 


17.55 X 1144 
81.8 

17.55 X 1144 


22.4 


246 amperes 


898 amperes 


If the nominal voltage of any line differs from the 12,000-volt base used above, the 
actual current is determined by multipbing the current calculated on the 12,000-volt 
base by the raUo of 12,000 to the nominal voltage for the line m qucsUon. 

Problem S. Find the actual currents deUvered by generators Gi and C,. 

ilns.: lai - 344 amperes, /or - 800 amperes. 

Line-to-Linc Short Circuits. Line-to-line shortrcircuit currenta may 
be determined in accordance with the principles sot forth in Chapter IX, 
or thev may be calculated by the method of symmetrical componente^ 
?he method of symmetrical components possess^ the advantage of 

amounting in a measure for the change m the 

^cZes when the loading is changed from balanced 

inacmnra ^ loading. Furthermore the method of sym- 

smgl^phase reduces the calculations to the solution of balanced 

three-phase sys ' . ^ ^g^^od of symmetrical components, and 

TaSSThe combination of the bal^ced sysUms solutions must be 

properly n^ to ‘^'j^re^^ents for effecting a solution of the 

The method of symm developed with reference to 

line-to-line short-circuit j^o determine the positive- and 

Fig. 15. The fundamental obj^tive m 

negative-sequencecomponenU of current in terms 

• This number ot ^ dislribulioD of curteou. 

merely ae a convenient means 
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ties) the induced voltage and impedance. The following symbols are 
used: 

E, generated voltage per phase 

n , electrical neutral at the point of short circuit 

Vi, positive-sequence voltage to neutral at the short circuit 

V 2 , negative-sequence voltage to neutral at the short circuit 

Fo, zero-sequence voltage to neutral at,the short circuit 

Zi, impedance to positive sequence . 

Z 2 , impedance to negative sequence 

According to Kirchhoff's voltage law, the positive-sequence voltage to 
neutral at the short circuit must be the positive-sequence generated 
voltage minus the positive-sequence drop. A similar relation obtains 



for the negative sequence, ^ince all generated voltages at the generator 
are assumed to be balanced,’ the positive-sequence generated yoltage is 
E. The negative-sequence generated voltage is zero. Hence for any 
particular phase 

V, = E - (4) 

V2 = 0 - I2Z2 ( 5 ) 

Since there is no ground return or fourth wire in Fig. 15, there caii be no 
zero-sequence current in this system. At the short circuit 

^b'e* = =0 ( 0 ^ 

or 

~ ^n*c* 

The three voltages to neutral at the short circuit in terms of their sym¬ 
metrical components are (assuming ab-bc-ca sequence) 


Vn/a' — Vi -f F 2 + Vo 
Vn»6/ = Vi /-120° -}- V2 /120° -f Vo ' 
Vn>c> = Vi /120° -I- V 2 /-- 120 ^ + Vo 


( 8 ) 

(9) 

( 10 ) 
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Substituting equations (9) and (10) in equation (7), 

Vi Z-m** -h V 2 / 120 ** + Vo = Vi /120° 4- V 2 7-120° + Vo 
Vi( /-120‘^ - 7120** ) = V2( /-120° - 7120** ) 
or * ■ !.. . 

Vi = V2 (11) 

Equation (11) shows that equations (4) and (5) are equal. Therefore 

E — IjZi = — I 2 Z 2 (12) 

If I2 can be expressed in terms of Ii, the sequence components of cur¬ 
rents can be found. Since no zero-sequence current can exist in the 
circuit of Fig. 15, Ii and I2 are found as shown below. 


Ino = Ii -f- I2 = 0 (Line na is open.) 

(13) 

In6 = Ii7-120'* 4- I2712O® 

(H) 

=J,/ 120 '’ + I 2 /- 120 ° 

(15) 

Because of the short circuit. 


• 

i In5 ~ Icn ” Inc 

(16) 


Substituting equations (14) and (15) in equation (16), 

Ii 7-i20° +12 7120^ = -11 7120*^ - I2 7-120!* 

ii( 7-i2o° h- 7i 20°) -h 12( 7-120^ + 7120° ) = 0 

Ii = -I2 (17) 

Substituting equation (17) in equation (12) yields 



Fio. 1C. Arrangement of 
sequence netweyks for de¬ 
termination or positive- 

and negative-sequence 

currents for a line-to-line 
short circuit. 


E — IiZi — I 1 Z 2 = 0 



E 

Zi 4- Z 2 


(18) 


Equations 17 and 18 show that the arrange¬ 
ment illustrated in Fig. 16 may be used to 
calculate the positive- and negative-sequence 
currents at the fault for a line-to-line short 
circuit. 

Impedances to Positive and Negative Se¬ 
quence. Before equation (18) can be applied, 
the values of the impedances to positive and 


wZ"S"prs:S“:>. -n,. 




J 
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is the impedance offered to a system whose voltages a, 6, and e, respeo- 
tively, lead the one preceding it by 120®. Ifshould be apparent, and it 
can be demonstrated by test, that the impedances of lines and trans~ 
formers are no different for a polyphase system of voltages when two 
lines are interchanged (opposite sequence). Hence impedances to 
positive and negative sequence for all lines and static machinery like 
transformers are the same. For a synchronous generator it would seem 
that these impedances are different since one system causes a reaction 
from the armature that rotates in the same direction as the rotating field 
structure, w'hereas the other causes an armature reaction that rotates in 
a direction opposite to the field structure. The values of Zi and Z 2 
may be obtained from a three-phase and a line-to-line short-circuit test. 
The relation between the line-to-line short-circuit current designated 
by I* and the three-phase short-circuit current represented by V is 
established for an alternator of voltage En to neutral as follows: 

/'" = != (19) 

Zi 


For a line-to-line short circuit between terminals h and c at the generator, 
Fig. 15, a combination of equations (15), (17), and (18) gives the 
current: 



En 

Zi + Z2 

En 

Zi + Z2 



En 

Zi + Z2 


(cos 120® + j sin 


/- 120 ® 

120 ® - cos 120® -f isin 120®) 


= V3 


E. 

Z| + Z2 


( 20 ) 


Since Zi -f- Z2 is practically Zi -f- Z2 owing to the resistances in both 
cases being small compared to the reactance,* the magnitude of l' is: 


■ , ^ VSE. 

Z, + Zj 

Let * = /'//"'• Then 

g. V3g. 

Zi Zi -}- Z2 


( 21 ) 


* lo general the resistances of generators and transfonners are sufficiently low in 
comparison with the corresponding reactances that it is customary to neglect re- 
eistances in making short-circuit calculatiom. For this reason reactances only are 
used in many of the subsequent computations even though the formulas are written 
in terms of impedances. If these facta are not kept b mmd the rather loose use of 
the terms reactance and impedance may become confusing. 


cJ 
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or 




( 22 ) 


Equation (22) shows that Z 2 depends upon the ratio, k, of the line-to- 
line and three-phase short-circuit currents. When this ratio is known 
and the impedance to positive sequence is determined by the ordinary 
methods, Z 2 can be determined. One salient-pole macliine with an 
amortisseur winding tested by one of the authors gave a value ol 1.44 for 
k, while another non-salient pole machine without an amortisseur wind¬ 
ing yielded a value of 1.46.* 




TABLE n ; 

' I 

IUPEa>ANCE3 AND REACTANCES TO DIFFERENT SEQtTENCES I 

or Salient-Poub Synchronous Generators with Damper Windings 


Name of 
Reactance 

Synchronous 

X, 

Positive- 

Sequence 

Xi 

Negative- 

Sequence 

Xi 

Zero- 

Sequence 

Xo 

Per Cent 
Reactances 

100 

100 

Approximate 

Range 

2o-50 

Approximate 
Range ' 

2-20 

Name of 
Impedance 

Synchronous 

z. 

Positive- 

Sequence 

Zi 

Negative- 

Sequence 

Zt 

Zero- 

Sequence 

Zo 

Approximate 
Per Cent 
Impedances 

100 

100 

Approximate 

Range 

25-50 

Approximate 

Range 

3-20 


Table II shows approximate ranges of impedances to positive-, nega¬ 
tive-, and zero-sequence currents of one class of generators with reference 
to the synchronous impedance taken as 100. 

Example 4. Each of the line reactances in Fig. 15 is 10 per cent based on 1000 kva, 
and the positive-sequence impedance of the alternator is 25 per cent based on 100<* 
kva. A value of 1.45 is assumed for fc. The short-circuit currents in the three Un. 
ff'r a short circuit between lines 6 and c are to be determined. The nominal r:i- 

• The values of reactances to negative sequence depend upon the size and the 
sign of the machines and vary over rather wide limits for special cases. The read.-^ 
referred to Wagner and Evans, “Symmetrical Components,” p. 99, McGraw H 
®ook Company, for e.xtenaive data on synchronous generator reactances to the u : 
ferent sequences. 
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line voltage of the system is 2200 volts. For the generator 

_ Zi - 1.2Zi - Zi - 0.2Zi 





» 0.2 X 26 - 5% 

The positive- and negative-sequence circuits are shown in Figs. 17 and 18, respec¬ 
tively; The resultant impedances to positive and negative sequence are 35 per cent 
and 15 per cent, respectively. From equation (18) and Fig. 16, 

1.000,000 loa 

« ^-- 525 amperes 

. X 2200 (35 + 15) 

Ij — —Ii « —525/02 amperes _ 

I- » Ii + It “ 525/22 - 525/22 =0 

U = Ii /-120° + I 1/1202 = 525 /-120" - 525/120* 

- I 1/1202 -Hi /-120" » 525 /120" - 525 /-1202 


—j910 amperes 
+ j910 amperes 




Fio. 18. Negative- 
sequence system 
of Fig. 15. See 
example 4. 


Example 6. The short-circuit current 
for the system shown in Fig. 7 for a line- 
to-line short circuit is to be determined. 

The ratio k will be used as 1.45. Nomi¬ 
nal line voltage at short circuit is 12,000 
Fio. 17. Positive- volts. The lines shorted are designated 
sequence system as b and c, and the fault is again assumed 
of Fig. 15. See upper right-hand comer of the ^ 

example 4. diagram. 

Solution. A 10,000-kva base will be us^. The positive-sequence network is the 
same as that shown in Fig. 9. The negative-sequence network shown in Fig. 19 is 
aimilar to thc positive-scqucnce system except for the values of the generator react¬ 
ances. For the generatore * 

< y/3Zi 

Zi - - Zi = 0.2Zi 

1.4o 

The resultant Zi (Fig. 14) is 41.95 per cent. 

The resultant Zj (Fig. 23) is 26.17 per cent as obtained from the reductions indi¬ 
cated by figs. 20, 21, 22, and 23.^ 

10,000,000 * 100 




41.95 + 26.17 


-b 706 amperes 


\/3 12,000 

At the short circuit where currents in all three lines are considered in the same di¬ 
rection, that is, either to or from the short circuit, 

I. = Ii -b Is - 706/22 “ 706/22 “ 0 

Ik -» 706 /—120" — 706 /120" » —j\223 amperes 

le = 706 / 12 O" — 706 /—120" = -bil223 amperes \ 

To obtmn the currents in the other lines, the positive- and negative-sequence currents 
should first be found by retracing the steps in each system as outlined for the three- 
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^aac ehort circuit. T^c current in the lines from the secondaries of transformer 
I wi e oun in order to illustrate the procedure. The di.stribution of positive- 



Fig. 19 ^ Negative-sequence network of 
Fig. / for a line-toline short circuit 
at the point indicated by the cross. 




and neptive-sequence componenU of current as shown in Figs. 24 and 25 are first 
lound by retracing previous steps. If, when retracing the network from the short 
circuit, only transformers with both primary 
and secondar>' windings similarly connected 
are encountered, the actual current may be 
found by combining the sequence components 
as determined for Figs. 24 25. When a 

transformer like Ti which is tft)nneQtcd differ¬ 
ently on primary and secondai*Jf* is encountered, 
the symmetrical components in the lines on the 
primary side are no longer the same as those in 
the secondary lines. Failure to recognize this 
fact will introduce large errors in the short-circuit 
The short-circuit currents in the secondary lines 
from transformer Ti are found from the sequence components 
shown in Figs. 24 and 25, as follows: 




Fro. 22. 


calculations. 


Fio. 23. Resultant 
percentage of re¬ 
actance to nega¬ 
tive sequence for a 
Ime-to-line short 
circuit at point in¬ 
dicated on Fig. 7, 


lo = Ii -f l 2 = 212/0^ - 144.7/0^ = 67.3 amperes 

Ib = 212 /-120° - 144.7 /t20° = -33.65 -jSOS.S amperes 

Ic = 212 /120° - 144.7 /-120° = -33.65 -b j308.8 amperes 


The currents in the lines on the primnr>" of T i, Fig. 7, are determined from the 
phaj»o currents in the delta and are obviously equal to them if the ratio of each trans- 
furnior is 1 to 1 .and the magnetizing currents .arc neglected. If the impedances of 
all jihases of a dclta-connecled bank of transformers likk.that shown in Fig. 26 are 
^n»i.al. and if the sum of the generated voltages of the three phases is zero, application 
i>f KirchhofT’s laws will yield the following equations: 

lao' + l66' + Iff' =0 (23) 

IboZba "b lofZae "b If6Zc6 *• Fba -b Eae "b Ee6 0 (24) 


>• 
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> Zc^ equation (24) becomes 

In. +1.. + U - 0 

Further application of KirchhofF's current law gives 

loa' ~ Ibn ~ I«c 
Im' = Ic6 — In. 
Tee' “ loc ~ Teb 


Ch. XIII 


(25) 


(26) 

(27) 

(28) 





Fig. 24. Distribution of positive-sequence 
component currents for example 5. 


Fig. 25. Distribution of negative-sequence 
component currents for example 5 


Substituting from equation (25) in equation (26), then eliminating 1,^ between 
this result and equation (27), and 6nally substituting the value of l66' from equation 
(23), the follonnag expression for results: 


In. = flao' + lice* 


(29) 



Similarly lae and Ic6 are found to be, respectively, 

Ia« ** §!<•«' + (30) 

Iffc * |lfc6' + |l««' (31) 

The currents !«, Is, and I, in the secondary' lines of Ti of Fig. 7 correspond to 
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and Icc', respectively, in equations (29), (30), and (3l).* Hence 

ha = !(67.3) + 4( - 33.65 +>308.8) 

= 3.1.7 +>102.9 = 108.2 /71.8° amperes 

loc = 5(- 33.65 +>308.8) + |(-33.65 ->308.8) 

= —33 7 f >102.9 = 108.2 /108.2° amperes 
U = 5 ->308.8) +i(67.3) 

= —>205.8 = 205.8 / —90° ainp>eres 

On a 1 to 1 ratio, I,„, and I,-(, above are the line currents from generator Gi, Fig. 7, 
or, in other v\‘or<L<, the above currents are on a \/3 12,000-volt base. If the nominal 
voltage of the generator i.s 6600 volts, the currents in the three lines from the gen¬ 
erator arc 


,«o o 12,000 


108.2 X -^- 

6600 

= 341 amperes 

V3 12,000 


108.2 X -=- 

6600 

= 341 amperes 

o 12,000 


205.8 X -— 

6600 

= 648 amperes 



Fig. 27. Line-to-ground 
fault. Neutral n of the 
three-phase generator is 
assumed grounded. 


Line-to-Ground Short Circuits. If a system 
has a number of wye-connected generators and 
transformers with grounded neutrals, there is 
a possibility of having a large short-circuit cur¬ 
rent for a line-to-ground fault. Such fault cur¬ 
rents are most conveniently calculated with the 
aid of symmetrical components. An elemen¬ 
tary circuit illustrating a line-to-ground fault’is 
shown in Fig. 27. Application of equations (13), 
(16), and (17) of Chapter XII gives the sym¬ 
metrical components of the currents as 



lo = 1(1. + l6 + I.) = f 


• • (32) 


I, = 1(1. + I|>/120° + I./-120°) 

II 

(33) 

r 

I, = 1(1. -H I 6 /- 12 V + I./120“) 

•a 

II 

(34) 

Therefore 





lo — — ^2 — ^ 


(35) 


I * Equations other than (29). (30), and (3^ for the currenta in the transformer 

I Grindings can be derived from the basic equations given. 

I CORCORAN-35 

L 
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E be the induced voltage in phase a of the generator. According to 
KirchholT s emf law, the .sum of all the drops must be equal to the .sum 
of the emf’s around a clo.scd loop, 'fhen 

E = IqZo -f IjZi -f- I2Z2 

Substiluling equation. (3.>) gives 

E = I() (Zo -j- Zi Z2) (36) 

Coml>ining equations (35) and (36), 

E 


I = - 

3 Zo’+ Zi -|- Z 2 


(37) 




Eejuation (37) is the working equation for the line-to-ground fault. 

Equations 35 and 37 show that the arrangement illustrated in Fig. 28 
may he used to calculate the positive-, nega¬ 
tive-, aiul zcro-scquencc currents at the fault for 
a line-toground short circuit, 

Ihe impedances to positive and negative 
sequence Zj .and Z2 arc e.xactly the same as 
those used for the line-to-line fault. The imped¬ 
ance to zero sequence, however, is ,dilTercnt. 

Whereas the positive- and negative-sequence 
networks were alike in the number and arrange¬ 
ment of circuit elements, the zero-sequence nct- 
woi k is radically different and usually mucli 
simpler. 

Impedance to Zero Sequence for Generators. 

I he determination of the impedance to zero se¬ 
quence for generators is analogous tO’ the deter¬ 
mination of the impedance to negative sequence, 

Ix*t In represent the line-to-ground short-circuit current for a gener¬ 
ator. ' ® 

Let I'" represent the short-circuit current for a three-pha*;e svm 
metrical short circuit. ^ -e .>m- 

Also let • - 



*Fio. 28. .Arrangement of 
.sequence network.s for 
calculating po.*itive-. neg¬ 
ative-, aiui zero-.seqiienoe 
currents for a line-to- 
ground short, circuit. 


— = k 

rltt 


(38) 


From equaUon (37), if the ratio of X '7? for all impedances is the same 
if R is negligible compared to .Y, as is usual. 


or 


/. = .3/„ = 


ZE 


Z] + Z. + Zo 


(39) 




■_- __ 
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Also 


I'" = ~ aml.AJ 


E 


/// 


Zx 


Therefore 


/ =A- ^ 


A 

f^n ~ = 




Zi Zx 4 - Z2 4 - 
Solving equation (10) for Zy gives 


(40) 




OD 


■1 he value uf 4. thus .lepemls upon the values of the impcHlanees to 
posiave and negative sequence and also upon the ratio of the lin,^to- 
ground and three-phase short-circuit currents. For example, A„ for the 
nonsahent-pole mimhnje used in the previous example was shown by 
test to he about 2.4. For this machine 


Zo - Z 


(I:-)- 


0.2Z, = O.OoZ, 


Ihe approximate range of impedance to zero .<e(iuenec for one cla^^ of 
generators is .shown in Table II on page 535. The values are given 
relative to the synchronous impedance taken as 100 

Impedance to Zeio Sequence for Transformers. The imnetk-mee i,> 
zero sequence lor transformers is either inHnit<* or the onlinary !eakain‘ 
impedance, depending upon the connection. Wheiv the connection 
permits zero-so(iuencc currents to.flow, the impedance to zero sequence is 
the ordinary impedance of the transformer; otlnn-wise it is infmito 
Since the zero-sequence currents in the tfirec lines' of a three-phase 
system are all in phase, a fourth wire or ground connection on the neutral 
of transformer.s connected in wye i.s reipiired to furnish u omplote cir¬ 
cuit for the return of the zero-sequence line currents. In mldition 
.there must be another winding on the transbirmer to p<‘rmit ciirrent to 
flow so that the resultant magnetomotive force noting upon the tnuiV 
former core due to the zero-sequence cuircm is zeno (exciting curi'ent 
neglected). If these compen.'^ating currents are not permitted t.> e.xist 
the inductive reactance of a .single wimling to the z(‘ro-.s«M,uciue current 
so high that the amount of this current which can flow i.s entirely 
negligible. The corn'sponding impcilanee may then be con.si.iereil 




^ If the transfonnera have more than two windings which carr>' zcro-.scM|uoiu*c cur- 
*^nt, reactance due to certain mutnal-induetancc cffectsof (he scvoml windings sliould 
he inchided. For a discussion of the reactance of multiwinding transformers 
G. C. Dahl, “ Electric Circuits,” McOraw-lIill Ro«ik Company. * 
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infimte. A few examples'as shown in Fig. 29 will illustrate these 

^"rmnX-mer Bank A. No z;!ro-sequcnce currents can flow 
is no return path. Therefore the impedance to sero seepjence .s mhn te^ 
Transformer Bank B. Zero-sequence currents can flow. Win g 
p furnishes a path for the compensating currents of thoM 
Hence the impedance to zero sequence is the ordinary leakage p 



FiQ. 29. Zero-sequence currents can flow in B but not in any of the other transformers. 

Transformer Banks C and D. No zero-sequence currents can flow. 
The impedances to zero sequence are infinite. If the neutral of the wye- 
connected generator supplying transformer.bank C were grounded, zero- 
sequence currents could flow in both primary and secondary of C. 
Under these conditions the impedance to zero sequence of transformer 
bank C would be the ordinary leakage impedance. 


lo 




^ f lo ^ 

' 1 


Fia. 30- Zero-sequenco impedance of a transmission line is the impedance of the three 
conductors in parallel in series with a ground return. 


Impedance to Zero Sequence of Transmission Lines. The impedance. . 
to zero sequence of a transmission line, Fig. 30, is the impedance of the 
three conductors in parallel with a ground return. The reactance 
depends upon the depth at which the return current appears to flow. A 
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Ch, XIII POWER SVSrEM SHOftT-ClMCUn CAlCWAffONS 


(li.scnssion Knfrn i<‘ntly a(lc(|tiatc to yield a wofilna kncnrlrrlffe of lll» 
(Irlcrminatiofi of rraclancc to zero aoqurnoe of trmiuvnbMnfi Kw« « 
what involved an<l »>eyond tlio acopc of this bunk Tboae intertated am 
referred to other works on the aubjcct* For purfKwa of ittiaaUalMMi 
of the m(?tho<l of ealeiilating linc-U>>frr>und fault ciirrcfila in U»ai bonk, 
certain values of reactance to zero 8c<|ucncc of a line ara atmswteA. 



ho. 31. Flow of zcro-.'<C(|U('ncc currents through an imrntanrs in Um wnlnL 


Jf an impedance as sliown in the neutral of tlie (rrnrnittn* Fi* 31 
is encountered, it should be entered into the aen>-se<|iienre nri\««trk.a mi 
3Z„. 'j'his may be shown as follows. The nrdinarr imiirtUnrr m 
deliinal as the droj) V„ acr^jss the im|vr<i.'in<v divnhsl hy the csi r re nt 
througli it. Hence 


Since tluux' aiv no j>ositiv<‘- or lu'ipitive-nrqumre mrrmt* m ibr 
V„ lor this cast* is eonsiticit*ti the arfx>-«e(|iimee vnhaar nbirb i 
the zertHseqlit'iU'O cut nait l». Hence 


2 e 


t 


V. 

u 




Substitution of V„ I|. Innu cH|uatka» (IS) m return (44 i |p%ea 

In - »n (U) 

rims tile impt'dance to n'ro ^«'^|uen*T as tirknrd m rqwilini t4ki a Ibpet 
time.s as large as the setual imiKHlancc in the readnettw *f a> r r tbr mij 
ze!o-aeque.n<*c eiirreut flondiig in tlie aTi^jrv|tirffa*e la tkl* 

‘ .Ve '• liyrnmrlnrnl t •.•luiwmrnta *’ by Wz^nri n»>l r.tn»i «a4 
Uu' Mrthml of JiiyiiunnU'ic^d rVmfonetii* ” h> %k<W»n ll« 9mA Ihvfaapl 




I 


Li 
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value Zo - 3Z, should be entered into the sero-sequence network to 
yield the correct voltage drop. 

Cftlculatioa of Une-to-Ground Fault Current. The system shown in Fig. 7, which 
WM previously for three-phase and linc-to-linc short circuits, ^ill ca 

culated for a Kne-io-ground fault on one of the secondary lines of transformer 
A determination of the reactance to tero-sequence of line 1# is as¬ 
sumed to yield 20 per cent reactance ou a 50CO-kva base. The 
problem will be worked on a 10,000-kva base as before. 

Sotidion. The positive- and negative-sequence networks arc 
the same as those previously employed. They arc shown in 
Figs. 24 and 25. The impedances to positive and negative se¬ 
quence are the same for the line-to-ground fault solution and tr 
general distribution of the positive- and negative-sequence cur¬ 
rents is the same, but the actual magnitudes of the positive- and 
negative-sequence currents will be different because of the effect 
of the impedance to lero sequence in reducing the magnitude 
of the resultant positive- and negative-sequence currente. The 
resultant impedances to positive and negative sequence of 41.95 
and 26.17 per cent, respectively, arc still valid. An inspection 
of Fig. 7 shows that no lero-sequcnce current can exist in trans¬ 
formers Ts. Ti, Ti, or generator Ci. Therefore the rero-sequence 
network consi.sts of Cj, Tj, and Tt along with line ly The 
zero-Sequeiu-e network is shown in Fig. 32. If A:„ = 2.4 and 
ki = 1.45, substitution in equation (41) gives Zo - O.OSZi. For generator Gj 

tr 

Zo = 0.05 X 30 * 1.5 i>er cent 

Rcsult4int Zo for the zero-sequence network = 1.5 -f 4 -F 40 + 10 = 55.5 per cent. 

_ ^ ^ la ^ 

lo = Ii = 1 : = 3 = ^ Zi +Z2 



Fio. 32. Zero- 
sequence net¬ 
work for a line- 
to-ground fault 
on Fig. 7 at the 
point indicst^ 
by the cross. 


In terms of percentage impedances, 

lo 

= 339 ■•^0® amjKTcs 


la 10,000,000 , 100 

3 ■ V3 12,000 ^ SS » + <'-95 + U 


For a positive-.*5cquence current of 389 amperes the distribution is shown in Fig. 33. 
These values are determined by multiplying the currents in Fig. 24 by 389/706. 
Similarly the negative-sequence* current distribution is determined and shown in 

Fig 34. 

The currents on a 12,000-volt base arc now found by combining the symmetrical 
components. 

Fault current: . 

* la - Ii + It + lo - 3 X 389/^ -1167/^ amperes 
- 389 /-120* + 389 /120® +389 -0 
I, - 389 /120* + 389 /-120* + 389 - 0 ^ 
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Tranaformer ?! and line !•: 

L - 306.2 -h 316.8 + 380 - 1011 I, • lOll 

U - 305.2/ .J20; + 316.8^* -79^ ;I0S /» - 7i 7 

Ic - 305.2/120; + 316.8 /--I20* ^ 380 - 78 ->105 /, . 717 


545 




Fio. 34 N«witii 
intxiiiMi far 


Flo. 33. P^tivo-iequnic* current dietn- 
button for line-to-cround fault on Fif. 7. 

• • It, traniformcr T^, and 
L « 83.8 f 72.16 - 155.0 
h - 8 . 3 . 8 /- 120 * d- 72.16 / 120 * - -HM - ;io 
U - 83 . 8 / 120 * + 72 . 16 /-l»* - -n 06 ♦ 710 

Line L and tmnafonner T%: . 

Li - 3:1.0 4- 7.54 - 40 54 

Ih - 33.0 , -120* 4- 7.54 /lao* • -» j - 

L - 33.0 /120* 4. 7.54 -120 * • ^ jqj 

Secondary side of tranaformrr fi: 

Li - 116.8 4- 70.7 - 196 5 

l6 - 116.3 /-120* 4- 70 7 /120* - -fi t 

L - 116.8 /120* 4- 79 7 /-120* - -fit 4. ^ 

Current in aindinga o* f^wiormtr T| (•» Flf T) 
l6« - t(196.5) 4-§(-98 25 4-/») - Oil 4-ita7 

- §(-98 25 4-732) 4- §(-08 25 - iJt) 

- -08.3 4- >10.7 

U - §(-98.25 ->32) 4. §(106.5) - -J81.4 



7. - 166 • 

7* • 79 6 am y ari* 

7 . • Tii 




la. • 
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r ixTk-*“ '"• 

Curreal in Gt'. • ffp I 

l, . 27J.2 + 3W.3 + 3S« - •»/ «,.«»+/» ».-*«» 

I, - 272.2^^ + 30» »/-.'»! + >»-•*” ^ 

problems 

*. R..« W 

TV r«ouoc« •>•«"* • 

c'.^««r « ^ 


aitctnatinc-cumimt c»*C0»ti 

' »» ' ... 


di m 




ff M 


(a) Solve for l**« rurreo'* •• •■ 
Chapter IX, M»umini that tW imp 

^ cnrrmtt M a .— 
t*ro sequences Icnpe^nnee i~- 

on the diagram- 


Wf MW «l the 
•iiova •• the 


haMlae aay 


bf the Method M ^ 

10 the peMiiM, arfaiivo, 

foe the MeweatoM om t*^ * 
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The followinK data refer to Fig. 

Apparatu.s 

Kva Rating 

(?i 

20,000 

Gi 

10,000 

G» 

20,000 

Ti 

10,000 

Tt 

10,000 

Ti 

10,000 

Ti 

10,000 


h 

h 

h 

u 


% Reactance 

K4ra Baae f«»r 
React anre 

W 

lo.noD 

SO 

10,000 

20 

10,000 

2 

2,500 

20 

lo.ono 

6 

10,000 

7 

10.000 

30 

20,000 

20 

10.000 

10 

4,000 

40 

30,000 


Generator 

k 

k^ 

Gi 

1.4 

2.1 

Gt 

1.5 

2.3 

Gi 

1.3 



All resistances are assumed ne(;iifn^>le. 

Calculate currents in all lines, transformers, and ptmerators for a a-phasr aym* 
metrical short circuit at the point markeiJ fault. Expm^ rurrrnts on a 3.Vk» 

6. Calculate currents in all lines, transformers, and ameraton for a hne-t, 
fault at the point marked fault Express nirrmta on a 3.1-kv Imuw 
7 Calculate currents in all lines, transfonners, and *rneral«ra for a W trvgrtHina 
fault at the point marked fault. Use 25 per cent on lO.nOO hva aa the 

sequence reactance of /} incliidinR lines and gmind rt>ium The teft>-«Niuene. 
reactance of /, mcludinK lines and gmund return U 12 per rent IhuunI on IrtlOliva 
Assume noKligthle resistance, and expr^as curretiti ini a 3J-liv h 



e 


1 
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chapter 

▼ Transient Conditions 

The expressions which have thus far been derived for currents and 
voltages have carried with them certain tacit assumptions. All the 
alternating currents and voltages in any particular circuit have been as¬ 
sumed to be recurring, periodic functions of time; in other words, the 
circuit in qu^tion has been assumed to be in a steady-state condition. 

Before a circuit (or machine) can arrive at a steady-state condition 
o operation which is different from some previous state, the circuit (or 
machine) passes through a transition period in which the currents and 
yoltag^ are not recurring periodic functions of time. For example, 
immediately after the establishment of a circuit the currents and volt¬ 
ages have not, in general, settled into their steady-state conditions. The 
I^nod required for the currents and voltages to adjust themselves to • 

^eir steady-state modes of variation is called the transient period. 

unng transient periods the mathematical expressions for the currents 
and voltages contain certain terms other than the steady-state terms. 

These additional terms are called transient terms, and they are usually ■ 

of short duration, being damped out by certain damping factors which 
depend for their values upon the circuit parameters. 

In general, any switching operation within the circuit itself or any 
voltap which is suddenly induced from an outside source will cause 
transient conditions to exist in the circuit. Although transient periods 
are generally of short duration, it is during these periods that some of the 
most serious and involved operating problems are encountered. 

It should not be inferred that transient variations are always violent 
or that they always represent undesirable circuit conditions. Various 
devices actually operate by virtue of recurring transient phenomena. 

Notable among these devices are: (1) certain classes of sweep circuits 
and (2) certain types of tube inverters. Sweep circuits are employed \ 

extensively to produce linear time axes in cathode-ray oscillographs and h 

cathode-ray television tubes. Inverters are employed to convert direct f 

to alternating current. 

Examples of Elementary Transient Conditions. Example 1. In 
Fig. 1 it is assumed that the RL branch is suddenly energized with a 
constant potential difference by closing the switch 5 at t » 0. . The 

549 


Scanned by CamScanner 










550 


ALTERNATING-CURReNT CIRCUITS 


Ch. XIV 


general equation for voltage equilibrium in the resulting series circuit is; 

0 ) 


di 

L--ltRi = E 
at 


If L, R, and E are constant the above equation may be solved explicitly 
for i in any one of several different ways. One of the most direct 
methods of solution in a simple case of this kind is to separate variables 
^ and integrate. Thus: 

I--1 , *■ 

1 . — 

or 


= dt 


JZLE 


I 


(E - Ri) 


dt 


( 2 ) 


Fio. 1, A series RL branch which 
is suddenly energized by a constant 
potential difference E at i = 0, 


Whence: 


or 


log. {E - Ri) = ~ 


— — log. (E — Ri) = t + C 


Rt 


(3) 


where € is the base of tlic natural logarithms, namel;)', 2.71828 • • *, and 
.:i is a constant of intcgi'ation. From the definition of a logarithm it 
follows that: , 

E - Ri = 

Therefore: 

E - Ri = (4) 


Solving the above equation for t yields 

E 
R 




( 5 ) 


The constant of integration must be evaluated in terms of the bound¬ 
ary conditions that surround the switching operation. Boundary con¬ 
ditions are u.sually specified in terms of the circuit currents and the 
condenser voltages that exist at the instant a given switching operation 
is performed. In general, the specification and incorporation of 
boundary conditions require aft understanding of the natural charac¬ 
teristics of the circuit parameters involved. For e.xample, if a circuit 
possesses inductance the current cannot change abruptly, that is, can¬ 
not become discontinuous with respect to time. Therefore the current 
in an inductive branch at the instant a given switching operation is 
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performed is equal to the current that exists in the branch just prior to 
switching operation. In the present case: i = 0 at t = 0 , and this 
physical fact can be employed to determine the value of C 3 in equation 
(5). Imposing the boundary condition on equation (5) results in:, 

0 = |-C 3 or ca = | ( 6 ) 

The general expression for current becomes: . 



E 

R 

Bieady-sUte term 



transient tenzi 


(7) 


It will be noted that the complete expression for i consists of two terms: 
a steady-state term and a traiisient term. In general this distinct 
division of terms is present in complete current solutions. Under cer¬ 



tain conditions one or the other of the terms may be zero. The fact 
that the complete expression for current can be divided distinctly into 
a steady-state term and a transient term is of considerable importance. 
Under ordinary conditions the steady-state term can be evaluated in 
terms of elementary circuit concepts rather than by involved processes 
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of integration. The transient term can usually be found in terms of 
simple exponential components if the circuit parameters are constant. 

The time variations of the two terms of the current solution given in 
equation (7) can easily be visualized. The steady-state term, E/R, 
is independent of time; the transient term has a value of {—E/R) at 
t = 0 and approaches zero exponentially as time increases. The two 
terms combine to form the current that actually flows in the RL circuit 
during the transient period. Oscillogram 1 illustrates the actual 
growth of current in an RL circuit when it is suddenly energized with a 
constant potential difference. It will be noted that the transition in 
current in this case is from zero to a steady d-c value equal to E/R. 

In certain elementary types of circuits the length of time required 
for the current to make 63.2 per cent of its total transition is called 
the time constant of the circuit. The time constant of the RL circuit 
is L/Rf as may be shown by direct substitution in equation (7). Thus 
if t is set equal to L/R in equation (7) it is simply a matter of algebra 
to show that: 

E 

(*I 11 - LiR — 0.632 — 

K 


Example 2. 


r 

L 


•as 

'>S* 


t»o 




The circuit shown in Fig. 2 is assumed to be carrying a 
steady current equal to E/R at t = 0. At 
“ t — 0, either the switch 5 is assumed to 

chMge from point a to point 6 in an in¬ 
finitely short period of time or it is assumed 
that a dead short circuit occurs between the 

A„ Si br..ch ,hich i. *’• event the RL 

y de-energited at t =< 0 . Df^r^cn IS de-energized at t 3= 0 and left to 

. through the short-circuit path. The 

basic voltage equation for the RL branch at and after f « 0 is: 


Fio. 2. 
suddenly 


From which; 




0 + 
•Uidjr-stAte Um 


e,r"* 

tr ansien t term 


( 8 ) 


(9) 


As previously mentioned, a current aowing through a circuit which has 
an appreciable amount of inductance cannot change its value instan 
taneously. Since i - E/R just prior to f - Q, f fa also equal U> B/R 
at f » 0. Therefore: ' 

I"®* " (10) 
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( 11 ) 


It will be observed that the transition in current is from {E/R) at 
*»rT^ A current at £ — oo and that the rate of subsidence is gov- 

rplftHv/ current actually comes to zero in a 

V ^7w/driving voltage, L di/dt or 
TYionf / ccomes so small that it can no longer maintain a net move- 
^ o e ec rons in one direction. Thus when the energy of the col¬ 
lapsing magnetic field becomes so small 
that it cannot overcome the internal atom¬ 
ic forces that tend to prevent net drifts 
of electrons, the current actually b <-.,rxies 
zero. The failure of theoretical equations 


±r: 

•E> 


o^>o- 


_ t .»;0 


to account for exceedingly minutreffects f.!~ , ... ‘ . 

OI tnis, kind IS of no practical importance. dcnly energized with a constant 
Example 3. If the condenser shown in difforenoe of e vulfs. 

Fig. 3 has a charge of Qo units of electrical charge at < = 0 the basic 
voltage equation at and after < = 0 is: ’ 


where 



9 = 



» dt -b Qo 


( 12 ) 

(13) 


Differentiating equation (12) with respect to t and substituting i for 
dq/di yields: 


From which: 


di i 

(W) 

= C,r‘'~ 

(15) 


The resultant voltage causing current to flow in the circuit at the 
instant of closing the switch is {E - Qo/C). Therefore the current in¬ 
stantly acquires a value—at t = 0 since the self-inductance 

is assumed to. be negligibly small. In this conpection it should be noted 
that the initial Qo/C voltage of the condenser may possess either polarity 
with respect to the applied voltage E. For the case shown in Fig. 3 


J 
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the polarity of Qo/C is oppasitc to that of the applied voltage E. 


Since 


it follows that 


at t=0 
ft 

(E - Qo/C) 


Cl = 


ft 


(16) 


and 

^ _ (E — Qo/C) ^ -uRC (17) 

R 

Equation (17) is the mathematical expression for the dirwt charing 
current taken by a condenser when the self-inductance of the circuit is 

negligibly small. /,o\ r 

The variation of charge can be found by solving equation (14) tor q 

and then substituting for i its value from equation (17). Thus 


q^CE - CRi 

^CE - {CE - (18) 


If the initial charge Qo = variations of current and charge as given 

by equations (17) and (18) arc shown in Fig. 4. 



Fio. 4. Charging a condenser C = 
lOO^f through a resistance R - 
1000 ohms from a d-c source of 1000 
volts. 



Fig. 5. Discharge of a condenser 
C = lOOnf through a resistance 
R — 1000 ohms. Initial charge at 
a potential of 1000 volts. 


If a condenser of C units capacitance replaces the inductance L of 
Fig. 2, it is a simple matter to show that: 


and 


* “" i 


q = CEr^'^^ 


'(19) 

( 20 ) 
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cuit which contains a cond^rer Wt'iall* “■- 

of E volts. Equation (20)T T ^ 'harged.to a potential difference 

under the same conditions Tht 

given by equations (19) and mw T" “ 

charge and discharge currents « ‘^°"«*«'>ser 

exponential variations ThhT®^’"" " 

cases is obviously equal to zlm ^ ‘'™ 

sinie U^rrt 'ru TOlue 0*^1 uL^^tn 

of its total change. ^ ^^.2 per cent 

ous“fomf o7Xu^te"h^e‘bee'n d’' 

-nrs or approxima«r^i^^^^^^^^ 


Fio. 6. 



, To one 
pair of cathodo- 
ray tube plates 


AO o>e.oo.„. o, Ueooo. 

sient inruTrL'^f-“tX ‘‘C ^cVr^:-' 
cntrcal voltage .s established acro.ss the condenser, the neon di^har^ 
tube ^ains un-.onized and acts practically as an open circuit ^ 

2. When the condenser voltage has built up to a certain eritlo.i 
value, say E, the neon tube ionizes and suddenly places a low-resistance 
path across the condenser. The ionized tube thus provides a mlans of 
discharging the condenser because the time constant of the discharge 
■ path IS relatively very small as compared with the time constant of the 
mam RC series circuit. The voltage across the conZns^rdrollr^r^ 
the value to some lower value; say B 2 , in a very small fractiorof the 
time required for the establishment of Bt. , 

‘ In practice the neon tube of Fia 6 wr^nlH niv^koKt,, 1 j l • 

^ch has an extremely low de-ionization time, for example, a^type^o tube^^/iTi^* 

o( thl Wod^hgrid 
t the inode can be used to control the starting of the discharge curwnt 

CORCORAN-36 


L 
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3 After the condenser has been discharged to the voltege Eyihe 
neon tube ceases to be a conducting path (becomes deionized) and 
permits the applied potential difference to recharge the condenser. 
The cycle of transient phenomena thus repeats itself, and the voltage e«. 

takes on an approximate sawtooth wave form. 

During the charging period the condenser voltage is: 

fo * i dt + Qo ( 21 ) 

C 


or 



e.i - (j 


-fn idt _ 

e.i = 


( 22 ) 


Ei is the voltage left on the condenser from the previous cycle due 
the discharge tube de-ionizing before zero condenser voltage is reac . 
From equation (17) it is evident that 


Therefore, 


Ccl = 


t = 


E — E‘ 


E — E 2 - 


I IRC 


R 


RC 


■ J* t dt + E 2 


or 


eel = E - i,]^-E2) 


,-tlRC 


(23) 


(24) 


(25) 


The rising condenser voltage is in this case exponential m character 
rather than linear. However, when the actual change m voltage, 
(El — E 2 )y is small as compared \N*ith (E — E 2 ) fairly satisfactory 

results can be obtained. ' ^ 

The condenser voltage continues to build up in accordance with 
equation (25) until the voltage Ei is attained, at which time the neon 
tube discharges the condenser in the manner previously described. 

Obviously E must be greater than fj. , . 

A mathematical analysis of the. conditions during the discharge 
period is complicated by the variability of the resistance of the discharge 
path. The exact behavior of the circuit during the dhcharge period 
is usually unimportant because the discharge period is of relatively 
short duration and does not represent the “ working " part of ^e cycle. 
It should be recognized that the series resistance, R, is generally of tt^ 
nrHpr of 10 000 times the value of the tube resistance when the tu 
is ionized. Therefore during the discharge period the tube cannot 
receive any appreciable percentage of the applied voltage. It is pl^ 
that the device would cease to function as a sawtooth-wave-form generar 
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tor, if, during an ionized period, the tube received a voltage sufficient to 
sustain ionization. 

The general nature of the approximate sawtooth wave form produced 
is shown in Fig. 7. An obvious place for improvement is in the rising 
or building-up portion of the curve. The rising part of the curve can 
be made practically linear by replacing the constant* resistance, R, 

E| 100 
.80 


f 60 

„40 

Ea*20 

0 
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Sec. 


‘Sec. 


Dlwhiroe Periods 

Takeo ss 0.0002 
tec, each 


SeOk 


(26) for th« par- 

C ^ w T? “ ““.r.'*’’ *•,“ « - ‘OO.®"® o'""*- •"'i 

0 0052 sewnd * time of one cycle under these conditions is approKrmately 


with a resistance that varies inversely as the amount of current passing 
through it. Many of the modern vacuum tube.s, particularly the 
pentodes, possess this resistance characterigtic from plate to cathode, 
provided they are worked between certain limits as regards platc-to^ 
cathode voltage. 

If the transient current inrush is maintained constant at 7 amperes 
by means of a variable resistance, then 

Cci ~ ^ 7 d/ -f- E 2 

t/Q 

= Kit + E 2 

Under the conditions stated above, the rising part of the voltage curv’e 
shown in Fig. 7 would become linear with respect tp time. 

In addition to the use of a pentode type tube for maintaining constant 
charging or discharging current, some sweep circuits employ a grid-con¬ 
trolled mercury-vapor discharge tube as a starting and stopping valve. 
Various other combinations of electron- tubes are also employed to 
produce sawtooth wave forme. 

Oscillogram 2 is a photographic record of the wave form produced 
by a modem sweep circuit which employs a series of transient con¬ 
ditions to effect the desired result. In obtaining the photographic 
record one pair of plates of a cathode-ray tube are energized with 
one sweep-circuit potential difference and another pair of plates are 
eneigized with the potential difference, developed by an identical 
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sweep circuit. The linearity of the sweep-circuit voltage is clearly 
sliown. 









OsciiLOOHAM 2. Illu,lr.tmg the linearity of the ffv'He” heulT^nfred 

on the photographic record. 

The RL Circuit Energized with an Alternating Potential Difference. 
If an alternating potential difference replaces the battery shown in 
Fig. 1, the expression for dynamic equilibrium is: 


or 


Z,- + K< = BmSin (te( + X) 
dt 


dx R . ^fn . / j I \ \ 

—^ — I = sm (ctjf X) 

dt Li Li * 


(26) 


(27) 


The symbol X represents the phase of the voltage wave at which the 
switch of Fig. 1 is closed. Reference to Fig. 8 will show more clearly 
the exact meaning of X. It is the angular displacement expressed m 
degrees or radians between the point e = 0 and the point f = 0 measured ^ 
positively from the point where e = 0 and defdl is positive. 

The factor X provides a convenient means of exan^ining a-c transient 
conditions. In general, the magnitude of an a-c transient depends 
upon the time of the cycle at which the switching operation is performed. 
Most swritching operations are performed with no regard for, or rather 
no knowledge of, the point on the voltage wave at which the transient 
period begins. Under these circumstances the investigator analyzes 
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Cl». Xty' TRANSIENT CONDITIONS 3§9 

the effect of stArting the transient disturbance at different points along 
the voltage wave. This is done by assigning different values to X. 
In the caae of surges or inrushes most attention is paid to those values o( 
X that produce the greatest currents or voltages. 



Pro. 8. IUu«tratini the physioel sisnificence of the symbol X. 

Equation (27) is representative of a general class of differential 
equations. The derivative of the dependent variable, (i), with respect 
to the indep>endent variable, (1), added to the dependent variable, 
times some coefficient, equals some .function of time. This form of 
equation defines the basic relationships involved in many physical 
problems, being particularly prevalent among the problems of electric 
circuit theory. The equation admits of relatively simple solution if 
all coefficients are constant and the right member is an exponential or 
.sinusoidal function of time. 

Let equation (27) be written as 

I 

Y 4-01 - h sin (wt 4- X) * (28) 

at 

where a ^ R/L and'^ = 

The solution of equation (28) takes the following form: 

t = hr^^J sin (wf 4- X) d< 4- (29) 

The proof of the solution stated above rests in its at ility to satisfy the 
original equation} namely, equation (28). In terms ef the above 
solution: 

— ht~**t** sin {(tit 4- X) — aht~^^ sin (wt 4* X) dt — acif^* (30) 

di 

and 

01 - 4- X) df 4“ (31) 
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f 

Adding equations (30) and (31) will show that equation (M) is a 
general solution of equation (28). The solution stated in equation (29) 
is limited to those cases where a and h are constant. 'For the particular 
problem at hand this means that L, and Em must be constant before 
equation (29) can be employed as a solution of (28). 

The solution for current in an RL circuit with sinusoidal voltage 
applied is: , 

i = r*'"- sin + X) * + (32) 

•teady-tiate term transient term 

The relative complexities of the two terms in the above solution should 
be noted. Mathematically, the steady-state term is known as the 
“ particular integral,” and the transient term as the “ complementary 
function.” The integration involved in the evaluation of the steady- 
state term can be carried out by the method of successive parte, but the 
algebraic simplihcation of the results is a tedious process. 

With sinusoidal applied voltages, familiar algebraic methods may be 
employed to find the steady-state terms of general current solutions. 
Many of the disagreeable details connected with the evaluation of 
complete current solutions are thus avoided. For example, several 
lengthy mathematical relations are involved in the integration method 
of finding the steady-state term of equation (32) which is simply: 

(33) 


Actually, equation (33) can be thought of as following from two physical 
facts. The maxim um value of the steady-state current is Em/Z where 

Z = -f and the steady-state current wave lags the applied 
voltage wave by the angle whose tangent is <aL/R. The complete 
expression for current becomes: 

t = ^ sin (a,« \ - 6) + (34) 

The constant of integration Ci must be found from the initial conditions 
— those existing at the time of closing the switch. If the circuit current 
is zero just prior to closing the switch, then, 

t « 0 at t -■ 0 (See page 550.) 
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where 


■ Z = \fR^ and d = tan“^ uiL/R 
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Imposing the above condition on equation (34) yields # 

0 - Y sin (X - fl) + Cl 

From which: 

Cl = sin (X — $) (35) 

and 

sin (a,« + X - 0) - ^ sin (X - (36) 

•teady-otata term transient term 

It will be noted from the above equation that the transient term is 
equal to zero when (X — 0) = 0, t, 2ir, etc. If the RL branch is highly 
inductive the ratio of iL to R is large, thereby causing & to approach 
x/2 as an upper limit. In cases of this kind the transient term is zero 
when X is approximately equal to x/2, 3x/2, 5x/2, etc. Physically this 
means that zero transient effects take place in highly inductive circuits 
when the circuit is energized at points of approximately maximum 
yoltage on the voltage wave. 

^ The transient term of equation (36) is maximum (for given values 
of R, L, w, and Em) when — 6) = x/2, 3x/2, 5x/2, etc. WTien 6 
is approximately equal to x/2 it is plain that the transient term is a 
maximum when X is approximately equal to 0, x, 27r, etc. Therefore 
in ajiighly inductive circuit the transient term is maximum when the 
switch is closed at points of approximately zero voltage on the voltage 
wave. A detailed study of equation (36) wiH show that conditions 
which make for the maximum possible transient terms do not necessarily 
make for the maximum possible values of i. In highly inductive circuits 
the difference between the two sets of conditions is not large and maxi¬ 
mum transient disturbance is usually assumed to be the result of those 

conditions that make sin (X - d) = 1 or sin (X - «) » -1. 

The steady-state term and the transient term, together with the 
resultant current, are illustrated in Fig. 9 for the case of fl - 85“ and 
for (X - 0) = 3x/2. Under these conditions: 

X = 270“ + 85“ = 355“ = -5“ 

' It will be noted that the switch is closed when the steady-state ierm 
is at a maximum (negative) value and that the transient term is at its 
maximum (positive) value. ‘ The transient term and the steady-state 
term combine at < = 0 to make the resultant current equal to zero 
which of course must be the case in an inductive circuit which is at rest 
just prior to the application of a potential difference. 
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Under the condition of constant R and L, the maximum value of the 
resultant current i is less than 2/^, where I„ = Em/Z, the maximum 
value of the steady-state term. This fact may be easily substantiated 




Fio. 9. IIIustratiDg the manner in which the steady-state term and the transient term 
of equation (36) combine to form the resultant current. For the case shown 0 » 85® 
and sin (X — 6) = —1. 


from the graphs shown in Fig. 9. The effective value of the current 
during the early transient period is somewhat less than 



= V2P -}- P = y/si [See equation (28), page 4^52.] 

where = /„, = y/2I and I is the effective value of the steady-state 
term. 

The transient term in an RL circuit is often referred to as the d-c 
component since it is unidirectional. This subsiding unidirectional 
roi/i/H,nent of current is of theoretical interest because it is partly 
rc-spoMsible for the radical changes that take place in synchronous 
generator impedances during transient periods. 

Oscillogram 3 illustrates the resultant current in a highly inductive 
circuit when X = 0 and X = v/2. The two current records are placed 
on the same oscillogram by means of superimposed exposures. In tak¬ 
ing oscillograms of this kind it is necessary to employ some device for 
closing the circuit at the desired point on the voltage wave. 


Problem 1. Plot the steady-state term and the transient term of equation (36) for 
two cycles of the steady-state variation under the following conditions: 

(o) The applied voltage is a 6()-cycle sinusoidal variation, the maximum value of 
which is 311 volts. 

(b) R « uL » 4 ohms. 
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^neJSi^*i-ith '•ariatioDs id ao ftL * • 

wnaibly coostant.*^' Two cLscr'n V't ^ ** 

o cases, namely. X « o and X - 90’, are shoC *'* 

(c) The switch is closed at such a tim. . 

‘ Sr•"» •«.-> 

Gr.pl. the«,ulu„cu.Te,t.- on ' 

tw V. ' ^377/ + 90») _ <r -877, 

Ap..ee,n.tlon,3eHPrthee.l„n.hloh.^^^^^^^^^^ 

The op . r"* ' ^ 

*' *n altemr“'‘ »» Alternating Potential n.th, 

3 potential difference replaces thVhS 

■*•3. the expression for djTiamic equilibrium L " ", 


Since i 

dt 


Of 


Since 


+ ^ » En sin (w( -f X) 


Q 

^ + ^ = sin {cct + X) 

dg q E„ 


(37 


(38) 


(39) 


^ *‘'^®®** differential equation of the first order 
*Con 1 integrating factor* which makes the left-hand side 

standard book on differential equations. 


Scanned by CamScanner 










564 ALTERNATING-CURRENT CIRCUITS 

t.n exact derivative is: 




/% (ft 
RC = 


Ch. XIV 


( 40 ) 




Multiplying equation (39) by e^^^^givcs 


Jliic 


■ 'il + jmc J_ _ URc £2 gjn („( + x) 
dr CR R 


or 


^tiRC ^tiRC J_ ^ ^tlRC ^ ski («< + X) dt 
CR R 

Integrating gives 

gt'lRc Y si" + X) d( + K 


(• 11 ) 


(42) 


or 


tike Rfn . 
' < 


+ X) — w cos (w< + X) J 




:o “b 


+ K ( 43 ) 


Dividing equation (43) through by expressing the difference of 
the sine and cosine terms as a single cosine function, and making a few 
algebraic transformations give 

5 =-j==== cos (wf + X 4- ^) + ( 44 ) 


where 0 = tan 




_i 1 4. —1 

ZCR-^^" Y 


‘ Imposing the initial condition, namely, g = Qo when < = 0, and 
solving for K give 

K = Qo -\ -, I cos (X + 




, 2 C 2 

Substituting (45) in (44) and replacing ^ by Xe 
Em 


9 = - 


(t) "s/ 


COS (wi + X “b 0) "b 
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^uation (46) i. the«ener.I equation for the charge on the condenser 
If the initial charge is zero, “wcuaer. 

_ r..i I > 1 «^\ a 

cos (X -f d) 




“v'FTx? 


(47) 


The first tem of the right-hand member of equation (47) is the steedu 



Pio. 10. Circuit contaiDing R — 100 ohms, <7 = 100 >if when e =« 

1000 sin (3771 — 14.95°) volts is impressed. Initial charge on condenser » 0. 

to the steady-state component. These results are shown in Fig. 10a. 
This ia the same relation that exists between the steady-state term 
transient of current in the RL circuit. 

The current in the RC circuit is obtained by differentiation of equation 
^47). Thus 

Em . /y 4.x 4-(9^_ r —. COS (X + B) 

““ “7 * — sin (w< A -r ff) ^ ./p 2 1 . y 3 
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steadynstate^component of ‘current at the time t — 0, The relative 

magnitudes are dependent upon the ratio ^ “ RCu) 

angle X at which the switch is closed. 

The RLC Series Circuit with a Constant Direct Voltage Suddenly 
Applied. Since the emf applied to the circuit must equal the sum o a 

4.U _]__rl\mCimiP. PTHlilibriurD IS ^ 

(49) 


the drops at every instant, the condition for dynamic equilibriu 

di 

Differentiating equation (49), 


L — Ri “h ^ ^ *” 


E 


+ + ^ -0 


(50; 


Employing the usual method of solving a .«econd-order, first-degree 
linear differential equation,^ the auxiliary equation is: 


La^ "h Roc ”1“ = 0 


Hence, 


-R± 


•r^ 


a = 


Let 


2L 


a = ■— and b 
2L 


; = 0 


• 

R 

Ir^ 

1 



■ LC 


1 


liL^ 

LC 



The complementary function is then 

The complete solution is the sum of the complementary function and 
the particular integral, the latter being the steady-state current. Since 
this case involves a constant direct voltage on a condenser, the steady- 
state current is 0. 

Hence the complete solution is: 

i = + 0 . (51) 

The constants ki and k 2 must be evaluated by imposing certain known 
conditions. In this case when < = 0, i = 0, and q = Qq* the latter 
being the initial charge on the condenser before closing the switch. 

* See any standard book on differential equations. 
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For t - 0 and f » 0 in equation (61) r 
0 *= fci + ^2 or fcj ■■ —.fcj 

I-Vom equation (49) 


567 


(52) 


and 




q^CE-CL^j 

dt I 


(53) 


b) 


,(—o—6)(i 


(54) 


Substituting (51) in (53) gives 
q = CE- CL[ki{-a + 

-CR ^ CR 

“''d'tion that q = „hen ( = 0 on equation (54) 

substitutingequation(52),andsolYingforit,give «>"ation (54), 

ki = ~ 

From equation (52) 

-r^TT- (56) 


2 CL 6 
CE — Qq 


(55) 


2CL6 


tioIl'fSMan^KRv'' ol^tained by substituting equa- 

(5o)and (56)mequation (51)andreplac.igbbyitsequal. Hence. 

Since h = / ^ r- 

\4L2 ~ LC (57) and (5c. ’ may be real, im- 

Siginary or zero, there are three cases to be considerec 

rath^** K ^bat initial conditions be imposed on the mal equation 

®r than on one of the differentiated forms. Note that equation comes from 
^ ‘on (49) without any differentiaticn of the original voltage eqt > (49). 

CE - Qo 


t = 




Vr-C- - 4LC 

Values of ki, k 2 -, a'&nd b are substituted in equation 
*'®ssion for charge becomes 

•RC + - 4LC 

He 


(57) 

the 


rRC + 

, = CB - (C£ - Qo) 


(—a-f-d) I 


RC - VR'^C^ - 4LC 
2VR"C’ - 4LC 


6)<J 


(58) 
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t^2 1 

Case I. When —5 > 77 :, the exponents of e in equations (57) and 
4L* LC 

(58) are real. When t = 0, the current Is zero, and the quantity of 
electricity on the condenser is the initial charge before the switch was 

closed. Since ® ^ ^ ~ , —a -h 6 will be nega- 

tive as long I ^) 


2 1 

> 


LC> 


Hence as i becomes infinite, the exponen¬ 


tial terms become zero. The,current therefore becomes zero and the 
charge on the condenser becomes A graphical representation of the 
variation of current and charge is shown in Fig. 11. Both the current 
and charge are unidirectional and the phenomena are non-oscillatory. 

q=:YC=.01 coulomb 



Flo. 11. Circuit containing R — 100 ohms, C = 100 ftf, L — 0.1 henry when a 
d-c voltage V = 100 volts is impressed.* Initial charge = 0. 

I 

Case II. When -75 < — , b becomes imaginary. To evaluate the 
expression for 6 it may be written as 

~w 

4L^j 


where 


a- /ZTZ 

^ ~ yiC 4L» 


.Equation (57) then becomes; 
. CE-Qo 


Vr^c^ 

- 4LC 

CE - 

-Qo 

VR*(f 

- iLC 

(CE - 

Q<,)r“ 

Vr^c^ 

-iLC 

(CE - 

Qo)r*' 






VR^C - iLC 


j sin 0t — cos + j sin 


[2j sin 01] 


(59) 
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2 


1 •* 

For —70 < 77;» < 4LC and the denominator of equation (59) 

4L^ L>C _ 

may be written as j ViLC - ie*C*^ub3tituting j ViLC - ft*C’ for 
VR^C^ — 4i/C in equation (59) giv^the final expression for current in 
terms of all real quantities, as 

2iCE - 


i = " === sin fit 

V4LC - 


(60) 


Through a similar series of substitutions in and algebraic transforma¬ 
tions of equation (58), the charge is found to be 

2(CE - . 


q = CE - 


V4LC - R^C^ 


sin (fit + d) 


(61) 


where 


, V4LC - R^C^^ 

— +QT1~1 - 

RC 


d = tan 


If the initial charge on the condenser is zero, the expressions for current 
and charge respectively are: 

2C£.-- . .. (62) 


t = 


/-== sin fit 

V4LC - R^C^ . 


q^CE - 


V4LC - R^C^ 


sin (fit + ®) 


(63) 


A graphical representation of equations (62) and (63) is sKoam in 
Fig. 12. Oscillogram 4 also shows the variation of current with time in 
another RLC circuit. It should be noted that the current is propor¬ 
tional to the slope dq/dt of the curve of 
charge variation at every instant. An ex¬ 
amination of equation (62) shows that 
after an infinite time the current becomes 
zero which is the steady state. Also equa¬ 
tion (63) reveals that the charge becomes 
CE after an infinite time has elapsed. 
For all practical purposes, however, these 
Fio. 12. Circuit final or steady states are sensibly reached 

L = 0.1 he^y. when'a d-c voh- after a few seconds; in some cases in a 
age V = 1000 volts is impressed. niicroscconds. (Sec page 553 for ex- 
imtiai condenser charge planation.) From the time of closing the 

switch to the time of reacluAFThe final state the current and quantity 
oscillate about their final values'. Case II is therefore called the oscilla- 


Quantity 


27.3 


E 

o 

3 

O 

O 
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tory case. It is sometimes called the trigonometric ca^. ysically 
the .current starts to flow and charges the condenser. Because of the 
low resistance compared with the inductance, the current continues to 
flow into the condenser when the magnetic field of the mductance 
collapses. The condenser charge thus overruns its final value and the 

potential drop across the condenser becomes higher than the impressed 

- 



O^ciLLOORAU 4. Photographic record of the current variation in a particular RLC 
series circuit which is suddenly energized with a constant potential difference. 


voltage. The condenser then begins to discharge. These oscillations 
continue until the e.xcess energy is dissipated in the resistance. The 
phenomenon is analogous to the case of a weight suspended from a spring 
with a low value of mechanical damping. 

The frequency of the oscillation/o is obtained from equation (62) or 
(63). For a complete cycle pi must be 2ir radians and since the time for a 
complete cyclorJs defined as the period T, we may write 


or 


Hence 


/ST *= 2t 



/# 


— /-i- _ 

2"-\iC 4L* 


(64) 


(65) 
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tion (120) for M results in 

_ (e^ Ri)M 

AA -- 


597 

( 121 ) 


If practical units of e, R, i, and t aro employed in the above criuation, 
A0 is given in webers. 

Various refinements can be employed to improve the accuracy of the 
method of finite diflFerences as outlined above. Very often, however, 
the improved accuracy is not warranted because of the uncertainties 
that surround the initial conditions and other experimental data. 

Numerical Example. (1) The emf applied to the iron-clad RL circuit shown in 
Fig. 16 is 

e » X no sin 377/ volts 


This signifies that a 60-cycIe voltage, the effective value of which is 110 volts, U 
applied to the circuit at the point of zero voltage where de/dl is positive. A simpler 
way of expressing the same thing is to say that a 110-volt 60-cycle voltage is applied 
at X = 0. 

(2) A* = 80 turns and R — 0.25 ohm as indicated in the circuit diagram of Fig. 16. 

(3) The residual magnetism is zero, and the flux varies in accordance with the 
curve given in Fig. 16 for the first half cycle of the applied emf. 

(4) Only the first ma.ximum instantaneous value of current is to be determined. 
Therefore the hysteresis effects which occur after the first half cycle and which com¬ 
plicate the determination of succeeding ma.xima can be neglected. Let the numerical 
coefficients enumerated above be inserted into equation (120). 


or 


80 ^ -h 0.25» - 155.5 sin L Ap 

(155.5 sin Z Ap - 0.25») , 

AA -- — - A/ w ebcni 

80 


It will be somewhat more convenient in the present example if A4 is reckoned in 
kilolines. . 


A 0 


(e 


0.25i) M 
80 


X 


10* kilolinea 


where« = 155.5 sin Ap. ’ ' 

Each time increment will be taken as 0.0005 second, a value w hirh eorn’epomls to 
an angular displacement along a 60-cycle wave of 10.8*. 

The initial conditions are such os to make both e and i zero at ( • 0. A-wtuming 
that both e and i maintain zero value throughout the first time interval, the change in 
flux during this period, A^i, is equal to zero. 

At the beginning of the second period, ^ A/ — 0.00C5 second and e » 155.5 ain 10.8* 
volts. For each interval i is a.ssumed to have ita ** atart.-of-period ” value, which in 

(29.1 ~ 0) 0.0005 _ 

--X . 0 * 

• 

18.2 kiloltnes 


this case is zero. 





■i- 
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ALTBRNATlNG-CU/tRBNr CIRCUITS 


Ch. XIV 


i * j * ftssvjfYkod 
At the close of the second or the beginning of the third pen Reference to the 

to have acquired the value required for the eslab i> men o • j jj requires 

maRnotizalion «irvo i*ill show that the establishtnent cl 1«.2 

approximately 0.03,ampere. . . 155.5 sin 21.6“ 

.\t the beginning of the third period, E .K - O.Otn second and «■ 

volts 

' ‘ (57.2 - 0.25 X 0.03) 0.0005 

” 


X 10* 


80 


= 35.7 kiloUnes 

... * ur u V* A .4 UXRI 4- 35 7) kiloUnesJ is approximately 

The current required to establish 1(18.2 + 3o./l .. outlined above. 

0.09 ampere, 'Other can be added by the 

The results of a series of such calculations are shown in lable i. 


TABLE I 




Period 

2 

seconds 

2 Ap 
degrees 

Em sin 2 Ap 
volts 

Ri 

volts 

A^ 

kilolines 

X A^ 
kilolines 

» 

amperes 

1 

2 

3 

0 

0.0005 

0.0010 

0 

10.8 

21.6 

0 

29.1 

55.7 

0 

0 

Negligible 

0 

18.2 

35.7 

0 

18.2 

53.9 

0 

0.03 

0.09 

4 

0.0015 

32.4 

83.3 

Negligible 

52.1 

106.0 

> 0. IS 

5 

0.0020 

43.2 

106.0 

Negligible 

66.0 

172.0 

0.29 

6 

0.0025 

54.0 

126.0 

Negligible 

79.0 

251.0 

0.43 

7 

0.0030 

64,8 

141.0 

Negligible 

88.0 

339.0 

0.58 

8 

0.0035 

75.6 

151.0 

Negligible 

94.0 

433.0 

0.75 

9 

0.0040 

86.4 

155.0 

Negligible 

97.0 

530.0 

1.4 

10 

0.0045 

97.2 

154.0 

Negligible 

96.0 

626.0 

3.1 

11 

0.0050 

108.0 

148.0 

0.78 

92.0 

718 0 

9.0 

12 

0.0055 

118.8 

136.0 

2.25 

84.0 

802.0 

25.0 

13 

0.0060 

129.6 

120.0 

6.25 

71.0 

873.0 

44.5 

14 

0.0065 

140.4 

99.2 

11.1 

55.0 

928.0 

58.0 

15 

0.0070 

151.2 

74 9 

14.5 

38.0 

966.0 

66.5 

16 

' 0.0075 

162.0 

48.1 

16 6 

20 0 

986.0 

72.0 

17 

0.0080 

172.8 

19.5 

18.0 

1.0 

987.0 

72 0 

18 

0.0085 

183.6 

-9.8 

18.0 

-17.0 

970.0 

67.0 

19 

0.0090 

194 4 

-38.7 

16.7 

-35.0 

935.0 

59 0 

20 

0.0095 

205.2 

-66 2 

14 7 

-51 0 

884 0 

47.0 


It will be noted that the current reaches a maximum value of approximately 72 
amperes at f = 0.008 second. This corre.sponds to a point approximately 173“ out 
along the voltage wave from the point at which the switch is closed, namely, the 

e =* 0 point. . 

The general trend of the current variation is similar to that shown in Oscillogram 7. 

It will be observed that the current values are relatively very small during the 6rst 
quarter cycle after the switch is closed. It is during this period that the Ri drop is 


‘gligibly small. .. . , i- ui £>• j u 

The change of flux that occurs during the period of negligible Ri drop can be 

JeuJated straightforwardly, and it may be of interest to compare the step-by-step 


_J 
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C/i. XIV 


TRANSIENT CONDITIONS 


569 


results with ft result which is very nearly accurate from a theoretical point of view. 

From equation (H8) 

155.5 


0 


377 X 80 


(I — CO.** 377/) Webers 


IV/- 0 W^^Lcond^ sccoiul, (377/) is equal to appro.ximately 1.7 radians or 97.2*. 


4 > 


155.5 


377 X 80 97.2®) X 10* kilolines 


or 


0 « 579'kilolines at / = 0.0045 second 


PROBLEMS 

3. (a) Find the current in a coil' containincr / _ i k j r> 

applying a d< voltage of 10 volts^ ^ ^ ~ 

(c •'![ 2.5 seconds? 

2.5 seconds? ^ accelerating the current after 1 second? after 

terminals are^suddenlV^n resistance and carries 10 amperes If its 

^"V'Hr ™ 

ii>ductaii« of 0.1 henry so as to ZmirHcuf T“'' !h *■"“ “ 

tV:\:u: ^i'v" ^ ‘^\:Cirarpur•" - 

l-henry inductance” “PPl'ed to a 0.1-ohm resistance in series with a 

“pplicd. State'u'nhs'""^*'' '0 seconds alter the voltage is 

Cflcr\h?"'u4e’i.rapp|^^^^^ "'"6^' <'‘*'iP“lcd in the rc.si.s|a,ne in the time ( 

Hfuv I ^ with no initial char^o i.'^ in serie^s with 'i l m w 

8 •“ “.o per cenr of its 6^1 ;h:rge ” 

(a ir' '^‘ored 0.1 coulomb. 

' "MUotl'l'Z'nm;"'' “ it 

t \\!''' initiuLvalue of current? 

den'sir? ® coulomb renuins on the con- 

a coulomb. If it is dischargetl through 

conden^r " III an^ount of energ.v in joules remaining in 

10 ^ second rafter the dia«charge is started? 

^onden.id.'*^ voltage wa.s applied to a resistance of 10,000 ohms in .«erie.<* with a lOCW 

^ no i I u ' lo ‘he condenser which 

‘nittal charge. How many volts were applied to the circuit? 


_ 
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11. A 1-megohm resistance is in series with a \-nf condenser. A d-c g 

100 volts is suddenly applied to the circuit. .. voltaae in 

(a) Calculate the energy stored in the condenser I secon a 

applied. ' j. • ;n the resistance during the 

(h) Derive the e.xpression for the energy dis.‘«ipated in th 

first second'after the volUge is applied. the condenser 

(c) How much energ>- will be dissipated in the resistance m chargi g 

12. Wh.it fraction of total charge will the condenser in Problem U have after 2 

.ccond^. g » 100 sin I377t + (ir/4)l is impressed on a 

coil containing 1 ohm resistance. What are the values of t e s 

sient components of current at < = 0? ,nA r i*rtn/1pn<«r havine 

14, votuge e = 100 sin (3771 + 30") is impressed on a 100-pf condenser Having 

no initial charge and containing 1 ohm resistance. of charge .at 

(а) What are the values of the steady and transient components of charge 

< = 0 ? 

(б) What are the corresponding values of current. 

16. A circuit contains 72 * 100 ohms, C * 200 nf, an “ ‘ t -fagp poi 
If a voltage of 50 volt.s is impressed, calculate the current and charge after t .01 

second, assuming no initial charge on the condenser. 

16. A circuit contains ft = 5 ohms, L = O.l henry, and C “ 200/*^ 

(а) Calculate the current and charge 0.01 second after 1000 volt.s are impressed 

if there was no initial charge on the condenser. 

(б) Is the circuit oscillatory? 

(c) If so, what is its frequency? • * i r inno 

17. The condcn.«er in the circuit of Problem 16 is charged to a potential of 1000 

volts. If the circuit is connected upon itself, what will be the value of current and 

charge after 0.0125 second has elapsed? . ^ ... „ 

18. Given an RLC series circuit which is suddenly energized with an alternating 

potential difference which is equal to 

e - 141 sin (3771 - 45®) volts 


R » 1.0 ohm L = 0.041 henry C - 18.7 #.1 Qo = 0 

(a) Write equation (113) for this particular case, employing numencal coefficients. 

The result is to be in the form: 

f = 4i sin (Jt*« + *i) + “ *•) amperes 

w'here all it's are expressed numerically. 

(b) Make sketches of the steady-stale ter n, the transient term, and the resultant 
current for the first three or four cycles of steady-state phenomena on the same plot. 
Show also the e variation. 


I 
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Index 


Accuracy of shorl-circuit calculations 
528 

Addition, of admittances, 158, 159 
of complex waves, 261 
of currents, 128 
of impedances, 142, 143, 158 
of vectors, 68 
of voltages, 68, 128 
of volt-^peres, 347, 895 
Admittanw, addition of, 158, 159 
definition, 158 
surge, 418 

Air-core transformer, 291, 314, 317 
vector diagram, 295, 315, 316 
Algebra of phasors, 107 
Alternating current, amount used in 
United States, 45 
ampere value, 85 
average value, 86, 88 
beginning of systems, 45 
components of, 99 
. definition, 47, 48 
effective value, 87 
equation of, 51 
four-phase systems, 328 
generation of, 45, 46 
Jagging, 52, 53 

sme-wave representation, 51, 91 
three-phase, 331, 334 
^"‘O-Phaae systems, 328 
®'‘''^ting volt, definition, 86 
lernating voltage, components of, 99 
definition, 47, 48 
«ec also Alternating current 
Amplitude factor, 89 
Analysis, metho<ls of, loop^urrent, 7, 
274, 377 
nodal, 198 
, nod^pair, 15-22 


Analysis of non-siiiusoidal waves, 225 
analytie-al metliod, 228 
analyzing tables, 237-240 
graphical method, 233, 242 
rectangular wave, 231, 232 
triangular wave, 231, 232, 233 
Analytical method for determining 
whether two waves are of the 
same form, 248-250 
Angular frequency, 50 
Angular velocity, 50 
Attenuation, 136 
band, 435 

constant or factor of a filter section, 419 
constant or factor of a long transmis¬ 
sion line, 417 
decibels of, 138, 451 
frequency of infinite, 481 
general, 138 

method of expreming for filter, 44U 453 
nepers of, 138, 450, 451 
•er also Filters, high- and low-pasi^ 
Auto-transformer, air-eors. 317 
Average value of a wave, 88, 88 

Balanced delta load, 339 
Balanced delta aystetn of cuirenta, S31 
335 

Balanival svstems, power in. 343. 344 
349 

Balance^! m \-e load, 337 
Balanced w>-« system of currentc, ^ 
Band, side, 268 

BancUeliminator filter, 478, 474 
Band-pass filter, definitioo, 473 
Bands, pa« or transaaiHkm, 435 
stop or attenuation, 435 
Bases for exprceetng impcdancca, 523 
Boumlary oooditione, 5U 

S9I 
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INDEX 


Branch, 5 
link, 23 
tree, 23 

Capacitance, effect of in a circuit, 62-C6 
energy stored in, 65 
impedance due to, 63 
phasor diagram, branch of, 04 
tables of, for transmission lines, 430 
transmission line, 425 
vector diagram, Vjratjch of, 94 
Capacitive coupling, 276 
Capacitive reactance, 63 
Capacitive susceptance, 159-163 
Carrier frequency, 264, 266 
Cartesian form, of impedance, 125 
of operator, 108, 109 
Characteristic impedance, 439 

determination from open- and short- 
circuit impedances, 443 
low-pass constant-lr, ■•-section, 466 
T-section, 466 
■■-section, 440 
T-scction, 440 

variation of for constant-1 sections, 
467 

Circle diagram of series circuit, 155 
Circuit, capacitive only, 62-66 
coupled capacitively, 276 
coupled conductively, 2/3 
coupled mutual inductivelj^, 2/8 
definition, 273 
direction, 7, 46, 95, 129, 379 
in<luctive only, 59, 94 
parallel, 158 
polyphase, 325 

resistive, inductive, and capa«ritive, 75 

resistive and capacitive, 74 

resistive an<l iicluctive, 66 

resistive only, 57, 93 

s/‘ries, 142 

series-parallel, 174 

sweep, 557 

Coefficient, of coupling, 277, 2S3 
of mutual inductance, 2/9 
of self-inductance, 279-280 
Coil, iron-core magnetizing current of, 
224- 

Complex frequency, 179, 572 
Complex notation, 107 


Complex waves, 223 
addition of, 261 ^ 

components of, 22o 
definition, 225 
subtraction of, 261 
Conditions, boundary, 5o0 


Conductance, 15, 160 
matrix, 20, 21 . 

Conductive coupling, types of 2/3-./6 
Conductively coui)led circuit, 2/3 
Conjugates of voltage and current, 132, 
133 


352 , 

Constant-A: filter, see Filters, constant- 

type 

Copper, comparison of requirements for ^ 
tr.ansmission, 358-360 , 

Coupled circuits, 2i3 
<lesign, 309 

equations of voltage for, 282 
impedance of, 299 
loose, 283 % 

maximum current in, 306 
partial resonance of, 303 
resonance of, 301-314 
Coupling, capacitive, 276 
coefficient of, 277, 283 
conductive, 273, 276 
critical, 306 
inductive, 278 
loose, 283 

mutual Inductance, 278 
range of, 2S3 
resistance, 276 
Crest factor, 89 
Critical coupling, 306 
Current, alternating, definition, 46, 47, 
48 

average value, 86, 87, 88 
cop^pon/-nts of, 99 
efTertivc value, 85, 88 
fault, 522 

instantaneous, 51, 78, 91, 261 
in parallel branches, 158 
loop, or mesh, 7, 274, 377 
resonance, 162-168 
rms value, 85, 88 
in series branches, 142 

for non-sinusoidal voltages, 256-262 
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Current, in series-parallel branches, 174- 
176 

for series resonance, 145, 146 
source, 1, 3, 190, 200 
virtual value of, 85 

Current Iwi, for parallel branches, 164, 
165 

for series branches, 155-158 
Currents, addition of, 128 
subtraction of, 128 
Cut-ofT frequency, 454, 463, 465, 481 
Cycle, 48 

Decibel, definition of, 451 
Degrees of symmetry of waves, 246 
Delta connection, balanced load, 339 
current for, 334, 335 
equivalent for wye, 206-211 
harmonics in, 365 

symmetrical components of phase 
currents, 502, 503 
unbalanced, current relations, 400 
solution of, 373, 381 
voltage, 334 

Delta-wye conversion, 207, 382 
Delta and wye loads combined, solution 
of, 376 

Deviation factor, definition of, 256 
determination of, 256 
use, 256 

Directions, circuit, 7, 46, 95, 129, 370 
Direct wave of a transmission line, 417 
Displaced a-c wave, effective value of, 
562 

Distorted waves, 223 
Distributed parameters, 413 

Division of phasors or vectors, 119 
Dot-marked terminal, 286 
Double-subscript notation, 327 
Drain, high-frequency line, 435 
low-frequency line, 436 
Dual networks, 31 
Duality, 20, 3*2, 400 

Effective value, 85, 88 
current, 85, 86, 88 

displaced a-c wave, 562 
noii-sinusoi<ial wave, 250 
*inusoid, 88 
voltage, 86, 88 


Electric wave filters, 435 
Energy, stored in capaciUnce, 65 
stored in inductance, 62 
Equivalent current source, 3, 4, 199, 200 
Equivalent delta for wye, 206, 207, 210 
Equivalent equilateral spacing for trans- 
^ mission lines, 428 

Equivalent plate circuit of vacuum tube 
203 

Equivalent sine waves, 255 
phase difference of, 255 
Equivalent wye, for delta conversion, 206 
formula for, 207 
Euler's equation, 110 
Even harmonics, effect of, 246-248 
Evolution of a phasor or vector, 121 
Experimental determination, of currents 
in polyphase loads, 400 
of voltages in polyphase loads, 400 
P^xponential, complex, 179, 573-575 
Exponential operator, 110 

Factor, amplitude, 89 
crest, 80 " 

deviation, 256 
form, 88 
peak, 80 

power, definition, 99 
see also Power factor 
reactive, 99, 345 
transfer, 300 
Fault, defined, 522 
Fault currents, solving for. 

Faults, kind of, 522 
Fillers, attenuation constant, 449-453 
band-eliminator, 473, 474 
definition, 47 4 
band-pass, definition, 473 
comparison of characU ristirs of con- 
stant-lc r.ii«l m-derived types, 
484 

constant-!: type, definition, 464 
high-jM<s, cut-off frequency, 468 
design equations, 468-469 
summary of characteristics, 471, 
472 

limitations, 474 

low-pass, characteristic impiedancc, 
466 

cutroff frequency, 465 
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Filters, eonstant-fc type, low-paw, de¬ 
sign equations, 466, 467 
summary of characteristics, 471, 
472 

sero-frequency value of imped¬ 
ance, 466 
definition/ 435 
electric wave, 435 
full rn-dorived, 480 
attenuation and phase shift, 4S3 
effect of cut-off and inBnite attenua¬ 
tion frequencies on value of »«, 
438 

frequencies of infinite attenuation, 
481 

high-pass, 482 
low-pass, 481, 482 
fundamental equation of, 454-456 
general desigti procedure, 484 
half section, 475-470 
high-px«s, attenuation, 461 
dehnition, 454 
low-pass, attenuation, 458 
definition, 454 
m-derived half sections, 475 
characteristic impedance, 477 
general equations of. 477, 478 
open-circuit impedance, 439, 443 
phase constant ft, 449, 450 
phase shift, 455, 458, 461 
ir-section, 440 
propagation constant, 449 
short-circuit impedance, 439, 443 
T-section, 440 
without resistance, 457 
Finite differences, method of .solving 
equations by, 585 

Flux, in iron-core tran.sformcr, 581-585 
leakage, 279, 314 
mutual, 279, 314 
Form factor, 88 

Foster's reactance theorem, 188 
•Fourier analysis, general, 225 
analytical method, 228 
analyzing tables, 237-240 
graphical method, 233—242 
rectangular wave, 231-233 
triangular wave, 228-232 
Fourier series, 225 
coefficients of, 227 


Four-phase systems, 828 
Four-terminal network, 438 
Four-wire, three-phase system, 331 
Frequency, 48, 49 
angular, 50 
carrier, 264, 265 
common for power use, 49 
complex, 179, 572 

components of modulated waves, 264, 
265 

cut-off, 454, 463, 465, 4^, 481 
infinite attenuation for filters, 481 
ascillatory, 570 

range of pa.ss band for RIX! circuit, 152 
resonant, for parallel branches, 160 
for series circuit, 145 

• » 
fiencration of alternating current, 45, 

46, 325 

Geometric mean spacing of transmission 
conductors, 428 

Graphic.'il composition of symmetrical 
components, 493 

rirnphical method, for rm.s value deter¬ 
mination, 86 

for wa\*»* analysi.**, 233, 242 

lIalf-|M)wer points, 152 
llalf-wjive re.<5onance, 418 
Half-wave symmetry', 246, 247 
Hat monies, cau.'sed by variation of circuit 
parameters, 262 

components of-aVomplex wave, 225 
in a delta .<yslem, 3t)5 
effect of even on a wave, 246, 248 
in a wye system, 361 
High-pass filler, ace Filters 

Image basis of termination of filter 
.section, 442 
Image imt)odance, 438 
Impel lance, ba.se, 523 
caiJucitive, 63 
cartesian lorm of, 125 
characteristic, for filters, 439 
for T- and ir-scctions, 440 
see also Characteristic impedance 
coupled circuit, 299 

diagram for series RLC branch, vari¬ 
able capacitance, 149 
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Impedance, variable frequency, 150 
variable inductance, 147 
function, defined, 56 
image, 438 
inductive, 60 
matching, 192 
mutual. 273, 281 

negative-sequence, 510-511, 533, 535 
negative-sequence component of, 509 
open circuit of a filter, 439, 443 
percentage of, 325 
polar form of, 124 
positive-sequence, 510, 533, 535 
positive-sequence component of, 509 
rectangular form of, see Impedance, 
cartesian form of 
referred to a common base, 523 
reflected, 299, 300 
resistive, 57 

resistive, inductive, and capacitive, 7.5 
resistive and capacitive, 75 
resistive and inductive, 69 
short-circuit, of filter, 439 
surge, 418 
transfer, 197 
transfer factor, 300 
transferred, 298 
tero-sequence, 535, 540 
of generators, 535, 540 
of transformers, 541 

Impedance, zero-sequence, of transmis¬ 
sion lines, 542 

zero-sequence component of, 509 
Impedances, Addition of, 142, 143, 1.58 
parallel, 1.58 
series, 142, 143 
series-parallel, 174 

Inductance, coeflficient of mutual, 279 
4. coefficient of self-, 279, 280 
effect of, 60 
energy- stored in, 62 
•eakage, 316 
"mutual, 279 
definition, 280 

phasor diagram of branch, 94 
transmission line, formula, 425 
general, 423 

transmission line table, 429 
Vector diagram of branch, 94 
toductive coupling, 278 


Inductive reactance, 60 
Inductive su.sccptance, 158-162 
Infinite-frequency characteristic imped¬ 
ance, 469 

Instantaneous currents, Combination of, 
78, 91, 92 

In.^tuntaneous power, 57, 61, 63-65, 70, 
71, 348 

Instantaneous value of current and 
voltage, 51, 52 
Involution of a phasor, 122 
Iron-clad RL circuit, transients in, 581 
Iron-core coil, current in, 224 

i, operator, 107 

Kilovolt-amperes, 99 
Kirchhoff’s laws, appli^tion of, 30, 377 
Kirchhoff’s law, application to alternat¬ 
ing current, 377 

Ladder structures, 453 
flagging current, 53-55 
leakage flux, 279, 314 
inductance, 316 

Line calculations, approximate methods. 
41(M13 

exact method, 413 

Line < onstants, formulas for, 425-t28 
lables of, 429, 430 
Line drain, high-frequency, 435 
low-frequency, 436 
Line-to-ground short circuit, 539 
Line-to-line short circuit, 531 
Links, 23 V 

logarithm of a phasor, 123 
loop current solution, 7, 274, 377 
we alw Mesh, current solution 
Loose coupling, 283 
Lower side-band, 266 
low-pass constant-lr filter, ace Filters, 
constanUic type 
low-pass filler, see Filters 

Magnetic coupling or mutual inductive 
coupling, 278 

Magnetic coupling between phases, 515- 
518 

Magnetizing current of iron-core coil, 224 
• Matching of impedances, 192 


Scanned by CamScanner 




596 


iNDBX 


Matrix, 10, 12 
contlurtance, 20 
determinant of, 11, 12 
resistance, 11, 13-15 
Maximum power transfer, 102-103 
»?j-derive<l filter section, full, 4S0 
»n-derive<l half st'ction, 475 
Mea.surement, of power in balanced 
systems, 340 

of reactive voU-am|>ere», 344, 306-308 
of three-phase power by three watt¬ 
meters, ^7, 388 

of three-phase power by two watt¬ 
meters, 349, 389 

Mesh, 23 

connection, general, 334, 335 
current solution, 274 
four-phase, 330 
n-phase, 336 

three-phase, see Delta connect ion jj 
Mho, 15, 159 

Modulated waves, composition of, 264, 
265 

Modulation, definition of percentage, 265 
Multiplication of phasors, 116 
Mutual flux, 279, 314 
Mutual inductance or induction, 279 
between parallel branches, 289 
between series branches, 28tj 
coefficient of, 279 
definition, 279 
impe<iaoce, 273, 281 
reactance due to, 281 
sign of, 284 

Mutual induction voltage, 281 
direction of, 284 

Mutual inductive coupling, 278, 279 

Xapier, definition, 451 
Xegative-sequenefe components, 490, 492 
evaluation, 495 
impedance component, 510 
Xegative-se<iuence impedances of ro¬ 
tating machines, 533-536 
Xeper, definition, 136, 450, 451 
Xetwork, image impedance, 438 
smoothing, 436, 438 
theorems, 194, 196, 19/, 205 
topologx', 22 
variables, 6 


Networks, 194 
dual, 31 
IT, 211 
T, 2U 

theorems, 194, 196, 197, 205 
Nodal method of circuit solution, 15-22, 
198 

Node, 7, 199 
Node-pair voltages, 15 
Non-linear parameters, step-by-step so¬ 
lutions, 585-589 
Non-sinusoidal waves, 223 
circuit analysis for, 225, 256, 258 
effective value of, 250 
expressing, 225 

parallel circuit analysis for, 258 
power calculations for, 252 
power factor for, 254 
series circuit analysis for, 256 
shifting the phase of, 249 
volt-am|)eres of, 254 
Norton's theorem, 205 
Notation, double-subscript, 327 
n-phase mesh, 336 
n-phase star, 336 

Ohmic method of short-circuit calcula¬ 
tions, 523 

0|)en-circuit impedance of a filter, 430, 
443 

Open-lino chock, 352 
Operator, cartesian form, 108, 100 
exponential, 110 

J. 108 

polar form, 111 
rectangular form, 110 
Oscillatory term of IlLC circuit, 568, 
569, 580 

fre/iuency of, 570 

Parallel, impedances in, 158 
Parallel branch analys IS, 158 
for non-sinusuidal waves, 258 
Parallel branch current loci, 164-166 
Parallel branches, resonance in, 162 
Parallel branch resonance for all fre¬ 
quencies. 170 ‘ ' 

Parallel resonance, 162-168 
by varying C, 165 
by varying/, 166 * 
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Power, in an RLC branch, 76 
8)'stem short-circuit calculations, 522 
three-phase, 343, 387-390 
of a phasor, 121 

Power calculation, of balanced polv- 
phase, 343 

of balanced three-phase, 343 
from cotnplex forms, 131 
from conjugate of V and /, 133 
for non-sinusoidal waves, 252 
of single and three-phase, 348 
Power factor, balanced three-phase, 345 
definition, 99, 345 
for non-sinusoidal waves, 254 
of series branch, 143 
in unbalanced polyphase sy stems, 394 
Power formula, for balanced three-phase. 
343,345 

for single-phase, 96 
Propagation, velocity of, 419 
of a wave, 417 

Propagation constant, of a filter, 449 
of a long line, 417 

Q, of a coil, 153 • 

of a parallel circuit, 171 
of a series circuit, 153 
Quarter-phase, see Four-phase systems 
Quarter-wave resonance of a Icng line, 
418 

Quarter-wave symmetry-, 247 

t 

Range of coupling, 283 
RC branch, transients, 553 
Reactance, capacitive, 63 
inductive, 60 
mutual, 281 
percentage, 526 
per unit, 525, 528 
Reactive factor, 100, 345 
Reactive power, see Reactive volt- 
amperes 

Reactive volt-amperes, 71,,96, 344 
balanced three-phase, 344 
calculated from complex expressions, 
131 

determination from conjugates of V 
and /, 133 

formula, for balanced three-phase, 344, 
345 

% 


Reactive volt-amperes, formula, for 
single-phase, 97 

> measurement, of balanced three-phase, 
353 

in unbalanced four-wire, three- 
phase, 392 
sign of, 76, 97 
Reciprocity theorem, 196 
Rectangular form, of impedance, 125 
of operator 109, 110 
Rectangular wave, 231, 233 
Rectifier, constants for smoothing net¬ 
work of, 437, 438 
sm(X}thing network for, 436, 438 
Reflected impedance, 299, 300 
Iteflected wave, 417, 418 
Reflections, terminal of a line, 419 
Resistance, effect of, 57 
impedance due tOj 57 
percentage of, defined,^ 526 
in series, with capacitance, 75 
with inductance, 69 
with inductance and capacitance, 75 
vector diagram of branch, 93 
Resistance coupling, 276 
Resonanc'e, in coupled circuits, 301-314 
of a long transmission line, half-wave, 
418 

quarter-wave, 418 
three-quarter-wave, 418 
in parallel < ircuitSj 162 
>iee fU-'<o Parallel resonance 
series circuits, 141 
xee uho Series resonance 
RL branch transients and steady current 
in, for alternating current, 558 
for direct current, 551 
RLC branch, selective properties, see 
Selective RLC circuit 
vector diagram, 95 

RLC seriw brjmch, equation of current, 
579 * ’ 

oscillatory term of, 580 
transients in, 566, 571, 576 
for R'/iL' > l/LC, 568, 571, 579 
for < l/LC. 568, 571, 580 

RL iron-clad circuit, transients in. 581- 
585 ’ 

rms value, 85, 88 

of a displaced sinusoidal wave, 562 
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of o iinuioidol wovo, 88 
Root of • phMor, 122 

Sawtooth wav« form, 555 
Selective properties of eimiit clefnenO>, 
435 

hifh-frequency tine drain, 435 
low-frequency line drain, 436 
Selective ftLC circuit, 151 
piM banJ, definition, 151 
nidth of, 152 

Selectivity of RLC' series Wanch, 152, 
153 

Self-inductance, 279 
voltage of, 282 

Sequence, phaM*, 326, 327, 339 
checking, 383 
efferta of, 383 

negaiive-phaee sequence evstem, 490, 
492, 495 

impedance. 509, 533-536 
poeitive-phaae sequence avstem, 489, 
491, 494 

impedance, 509, 534, 535 
rule. 512, 513 

cero-pliase eequence s>-eiein, 490. 492. 
495 

impedance, 509, 535, 540, 541. 542 
Series, impedames in, 142 
reeonance, 144 
Henee branch, 142 
circle diacram, 155 
ellieMncy of fur tranemiie n on. 157 
aeriee eirruit, 142 

»n*i)'us for non-ainuMidal waw, tTf 
circle diagram of, 155 
current loci, 155. 156 
mntimum power transfer of, 192 
^nee-parallel HrafK-hea, 174 
'^cnee-par«Hel tuning. 176 
eeeoiuunrc, 144 
frequency for, 145 
hy varying cnpncitanee, 148 
^y varying frequency, 149 
by varying inductance, 146 
Voltage drape. 145 

lifting the reference point ef a n« 

einueoidal wave, M9 


Short circuit, accuracy of eakulatione, 
52S 

calculation, by ohmic method. 523 
by percentage method, 525 
by per unit method, 528 
in power eyttems, 522 
impetlanet of a filter, 443 
definition, 439, 443 
. line-to-ground. 539 

calculation of, 539, 544 
line-to-line, 531 
calculation of, 536 
Side handa, 266 

Sign of readings of wattmeteri, 350-353 
Sine wave, representation of alternating 
current, 50 

Sine waves, equivalent, 35i 
Sinusoidal wave, average value of, 88 
crest factor of, 89 
elective value, 85, 88 
furm factor, 88 
vector representation of, 90 
Sm<)othing network, 436, 438 
i-onstanta for, 437 
Sources, current, 2, 3 
ideal voltage, 4 
voltage. I, 3 
S-plan«, 181, 184, 187 
Suu ronnertion, general, 336 
four-pK«ue, 3^ 
n-phase, 336 
threie-phasa. 331, 332 
Hu«.h-ac%te term. Ul. 553, 160, Mt. 

555. tm 


Sief»4.,.^ap method sahrtma las «■». 
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Symmetrical componenta, liiie*to-K(OUn«l 
current representation, 504, .>05 
negalive-se»iueii<’e system, 4tK), 402 
evaluation, 405, 533 
impedance, for rotating machines, 
535 

for static elements, 50^) 
of phase currents in tlelta-connecteil 
loads, 502 

positive-sequence system, 480, 491 
evaluation, 404, 533 
impedance, for rotating machines, 
535 

for static elements, 509 
power from, 506-508 
solution for fault currents, 522-546 
unbalanced current representation, 
502-506 

unbalanced line voltage representation, 
407, 500-501 
use of, 489 

rero-sequence system, 490, 492, 405 
evaluation, 494-496, 533, 539 
impedance, for rotating machines, 
533-535, 540-541 

^ zero-sequence system, impedance, for 
static elements, 50?) 

Symmetry, of complex waves, 246 
degrees of, 246 
half-waye, 246 
non-sine waves, 246 
positive and negative loops, 246 
quarter-wave, 247 
of wave about its 90’ ordinate, 24' 
Systems, four-phase, 328 
three-phase, 331-336 
two-phase, 328 
see also Alternating current 

Tables, of capacitance for transmission 
lines. 430 

of inductan.e for transmission lines, 
429 

Terminal reflections, 419 
Termination of filter section on image 
basis, 442 

Thovenin’s theorem, 197 

I 

Three-origin vector diagram. 341 
Three-phase, four-wire .'sy.stcm, 331 
Thrfe-ph;u«c, thnr-wirc svstem, 334 


Three-pha.<e |>ower measurement, 387- 
3'.K) 

Threc-qu liter-wave re.soiianrc of a long 
line, 418 

Threc-wir**, fwo-|»haM' .•ystem, 331 
Time loiistaiit. of Iff branch, 555 
of UL l»iaiich, 552 
T-iiclvvork, 211 
Toi>ological warping, 23 
To|K)Iog\-, 22 
Tran.'^fer factor, 300 
Tran.'jfcr impeilam-e. 135, 197 
Transferied impedance, 2?)8 
Tran.-iformer, air-core, 2?) 1-298, 314- 

317 

vector diagram of, 315, 316 
air-corc auto-, 317 
Transient, application of, 549 
definetl, 549 

sawtooth wave, 555-558 
Transients, of ftC branch, 553 
of fiL branch, 549, 581 
of KLC scries circuit, 566-581, 582 
oscillatory frequency of, 570, 672, 
580 ' 

R-/AL- > l/LC, 568, 571, 579 
R '/AL- < \ U’, 568, 571, 580 
of RL iron-clad circuit, 581-585 
Transmission, 134 
Transmission band, 435 
Transmi.<.<ion line, general, 409 
approximate solution, by Steinmetz 
methotl, 412 
exact solution, 413 

geometric mean spacing of conductor, 
428 

by ar-line, 411 
representation of, 409 
by T-line, 410 

Transmission line piirameters, 423 
ca|»acitance, formula. 428 
table, 430 

derivatien of formulas, 423,‘425 
induetance, formula, 425 
tal>le, 429 

Transmission of power, comparison of 
copper requirements, 358-360 
Tree, topological, 23 
Triangular waves, analysis of, 231-233 
equiition of, 229, 232, 2M 
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T-5cction, filter, 440 

attenuation of, 455; 458, 461 
charaeteristie impedance of, 430- 
441, 443 

pha.-se shift, 440, 455, 458, 401 
scries arm, 450 
shunt arm, 456 
Tuning, series-parallel, 170 
Two-phase systems, 328 
Two-wattmeter method of measuring 
3-phase power, 340, 387-300 

Unbalanced currents, roinesentation by 
symmetrical components, 502- 
506 

Inbalanced polyphase circuits, general, 
373, 377 

delta, solution of, 382 
power factor of. 304-306 
solution by KinhhofT s laws, 377 
wye-wye with neutral solution, 381 
\x\e-wye without neutral solution 
377, 370 » 

Inbalanced voltage, representation by 
sjTnmetrical components, 407 - 
502 

Upper side band, 266 

Var, 72, 98 ^ f 

Varmeter, 72 

sec aUo Reactive volt-amperes, meter 
^ ector, 90 

Vector algebra, see Phasors, algebra of 
ector diagrams or phxsor diagrams, 
general, 94, 97 
C-branch, 94 
^branch, 04 
^'branch, 93 
/^C-brunch, 05 
A"/-/-branch, 94 
•branch, 95 
three-origin, 341 
Vector volt-amperes, 304, 395 
N elocity, angular, 50 
of wave propagation, 410 
^ irtual value of currt'nt or voltage. S<5 
' olt, alternating dclincd, 8«» 

^'oltage, alternating, components of, 
00 

definition, 45, 4») 


Voltage, drop, 05 

drops, across series-parallel branches 
174 

at series resonance. 145 
equat ions of coupled circuits, 282 
instantaneous, 51 
mutual, direction ot. 284 
mutual induction. 270 
node-pair, 7, 15 
resonance, 144 
rise, 05 

self-induced, 232 

series branch for non-sinusoidal waves, 

256 

source, 1,3 

5'oUages, addition of, 102, 103, 127 
delta, 334 

generation of polypha.«e, 325 
vector addition of, 127, 128 
vector combination of, 102, 103, 127 
vector subtraction of, 102, 103, 127 
" ye. 332 

Voit-amj$er(>s, 00, 344 
addition of, 304, 305 
balancetl three-phase, 344 
non-sinusoul.-d waves, for, 254 
re.active, 71, 96, 132, 133* 
in three-phase, 344, 302 
vector, 3‘>4, 3t)5 

Warping, tojrological, 23 
\\ at t meters, checking signs of, 352, 353 
Watt-ratio curve, 352 
Wave, sawtooth, 5-55 
Wave analysis, 225 
analytical method, 228 
graphical method. 233, 242 
Wave form, 47, 24t'). 248, 251 
of current in an iron-«‘ore coil, 224 
Wave-length constant, of a filter, .ve 
Pluuse constant, of a filter 
of a long line, 4IS. 421 
Wave-propagation, velocity of, 419 
Waves, addition of complex, 201 
attenuation of, 417 
complex or non-sinusoid, d, 223, 225 
rom|)osite, 223, 225 
direct, 417, 418 
m<xlulatetl, 2tK} 

propag-ation of, 417, 419 
♦ 
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Waves, rectangular, 231, 233 
refiecteJ, 417, 41S 

of same shape or form analytical 
method of determining, 248 
sawtooth, 555 
subtraction of, 91, 92, 261 
triangular, 23U 233 
Wave shape, 47, 50, 246-251 
effect of shifting an harmonic on, 248, 
250, 251 
Wave trap, 169 
Weber-turns, 281 

general, 332, 336 

and delta loads combined, solution 
of, 3i 6 ' ^ 

balanced load, 337 
connection, voltages and currents in, 
332, 333 

magnetic coupling Ijetween phases 
of, 515-518 

Wye-delta, conversion, 206-210, 374, 375 


Wye-delta, unbalanced, solution of, 
382 . 

Wye system, currents in, 333 
harmonics in, 361 

Wye-wye system, unbalanced, with 
neutral, 381 

without neutral, 377-380 

Y, see Wye 

Zeros 182, 57? 

Zero-frequency characteristic impedan<*e, 
466 

Zero-sequence component of impedance, 
509 

Zero-sequence impedance, of rotating 
machines, 535, 540 
of transformers, 541 
of transmission lines, 542 

Zero-sequence system, 4JK), 492, 495 
cv -^lation of, 495, 496 ^ 
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ALTERNATING-CURRENT CIRCUITS (4/E) 

Russell M. Kerchner 
George F. Corcoran 

This is one more reprint of the well-known kerchner and Corcoran's 
book on Alternating-Current Circuits. Ever since the book was published 
it has been acclaimed by students and teachers as one of the best and 
most thorough textbooks for a beanning course in a-c citcutis. 



Alternating-Current Circutis is probably the most standarized of all 
courses in the electrical engineering curriculm. Yet, the trend has been 
towards the scientific approach which this book aims at. Material on 
topology, duality, and the^l^^pFmethod of circuit analysis is also 
included. The int roctu ction to offers a deeper 

understanding of 



This book is also|[(^|^;P;| J'^;^||^neers in electronics and power 
fields; certain chapters^^^^^^XII and XIII) will be partcularly 
valuable to engineers inp^ 8 l 9 ®neration ancd distribution, who make 
short circuit studies of systems. 
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